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CHUNG MINH DINH LI GAUSS-BONNET PIA PHUONG

Tran Pic Anh
Khoa Todn - Tin, Truong Pai hoc Su pham Ha Noi

Tém tit. Chiing t6i trinh bay mot ching minh diy di va ngin gon cho dinh Ii
Gauss-Bonnet, mét dinh 1i dic sic ctia Hinh hoc vi phan, néu 1én mbi lién hé giita tinh
hinh hoc vi phan va tinh topo, tuy nhién, k&t qua nay lai bi bé qua trong Chuong trinh méi
danh cho sinh vién Khoa Toan-Tin, ciing nhu hoc vién cao hoc. Chiing minh dya hoan toan
vao dinh Ii Stokes.

Tir khoa: Gauss-Bonnet, dd cong Gauss, do cong tric dia, hinh hoc vi phén, dang lién Kkét,
dinh 1i Stokes.

1. Mo dau

Dinh li Gauss-Bonnet 1a mot két qua dic sac ctia hinh hoc vi phan c¢d dién, néu 1én mbi lién
hé giita tinh hinh hoc vi phan ctia mit kha vi (hay da tap hai chiéu) véi dic trung topd clia né.
Do tinh chit quan trong ctia dinh li ma hau nhu khéa hoc Hinh hoc vi phan nao trén thé gidi ciing
s& dé cap t6i dinh li nay. Truc day, khoa Toan-Tin Trudng Dai hoc Su pham Ha Noi sit dung gido
trinh [1] cta tdc gid Poan Quynh, trong d6, ndi dung dinh 1i Gauss-Bonnet dugc dé cap téi. Hién
nay, do chuong trinh dao tao thay ddi ké tit Khéa 64 (nim 2014), nhiéu mon hoc phai thay ddi lai
thdi lugng kién thiic, nén mot s6 muc trd thanh kién thic tr doc hoic bé qua, trong dé cé dinh
1i Gauss-Bonnet. Gido trinh [2] ra d&i nhim phuc vu nhu ciu mdi d6. Mic du gido trinh méi [2]
trinh bay co ban van theo tinh than ctia [1] vi nhiéu dién gidi gon gang va dé& hiéu hon cho sinh
vién, tuy nhién, dinh li Gauss-Bonnet vén 12 khé tiép cin vdi dai tra sinh vién va ngay ca hoc vién
cao hoc ciing gip khé khin khi doc chitng minh. Diéu d6 ciing 4nh hudng mot phin t6i viéc tiép
thu todn hoc & trinh do cao hon d6i véi nhiéu hoc vién cao hoc.

Trong bai viét nay, chiing tdi sé viét lai day di chitng minh dinh 1i Gauss-Bonnet, phién ban
dia phuong (ciing 12 phién ban quan trong nhat, vi phién ban toan cuc chi 14 hé qua), dong thdi giai
thich chi tiét cac ki hiéu va tinh todn, chi ra nhitng chd khé ma ngudi méi hoc c6 thé gip.
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2. No6i dung nghién ciru
2.1. Kién thitc chuin bi

Trudc khi phat biéu dinh li Gauss-Bonnet dia phuong, ta can chuin bi mdt s kién thic.
Céc khai niém dudc st dung & ddy déu lay tif cac gido trinh [1, 2].

Dinh nghia 2.1. Cho S la mot mdt chinh quy dinh hudng dugc trong R3 va c: [0,1] — S la mot
dnh xa lién tuc tit doan [0, 1] vao S. Ta néi c la cung tham sb don, dong, chinh quy tiing khic néu:

(i) ¢(0) = ¢(1),

(ii) Vi moi t1 # to € [0,1), ta cd c(t1) # c(t2)

(iii) Ton tai mét phén hoach 0 = tg < t; < to < ... < ty = [ cia [0,1] sao cho c chinh
quy trén ting doan [t;, ti11] vdii = 0,1,...,k — 1. Trong do, chinh quy nghia la khd vi va dao
ham ¢ (t) # 0 véi moi t.

