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CAC TINH CHAT NHIET PONG CUA HO PEN REISSNER-NORDSTROM

L& Viét Hoa', Nguyén Tuin Anh? va Pinh Thanh Tam?
YKhoa Vit i, Truong Pai hoc Sw pham Ha Noi
'Khoa Céng Nghé Ning Luong, Truong Pai Hoc Pién Luc
LKhoa Todn-Li-Tin, Truong Dai Hoc Tdy Bdc, Son La

Tém tat. Dua vao metric ciia hd den (HP) Reissner-Nordstrom (RN) mang dién da ruit ra
cdc biéu thiic giai tich cho nhiét do, ap suét va thé tich cia HP. Két qua tinh s6 chiing to
rang tai cac nhiét d6 nhd hon nhiét do téi han 7., vat chit bén ngoai HP c6 tinh chit giéng
nhu khi thyc Van der Walls & chd n6 c6 thé ton tai & pha khi hodc 16ng va c6 thé xay ra
chuyén pha khi-16ng khi thé tich (hoidc ban kinh ctia dudng chan troi) HP thay d6i. Ngudc
lai, khi nhiét d6 16n hon 7., vat chét chi c6 thé & pha khi. Két qua nay phu hop véi két qua
da biét.

Tir khéa: tinh chét nhiét dong, h6 den, khi-16ng, chuyén pha.

1. Mé dau

Mot trong nhitng hé qua quan trong clia thuyét tuong dbi rong 1a tién doan vé su ton tai clia
cidc HP-mién khong gian ma & d6 luc hip din manh t6i miic 4nh sdng ciing khong thé thoat ra
dugc. Viéc chup dudgc anh cia HP vao thang tu ndm 2019 da gia ting manh mé cac nghién ciiu
vé chiing. Xét theo quan diém ctia nhiét dong luc hoc thi HD c6 tinh chét gibng nhu mot hé théng
ké thong thudng [1]. Khi d6 d&€ mo ta cic tinh chét vi md ctia HP ching ta khong can phéi quan
tam dén vi tri va xung lugng cla tiing phan tif ma chi cin mot vai thong sé vi mo nhu nhiét do,
4p suat...Céc tinh chat nhiét dong ctia cac HD da dudc nghién ciiu trong nhiéu cong trinh [2, 3, 4].
Ngudi ta nhan thiy riang so vdi cac hé nhiét dong thong thudng thi cu triic pha va cac hién tuong
t6i han & cac HD phong phi hon nhiéu [5, 6, 7]. Mic du viy, cic HP van dudc coi 1a mot trong
nhitng bi 4n 16n nhét ctia vii tru hién nay vi con rat nhiéu diéu chua dugc 1Am rd nhu cAu triic ndi
tai bén trong HD, ban chét cic qué trinh chuyén pha, tinh chét ctia khong thdi gian quanh HD...
Trong bai bdo nay ching toi tip trung nghién ctiu céc tinh chit nhiét dong cia vat chit bén ngoai
HD mang dién RN, lam co s& cho cic nghién cifu vé cic hién tugng t6i han sau nay.

Bai bdo nay dudc trinh bay nhu sau. Phan II 12 ndi dung chinh, trong d6 gi6i thiéu cac budc
tinh d€ rit ra nhitng biéu thiic cho cic dai lugng nhiét dong co ban ctia HD nhu nhiét do, 4p suit,
thé tich. Viéc tinh s va cdc nhan xét cling dudc dua ra trong phan nay. Phan III gianh cho cic két
ludn va nhén xét chung.
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2. Noi dung nghién ciru
2.1. Phuong trinh trang thai

Chung t6i xét mat do Lagrangien £ xac dinh bdi

2 1.5 , 2 20,12
167Gy £ = R — 25 — T F, — 0 — iQA 2 —m? [y, 2.1

trong d6 G 1a hing s hip dan trong ly thuyét Newton; R 1a vd huéng Ricci; A, va 1) tuong ting
1a trudng Gauge va trudng vat chat; m 1a khdi lugng cta trudng ¢; F,, = 9,4, — 0, A, 1a tenxo
cuong do trudng dién tir; L 12 ban kinh AdS, (lién hé véi hing sb vii tru A : A = —3/L?).

