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ON THE GENERATION OF THE CREMONA GROUP

Nguyen Dat Dang
Faculty of Mathematics, Hanoi National University of Education

Abstract. Let k be an algebraically closed field of characteristic 0. We show
that any set of generators of the Cremona group Crk(n) of the projective spacePn

k

with n greater than 2 contains an infinite and uncountable number of non trivial
birational isomorphisms.
Keywords: birational isomorphism, birational map, birational transformation,
cremona group.

1. Introduction

Let Crk(n) = Bir(Pn
k
) denote the set of all birational maps of the projective

spacePn
k

on a fieldk. It is clear that Crk(n) is a group under the composition of
dominant rational maps; called the Cremona group of ordern. It contains the group
of automorphisms ofPn

k
, i.e. the group of projective linear transformations PGLk(n+ 1).

This group is naturally identified with the Galois group ofk-automorphisms of the field
k(x1, . . . , xn) of rational fractions inn-variablesx1, . . . , xn. It was studied for the
first time by Luigi Cremona (1830 - 1903), an Italian mathematician. Although it has
been studied since the 19th century by many famous mathematicians, it is still not well
understood. For example, we still don’t know if it has the structure of an algebraic group
of infinite dimensions (see [1, 2]).

In Dimension 1, it is not difficult to see that Crk(1) ∼= PGLk(2), because each
elementf ∈ Crk(1) is of the form

f : P1

k
99K P

1

k

[x : y] 7−→ [ax+ by : cx+ dy] .

wherea, b, c, d ∈ k and ad − bc 6= 0. Hence Crk(1) ∼= PGLk(2) via the following
isomorphism

Crk(1)
≃

−→ PGLk(2)

f 7−→

[

a b

c d

]
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wheref([x : y]) = [ax+ by : cx+ dy].

In Dimension 2, we consider the standard quadratic transformation

ω : P2

k
99K P

2

k

[x : y : z] 7−→ [yz : zx : xy]

i.e. in affine coordinatesω(x, y) =
(

1

x
, 1
y

)

. Note thatω−1 = ω. We have a well-known

theorem of Noether proved by Castelnuovo.

Theorem 1.1. (Noether, Castelnuovo). If the field k is algebraically closed, then
the Cremona group Crk(2) of Dimension 2 is generated by the group of projective
linear transformations PGLk(3) of the projective spaceP2

k
and the standard quadratic

transformationω:
Crk(2) = 〈PGLk(3), ω〉

i.e. every elementf ∈ Crk(2) is a product of projective linear transformations of PGLk(3)
and the standard quadratic transformationω

f = ϕ1 ◦ ω ◦ · · · ◦ ϕr ◦ ω ◦ ϕr+1

whereϕi ∈ PGLk(3) for all i.

Noether stated this theorem in 1871 and Castelnuovo proved it in 1901 (see [3]).
This statement is only true if the dimensionn = 2. In the case of the dimensionn > 2,
we have Theorem 2.1.

2. Main results

In classic algebraic geometry (see [4]), we know that a rational map of the
projective spacePn

k
is of the form

P
n
k
∋ [x0 : . . . : xn] = x 99K ϕ(x) =

[

P0(x) : . . . : Pn(x)
]

∈ P
n
k
,

whereP0, . . . , Pn are homogeneous polynomials of same degree in(n + 1)-variables
x0, . . . , xn and are mutually prime. The common degree ofPi is called the degree of
ϕ; denoteddegϕ. In the language of linear systems; giving a rational map such asϕ is
equivalent to giving a linear system without fixed components ofPn

k

ϕ⋆|OPn(1)| =

{

n
∑

i=0

λiPi|λi ∈ k

}

.

Clearly, the degree ofϕ is also the degree of a generic element ofϕ⋆|OPn(1)| and the
undefined points ofϕ are exactly the base points ofϕ⋆|OPn(1)|.
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Note that a rational mapϕ : Pn
k
99K P

n
k

is not in general a map of the setP
n
k

to P
n
k
;

it is only the map defined on its domain of definition Dom(ϕ) = P
n
k
\ V (P0, . . . , Pn). We

say thatϕ is dominantif its imageϕ(Dom(ϕ)) is dense inPn
k
. By the Chevalley theorem,

the imageϕ(Dom(ϕ)) is always a constructible subset ofP
n
k
, hence, it is dense inPn

k
if

and only if it contains a non-empty Zariski open subset ofP
n
k

(see the page 94, in [4]). In
general, we can not compose two rational maps. However, the compositionψ◦ϕ is always
defined ifϕ is dominant so that the set of all the dominant rational mapsϕ : Pn

k
99K P

n
k

is
identified with the set of injective field homomorphismsϕ⋆ of the field of all the rational
fractionsk(x1, . . . , xn) in n-variablesx1, . . . , xn. We say that a rational mapϕ : Pn

k
99K

P
n
k

is birational (a birational automorphism, or birational transformation) if there exists
a rational mapψ : Pn

k
99K P

n
k

such thatψ ◦ ϕ = idPn = ϕ ◦ ψ as rational maps. Clearly,
if such aψ exists, then it is unique and is called theinverseof ϕ. Moreover,ϕ andψ
are both dominant. If we denote by Crk(n) = Bir(Pn

k
) the set of all birational maps of

the projective spacePn
k
, then Crk(n) is a group under composition of dominant rational

maps and is called theCremona group of ordern or theCremona group of dimensionn.
This group is naturally identified with the Galois group ofk-automorphisms of the field
k(x1, . . . , xn) of rational fractions inn-variablesx1, . . . , xn. We immediately have the
main following result:

Theorem 2.1. (Main theorem). If n is a positive integer,n > 2 then every set of
generators of the Cremona group Crk(n) of the projective spacePn

k
must contain an

infinite and uncountable number of birational transformations of degree> 1.