Anh ciia ¢, tite tdp hop c([O, l]) , dtge goi la dudng cong don chinh quy tiing khic. Tai cdc
diém t;, do tinh chinh quy ciia c trén titng doan, nén ton tai cdc dao ham trdi phdi tai t;, ki hiéu
la ¢ (t;—) va ¢ (t;+) va luu ¥ hai vector nay déu # 0. Néu hai vector ¢ (t;—) # ¢ (ti+) thi c(t;)
dugc goi la dinh ciia c.

Do S la mdt dinh hudng duoc, nén géc (c’ (t;—), c/(ti—l-)) la géc dinh huéng va cé s6 do

goc O; duy nhdt nam trong (—m, ). Goc 0; nay dugc goi la géc ngoai cia c tai dinh c(t;).

Gia st c: [0,1] — S 1a mot dudng cong chinh quy tiing khiic ndm trong mot tham s héa
r: U — S, tiic 1a anh c([O,l]) C r(U), trong d6 U 1a tap md cia R%. Mi diém cta U dugc ki
hiéu 1a (u,v), va céac vector r,,,r] 1a cdc vector dao ham riéng cta r theo u, v. Do S dinh hudng
dugc, nén ta doi hdi r phai tuong thich v6i huéng ctia S, tic 1a 7/, A r! x4c dinh truong phap tuyén
clia S, hay géc dinh huéng gitta 7/, va 7/, phai 1a goc duong, ngugc chiéu kim dong ho.

Khi d6, trén mbi doan [t;,t;11], ta c6 thé dinh nghia dugc ham lién tuc ¢;: [t;, ;1] — R
sao cho p(t) = (r;, d (t)) (mod 27) v6it € (t;,t;+1), trong d6, ta hiéu vector 7/, chinh 1a vector
chi phuong ctia truc hoanh va xdc dinh tai diém c(t). Ham ¢;(t) sé dudc goi 1a ham gdc cla c.
Dinh Ii sau rét can thiét trong chiing minh dinh 1i Gauss-Bonnet.

Pinh li 2.1. (Dinh li quay tiép tuyén, hay con goi la Umlaufsatz). Vi cdc ki hiéu nhu & trén, ta co:

k—1

Z(@i(ti-l—l) - %‘(ti)) + 0; = +27.

=0

S
—_

@
Il
o

Trong do, ddu cong hay trix phu thudc vao hudng cia c. Cu thé’la hudng duong la hudng ngugc
chiéu kim dong ho, va hudng dm la thudn chiéu kim dong ho.

boc gia tham khao chiing minh dinh 1i nay & trang 250 va 396 [3] hodc trang 24-26 [4].
Bay gid, ta c¢6 thé phat biéu dinh 1i Gauss-Bonnet dia phuong nhu sau:

Dinh li 2.2. (Dinh Ii Gauss-Bonnet dia phiong). Cho S C R3 la mét mdt chinh quy dinh hudng
duwgc. Gid sit D C S la mét mién don vi phoi véi dia md trong R? c6 bién 0D la mét duong cong
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don chinh quy titng khiic, dugc tham s6 hoa bdi c: [0,1) — S. Gid sit ¢ dugc dinh hudng duong
va 6y, 01, ...,0,_1 la cdc goc ngoai cua c. ki hiéu kg, la dj cong trdc dia cia c trén S va K la do
cong Gauss ciia S. Khi do ta cd:

k-1

l
/kgds—i—// KdS+) 0; =2m.
0 D i=0

2.2. Mot s6 két qua can thiét cho chitng minh

Ta sé tiép can ching minh dinh 1i Gauss-Bonnet thong qua dinh li Stokes, & dy, ta phat
biéu dinh 1i Stokes dudi dang can thiét cho chiing minh.

Pinh li 2.3. (Pinh li Stokes). Cho S la m¢t da tap hai chiéu compact c6 bo dinh hudng dugc va w
la 1-dang vi phdn khd vi trén S. Khi do,

/ w:/dw.
oS S

Chiing minh dinh li xem trang 161-162 [5] hoac trang 59-60 [6].