Tac dung tuong dng véi (2.1) ¢6 dang

S doy/— _12 1 _ 220012
S_lﬁﬂGN/dx 9<R 72— 1w =100 —iQAY[ =7y ). (2.2)

Khi ¢ = 0 tac dung (2.2) sinh ra HP trong khong-thdi gian Anti de Sitter bén chiéu (AdS;) ma
metric ciia nod la (cong thuc 2.30 cua [1]):

dr?

f(r)

trong d6 ¢ va r tuong ting 1a thoi gian va khoang cich khong gian 3 chiéu tinh tlf gbc toa dd (coi la
tdm cta hb den).
boi v6i HD mang dién Reissner-Nordstrom (RN) ma ta xét 6 day thi [2]:

ds® = —f(r)dt* + + r2dQ03, (2.3)

fr)=k-=—=+-5+13 @4

& bén ngoai HP. Trong d6 M va @ tuong ting 1a khoi luong va dién tich ctia HD; k 1a do cong
khong gian ctia HD. Con d€)3 1a metric cla da tap (manifold) hai chiéu v6i do cong khong déi
bang 2k. Khi k = 0 thi dQ2 1a phan t{ chiéu dai cia mit phing, khi & > 0 thi d©2 1a metric cla
hinh cau hai chidu S? véi ban kinh 1/v/k va khi k < 0 thi d)3 1a metric clia hypecboloit véi ban
kinh cong 1/+/—k. Trong bai bdo nay ching tdi sé chi xét trudng hop k > 0. Ciing can nhin manh
ring & day ching ta chi xét cac tinh chat nhiét dong clia vat chat bén ngoai HP vi ching ta hoan
toan chua biét gi vé tinh chit ctia vt chit bén trong hd den (do thiéu thong tin) va nhiéu tinh chét
bén ngoai HD con chua dugc 1am rd nhu da néi ¢ phan mé dau.

D€ viét bi€u thiic tudng minh cho metric (2.3) ching t6i tinh metric d©23 nhu sau. Phucng
trinh ctia mit cau S? x4c dinh béi

w22+ a2=a?a=1/Vk (2.5)
V6i cach dit
r1 =acosacosfB; xo =asinacosf; x3 = asinf, (2.6)
thi
2 2 2 ) 2
cos” fda” + sin” Bdf
03 = ; dz? = - : Q2.7)
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Thay (2.7) vao (2.3) s€ nhin dugc

dr®  r?cos? Bd 9 r?sin? 8

ds® = —f(r)dt* + o +— o p dp? (2.8)
C6 thé viét lai
ds?® = gudxtdx”; p,v=0,1,2,3, (2.9)
trong do
di = dt, da' =a, de? =03, da® =dr, (2.10)

DPong nhit cdc sd hang ctia (2.8) vdi cic s6 hang tuong ting clia (2.9) ching toi tim dudc cic thanh
phén cta tenxd metric g,

r2 cos® r?sin® B
gu = —f(T‘), oo = Tu 9pp = Ta Grr = 1/f(7')7
k k
to— S S A L g
g [f(r), g TeoZp ! Zonls’ f(r),
Gw = " =0 khi p#wv. (2.11)

Do d6 dinh thic cia tenxc metric sé la

r* cos? B sin?