In order to prove this theorem, we need the following results. The first discusses on
the existence of birational transformations:

If f, q ∈ k [x0, x1, . . . , xn] and t1, . . . , tn ∈ k [x1, . . . , xn] are homogeneous
polynomials withdeg(f) = deg(qti) for all i, we note Tf,q,t : P

n
k

99K P
n
k

and
T : Pn−1

k
99K P

n−1

k
the rational maps defined respectively by

Tf,q,t := [f, qt1, . . . , qtn] , and T := [t1, . . . , tn] .

Lemma 2.1. Suppose thatd, l are integers withd ≥ l + 1 ≥ 2. Consider homogeneous
polynomials without common factorsf, q ∈ k [x0, x1, . . . , xn] of degreesd, l respectively
and t1, . . . , tn ∈ k [x1, . . . , xn] of degreed − l. Suppose thatf = x0fd−1 + fd and
q = x0ql−1 + ql with fd−1, fd, ql−1, ql ∈ k [x1, . . . , xn] andfd−1 6= 0 or ql−1 6= 0. Then
Tf,q,t is birational if and only ifT is birational.

Proof. On the one hand,k (T ) = k
(

T
)

(α) with α :=
f

qt1
. On the other hand because

thatgcd(f, q) = 1, the hypothesis onfd−1 andql−1 is equivalent tofd−1ql − fdql−1 6= 0,
thereforeα ∈ PGL

k(Pn−1

k )(2). Hence we obtain the assertion.

Remark 2.1. The transformations constructed in Lemma 2.1 above are studied in detail
in the article [5].
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We recall that ifS ⊂ P
n
k

is a hypersurface of equationq′ = 0 and a pointP ∈ P
n
k
,

the multiplicity ofS atP is the order of zero ofq′ = 0 atP .

Corollary 2.1. Suppose thatn ≥ 2 andS ⊂ P
n
k

is a hypersurface of degreel ≥ 1 and
suppose thatS has a point of multiplicity≥ l − 1, we denote this point byO andd is an
integer≥ l + 1. Then there exists a birational transformationω of degreed of Pn

k
so that

this hypersurface is contracted to a point byω.

Proof. Without loss of generality, we can supposeO := [1 : 0 : . . . : 0]. Note thatq′ = 0
the equation ofS and takeh = 0 the equation of a generic plane passing throughO.
Finally, we choosef := x0fd−1 + fd with fd−1 6= 0 and verifyinggcd(f, hq′) = 1. If
q := hd−l−1q′ andti = xi for i = 1, 2, . . . , n, then the rational mapω = Tf,q,t satisfies the
conclusion of the corollary

Let ϕ ∈ Crk(n) and suppose thatX ⊂ P
n
k

is a subvariety. We will say thatϕ is
generically injective onX if there exists an open subset non-emptyU ⊂ P

n
k
, U ∩X 6= ∅

on whichϕ is defined and injective. The proof of the following lemma is trivial.

Lemma 2.2. Let ϕ = ϕ1 ◦ · · · ◦ ϕr with ϕi ∈ Crk(n) and suppose thatX ⊂ P
n
k

is a
subvariety on whichϕ is not generically injective. Then there exists1 ≤ i ≤ n so thatX
is birationally equivalent to a subvariety on whichϕi is not generically injective.

Proof. Now, we prove Theorem 2.1 We observe that the set of hypersurfaces on which a
birational transformation is not generically injective isfinite. According to Corollary 2.1
and Lemma 2.2, it suffices to construct an uncountable familyof hypersurfaces ofPn

k
of

some degreel ≥ 1, in pairs non birationally equivalent, that containO := [1 : 0 : . . . : 0]
as point of multiplicity exactlyl.

Consider the family of hypersurfaces of equationq(x1, x2, x3) = 0 whereq = 0
defines a smooth curveCq of degreel on the plane of equationsx0 = x4 = · · · = xn = 0;
the surfaceq = 0 is birationally equivalent toPn−2

k
× Cq, and then two such surfaces are

birationally equivalent if and only ifCq andCq′ are isomorphic. The proof follows from
the fact that forl = 3, the set of all the classes of isomorphisms of smooth plane cubics is
a family with a parameter (see Chapter IV, Theorem 4.1 and Proposition 4.6. in [4]).

Remark 2.2. The argument above shows that Lemma 5 can be a useful instrument in
order to decide if a rational map belongs to or not a subgroup of Crk(n) whose a subset
of generators is known; as a particular case, by the theorem of Noether, a rational map of
the plane that constracts a non-rational curve is not birational; this fact is well-known.

3. Conclusion

In this paper, the author has acquired the main following result: if n is a positive
integer,n > 2 then every set of generators of the Cremona group Crk(n) of the projective
spacePn

k
must contain an infinite and uncountable number of birational transformations

of degree> 1.
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