Ta nhic lai dinh nghia ctia tich phan dang vi phan trong trudng hdp cu thé trén vi sé c6 ich
trong chiing minh dinh 1i Gauss-Bonnet. Gia sit .S c6 thé tham sb héa toan cuc bdi c: I — 95
trong d6 I 12 mot khoang hoic doan cla R, tic 12 S = ¢(I) hodc 3S\c(I) gdm hitu han diém. Ta
yéu cau thém c phdi tuong thich véi hudng ctia 9S. Khi dé,

/65w = /Iw(c’(t))dt.

Tuong tu, gid st 7: U — S 1a mot tham sb hoa toan cuc tuong thich véi hudng cla S,

khi do
/dw:/dw(ra,r;)du dv.
S U

Trong trudng hop khong c6 tham s héa toan cuc thi ta bit budce phai sit dung phan hoach
don vi, nhung céc cong thic tinh toan trén 13 cbt yéu.

* Y tudng chitng minh Pinh I 2.2

Dau tién, ta s& chuyén déi tich phan [}, K'dS thanh tich phan theo 2-dang vi phan, ki hiéu
tam 12 7. Sau do, ta tim nguyén dang cia n, tic 1a 1-dang vi phan w sao cho 1 = dw. Tit d6 6 thé
4p dung dinh i Stokes va két thiic chiing minh.

Pinh nghia 2.2. Cho c: I — S la mot cung tham sé chinh quy tit khodng I C R vao mgit chinh
quy dinh huéng S C R3. ki hiéu n la truong phdp tuyén don vi xdc dinh hudng ciia S. Gid si c la
tham s6 hoa ty nhién, tiic la |c'(s)| = 1 vdi moi s € 1. ki hiéu t(s) = /(s), n(s) = n(c(s)), va
g(s) = n(s) At(s). Khi do, bo ba {t,g,n} dugc goi la trudng muc tiéu Darboux doc c. P9 cong
tric dia ciia c tai diém c(s), dugc ki hiéu la ky(s), hodc k,(c(s)) khi cdn lam ré diém c(s), dugc
cho bdi cong thiic
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Dinh nghia 2.3. Cho Uy,Us,...,U, la truong muc tiéu khd vi trén R". ki hiéu D la dao ham
cua truong vector trén R™, con goi la lién théng trén R™. Dinh nghia cia D la nhw sau: Cho o la
vector tiép xiic tdi R"™ tai diém p € R™, cho X la mot truong vector quanh p. Gid sit p: I — R"
la mét cung tham sé khd vi théa man p(ty) = p va p'(to) = a vdi tg € I. Khi do,

_d
Cdt
ti

=t

Do X X(p(t)) € T,R™

Thay vi viét Do X, thi ta cé thé viét DX va ngdm hiéu co vector tiép xiic o. Bdy gio, dao ham
truong muc tiéu Uy, Us, ..., Uy, ta thu duoc

DUZ' = zn: ngj
j=1

trong do wj- la cdc 1-dang vi phdn, va duoc goi la dang lién két tdi truong muc tiéu Uy, Us, . .., U,.

Dinh li 2.4. (Phuong trinh cdu triic trén R"™). Cho Uy, Us, . . ., U,, la mot truong muc tiéu trén R™
va ki hiéu 01,02, ....0™ la truong dbi muc tiéu tuong ving (tiic la 0° la cdc 1-dang vi phdn trén
R™ théa man 0°(U;) = 6;; vdi &;; la ki hiéu Kronecker). Khi do ta c6 hai phuong trinh sau, goi la
phuong trinh cdu triic trén R™

(a)

n
do* = —Zw;- AN véimoii=1,2,...,n.
j=1
(b)
n
dwj = — Zw,@ A wf vdi moi i, j.
k=1

Chting minh dinh 1i xem & trang 61-63 [1].
2.3. Chung minh Dinh li 2.2

* Budc 1. Chuyén doi tich phan [ [, KdS thanh tich phan dang vi phén.