N e

r2 cos 3sin B

- (2.12)

g = det ‘g,ull‘ = -

Theo dinh nghia, chan trdi ciia HD 1a mién gi6i han khong gian ma trong d6 ngay c4 dnh
sang ciing khong thodt dudc ra ngoai. Pbi v6i HD trong khong thdi gian 4 chiéu ma ta xét, ban
kinh cta chan trdi 7 1a nghiém cia phuong trinh f(r4) = 0 (xem trang 15 cta [1]). Nén

2M  Q* 1}
+ o
Tt d6 nhan dudc
2 ?”2
M:%[k+?—2+L—+2} (2.14)
Jr

Bing cich thay (2.14) vao (2.4) sé c6

f(r)=k<1—r7+)+%2(1—r—+>+£—z<—:%)- (2.15)

r
Nhu da biét, nhiét d6 Hawking ctia HD xé4c dinh béi (cong thiic 3.26 trong [1]):

_fry)
dr

(2.16)
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Két hop (2.4), (2.14) va (2.16) sé xac dinh dudc biéu thic cho nhiét do:

2 2 2
T:i<—Q—3+%2+T—+> 1<k—Q+3T—+>. @17

- 2 2
ryoori drry T L

Ap suit dugc x4c dinh qua hing s6 vii tru [5] theo biéu thic:

A 31
P=——=—— 2.18
8t 8w L?’ 2.18)
va thé tich ciia HD dugc xdc dinh qua ban kinh ctia chan troi:
4
V= gmn3+7 (2.19)
Céc phuong trinh (2.17), (2.18) va (2.19) tao thanh hé phuong trinh trang thai chi phdi moi
qua trinh nhiét dong cia HD.

2.2. Cac tinh chat nhiét dong

Trong phan nay chiing tdi thuc hién tinh s6 d€ 1am 16 c4c tinh chit nhiét dong ctia HD. D
cho tién, trong cac tinh toan dudi day chiing tdi chuyén sang dung cic dai luong khdng thi nguyén.

Trudc hét, ching tdi xét phuong trinh trang thdi P(V,T). Bing cach két hop cic phuong
trinh (2.17), (2.18) va (2.19) sé viét dugc

1 SV 8T (V)
P = AALE ’

(2.20)

trong d6 chiing t6i da dua vao cc dai lugng t6i han (ma y nghia ctia ching sé thiy 16 trong phan
tinh s6 duéi day):

k‘2 8\/67'( 3 k‘3/2
Po=——; 6273/262 ;and T, = .
967 Q) k 3\/67'(62

Dua vao (2.21) chiing t6i vé dudc su phu thudc clia ap suét vao thé tich khi nhiét do khong ddi. DE
thiy ro vai trd clia nhiét do, chiing toi chon céc gid tri 7'/7, 16n hon 1, bing 1 va nhd hon 1 tuong
ung v6i cac nhiét do 16n hon, bﬁng va nho hon nhiét do t6i han 7,.. Hinh 1 biéu dién dang ctia mot
vai dudng dang nhiét trong mit phang P — V. Dé thiy riang ching c6 ding diéu gidéng nhu cic
dudng dang nhiét ctia khi thuc Van der Walls. Ngoai ra, véi cac nhiét 46 T < T, dudng dang nhiét
c6 cuc tiéu tai mot gia tri xdc dinh ctia thé tich. Diéu nay chiing t4 rang rang khi T < T} vat chét
c6 thé ton tai & pha khi hodc 16ng va khi thé tich thay ddi sé x4y ra chuyén pha kiéu khi-16ng nhu
khi thuc Van der Walls. Ngugc lai, v6i T > T, sé khong c6 su chuyén pha va vt chit chi ton tai &
pha khi. Tai T = T, dudng dezlng nhiét chi c6 diém ubn, do d6 T' = T, chinh 1a nhiét do t6i han.
Can nhin manh ring viéc st dung cac thuat ngit "khi" va "1éng" & day chi 1a do su tuong tu v6i khi
Van der Walls.

2.21)
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VIV,
Hinh 1. Su phu thuéc ciia dp sudt P vao thé'tich V tai T /T, = 0,9;1,0;1,1

Tiép theo, chiing t&i khdo sit su phu thudc ctia nhiét 46 Hawking vao ban kinh chan troi
(cling tiic 12 vao thé tich ctia hb den). Dua vao (2.17) va (2.18) sé viét lai dudc

7T, = LT 6(ry /rer)? + 3(P/P)(rs [res )

, 2.22
(s res)? 222
trong do
V6
Tey = —C]il 72 (2.23)

12 ban kinh t6i han clia chan trdi. Céc két qua tinh sd dugc cho trén Hinh 3. Trong d6, viéc chon
cic gia tri cla ty s6 P/ P, ciing v6i muc dich 1am 1 vai tro clia 4p suit quanh gia tri t6i han P,
nhu da chon 7'/T, ndi trén.

1.8
0"'
Od
16F o
’ \6@’
2"
N\
| Q.
1,4 o
Q o ,\Q/;
- >
t: el \ d@’
~ 12f "-__”‘ ”?’¢z
o - 015
TIT0 & == pIP=
1'0 C i) g

rylre,
Hinh 2. Su phu thuéc cua nhiét dé T vao bdn kinh chén troi r tai P/P, = 0,75;1,00; 1,35
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slgc
Hinh 3. Su phu thudc cua nhiét dé T vao entropy ( tai P/P, = 0,75;1,00;1, 32

Bing céch st dung biéu thiic clia entropy ¢ = 777“3 cling viét dugc (2.22) dudi dang:

_ 14 6(C/C) +3(P/Pe)(¢/Ce)?

T/T, = , (2.24)
T SARE
trong do6 entropy t6i han ¢ dugc xac dinh béi:
2
o= 67;? . (2.25)

St dung (2.24) chung t6i vé dudc su phu thudc ctia nhiét do vao entropy. Hinh 3 thé hién dang ctia
dudng cong T'(¢) tai mot vai gia tri xac dinh clia 4p suit.

Cic Hinh 2 va 3 biéu dién cac dudng déng ap trong mit phang 7' — 7, va T —  tuong ting.
Nhu thdy 16 tir cac do thi, cac dudng T'(r ) hodc T'(¢) dau c6 cuc tri khi P < P.. Diéu nay mot
14an nita cho thdy mot cach rd rang c6 su chuyén pha khi-1dng nhu da nhén xét trén day.

3. Kétluan

Dua vao metric cia HD mang dién Reissner-Nordstrom RN chiing toi da tim dudc cac biéu
thic giai tich cho nhiét do, dp suét va thé tich ctia HP. Sau d6 chiing t6i sit dung cac biéu thiic thu
dugc dé tinh s6 va thu dudc cic két qua sau:

Tai céc nhiét d6 nhoé hon nhiét do t6i han T, vat chit bén ngoai HP c6 thé ton tai & pha khi
hoic 16ng. Ngudc lai, khi nhiét d 16n hon T, vat chét chi c6 thé & pha khi.

V6i cac nhiét d6 nho hon nhiét do 7T, c6 thé xdy ra chuyén pha khi-long khi thé tich (hodc
ban kinh ctia dudng chan trdi) HD thay d6i. Két qua nay phu hop véi cdc nhan xét da dugc dua ra
trong [5].

D€ két luan, ching toi nhin manh ring nhitng két qua thu dudc & day 1a chi ting véi trudng
hop k > 0. D& c6 mot két luan day di hon thi can phai xét cdc trudng hop k < 0 va k = 0. P6 1a
vén dé nghién ctiu tiép theo ma chiing toi sé thuc hién.
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ABSTRACT

Thermal properties of black hole Reissner-Nordstrom

Le Viet Hoa', Nguyen Tuan Anh? and Dinh Thanh Tam?
LFaculty of Physics, Hanoi National University of Education

LFaculty of Energy Technology, University of Electricity

' Department of Mathematics-Physics-Informatics, Tay Bac University

Based on the metric of the Reissner-Nordstrom charged black hole was found analytic
expressions for the temperature, pressure and volume of the black hole. The numerical results
prove that at temperatures less than the critical temperature T, the matter outside black hole is
similar to Van der Walls real gas in that it can exist in gas or liquid phase and a gas-liquid phase
transition may occur when the volume (or radius of the horizon) of black hole changes. Opposite,
when the temperature is greater than 7, the mater can only be in the gas phase. This result is
consistent with the known result.

Keywords: thermodynamic properties, black hole, gas-liquid, phase transition.
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