Gia stt Uy, U 1a mot trudng muc tiéu truc chuan trén S va tuong thich véi huéng cta S.
Nhic lai: n 12 trudng phdp tuyén don vi xdc dinh hudng ctia S. Khi do, ta c6 thé mé rong tap xac
dinh ctia U7, Uz, n 1én mot tdp mé chita S sao cho Uy, Us, n 12 trudng muc tiéu truc chuén trén tap
m& ctia R3. Khi d6, ta thu dudc dang lién két w§ cla truong muc ti€u nay trong dé coi Us = n.

ki hiéu o 12 mot vector tiép xuc. Khi d6, theo dinh nghia ctia dang lién két, ta c6
wj-(a) = (D U;,U;) .
Do U;, U; vudng géc v6i nhau néu i # j nén
0 = Do (Ui, U;) = (DaUs, U;) + (Us, DaUy) .

Do do, céc dang lién két w} = —w!, titc 1a ¢6 tinh phan déi xing.
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Tiép theo ta c6
DUlTL = w%(Ul)Ul + OJ%(Ul)UQ
Dy,n = wi(U)Uy + wi(Us)Us.
Do d6, d6 cong Gauss
K = w3(Uy)w3(Us) — w3 (Uz)w3 (Uh)
= (w3 Aw3)(U1,Us)

Nhu vdy ta suy ra wi A w3 = K0! A 0%, ma 6' A 62 lai chinh 1a dang dién tich chinh
tdc (Thuat ngit theo Gido trinh [1] trang 166, ddng thdi xem thém trang 248, muc 2.2.1.) trén S,

nghia la
// KdS:/KHIAﬂgz/w§Aw§.
D D D

* Bude 2. Tim nguyén dang clia wi A w3.
Theo phuong trinh ciu tric thit hai & Dinh li 2.4, ta c6:
dwd = —wi Aws = wi AWl
Nhu vy, wi chinh 1a nguyén dang cla w3 A w3.
Do 4o, tich phan

//D 5= /Dd“’% - /aD wi = /Ol wy (¢ (1))t

DE tién trinh bay, ta gia si ¢ 1a tham s6 héa ty nhién, tic 1a |/(s)| = 1 v6i moi s € [0, 1],

va viét lai tich phan
l
// KdS:/ dw%:/ w%:/ wa(d(s))ds.
D D oD 0

* Bude 3. Xac dinh mdi lién hé gitta wi(c/(s)) voi do cong tric dia clia c tai c(s).
Do vector ¢/(s) 1a vector don vi, nén ta c6 thé viét
c/(s) = cos p(s)U1(c(s)) + sin p(s)Ua(c(s))

v6i (s) 12 ham géc nhu trong Dinh nghia 2.1. Luu y ring ¢ dinh nghia trén tiing doan [s;, 5;11]
chit khong phéi trén toan b [0, [].

Khi d6, ta co

() = '(s) = ' (5) (= sin p()Un (e(s)) + cos () Ua(c(s)) ) +
=g(s)
+ 08 9(8) Do (5)Ut + sin p(s) Dy 5y U

= ¢(5)9(s) + cos p(s) (W3 () Ua(e(s)) + wi (¢ (s))n(s) ) +

+ sin p(s) (w%(c'(s))Ul + w3 (c’(s))n(s)) .
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Do d6, do cong tric dia

Nhu vay

* Bude 4. Két thiic ching minh. Ta c6:

l l
[ eb@nas = [6) = kyts)as

Theo Dinh 1i 2.1, ta c6
1 k—1
/ ¢'(s)ds = 2m — Z 0;
0 i=0

v6i 6; 1a cac goc ngoai cua ¢ (xem Dinh nghia 2.1).
Do d6 ta chiing minh xong dinh li Gauss-Bonnet dia phuong.

2.4. Binh luan va giai thich thém mét sé ki hiéu va tinh toan
2.4.1. Tam quan trong cua dinh li Gauss-Bonnet dia phuong

Tir dinh 1i nay, ta c6 thé chitng minh dudc dinh 1i Gauss-Bonnet (toan cuc), cu thé Ia tich
phan |, g KdS, v6i S 1a da tap hai chidu compact c6 huéng, bing dic trung Euler ctia S. D& chiing
minh diéu d6, ta can mot két qua khé trong topd, d6 1a mbi da tap hai chidu déu c6 thé tam giic
phan dugdc (xem Dinh 1i 2.3.A.1, trang 37-39 [7]).

Dinh 1i nay ciing cho phép chitng minh tdng cic gic clia n—gidc trong mit phing bing
(n—2)m.

That vay, trén mit phang, d6 cong Gauss K = 0 va cdc canh ctia da gidc chinh la cac dudng
tric dia nén do cong tric dia ciing = 0. Ta suy ra tong cdc goc ngoai ciia n—giac bang 27, ma cé
n géc. Do d6, téng cic géc trong clia n—gidc biang nr — 2w = (n — 2).

Nho dinh li nay, nhiéu phan kién thiic quan trong trong Mén hinh hoc ciia nhom bién doi [8]
trd nén dé hi€u hon, vi du 4p dung dinh 1i Gauss-Bonnet cho cdc mo hinh hinh hoc khéc nhau nhu
hinh hoc elliptic, hyperbolic, hinh hoc trén dia va nita phing Poincare. Diéu nay dic biét ¢ y
nghia, bdi mon hoc méi d6 mang tinh than hoc thuat hién dai.

2.4.2. Giai thich ki hiéu tich phan [ k,ds.

Gido trinh [1] va [2] quy udc: néu cung tham sb 14 tham sb héa ty nhién thi ta st dung chit
s d€ ki hiéu tham sb ctia n6. Diéu nay vo tinh gdy ra su 1an 16n véi tich phéan [ kyds 6 trén, khién
ngudi méi hoc nghi riang phai chuyén vé tham s6 héa tu nhién thi méi tinh dudc tich phan. Thuc
chét, ds & day 1a phan tir do dai, tifc 12 mot do do x4c dinh trén dudng cong. Ta phac lai cach dinh
nghia d6 dai duong cong.

Gia st ta c6 cung tham s6 c¢: I — R™ véi I 1a mot khoang trong R. Xét doan [a,b] C 1.
Khi d6, do dai ctia cung tham s6 c tif ¢(a) t6i c(b) dudc dinh nghia thong qua xap xi dudng gip

8



Chiing minh dinh li Gauss-Bonnet dia phuong

khiic. Tic 13, xét phan hoach a =ty < t] < t3 < ... <ty = b, va ta tinh tong do dai
k—1
> |C(tz‘)c(ti+1;|-
i=0

Khi budc nhdy ctia phan hoach niy trd nén rat nho thi gia tri clia téng trén tién t6i mot gidi
han va giGi han d6 dugc goi la do dai cia c ti ¢(a) t6i c¢(b).

Nhiéu gido trinh (trong d6 c6 [1, 2]) khi dinh nghia do dai thi chi néu cong thiic va chiing
minh, nén ngudi hoc nhiéu khi khong hiéu dugc ban chit céc ki hiéu va tinh todn.

Ta xét phan tif [c(t;)c(ti1 )\ = |c(ti+1) — c(t;)|. Theo cong thic Taylor, ta c6

le(tivr) — c(ti)] = | (t)|(tiv1 — ta)-

Dai lugng ¢;, 1 — t; chinh 12 s gia va dugc ki hiéu 1a dt. Nhu vay, ki hiéu dt trong tich phan khong
phai 12 s cu thé, ma 1a dai dién cho céc sb gia t;,1 — t;, tic 1a dai dién cho mot qud trinh.

Do d6, do dai cua c tit ¢(a) t6i ¢(b) chinh la tich phan

/ab 1 (1) dt.

Nhu vy, |¢/(t)|dt dai dién cho cdc d6 dai clia dudng gip khic trén va dugc ki hiéu 1a ds.
DAy chinh 14 ban chét ctia ki hiéu ds trong tich phan va khong lién quan gi t6i tham sb héa tu nhién.

2.4.3. Giai thich ki hi¢u tich phan [, KdS.

Ciing giébng nhu trén, ki hiéu dS & day khong lién quan gi t6i mat S. ki hiéu d.S 1a phan ti
dién tich mit, tic 12 mot do do trén mit S. Cach xdc dinh ban chét cia né 1a thong qua viéc xip
xi mit S béi cac tif gidc. Cu thé nhu sau: Gia si r: U — S 1a mot tham sb héa. Do U 1a tip m&
trong R? nén ta c6 thé chia U thanh mot 1udi cac hinh chit nhat nhd. Khi dé, dién tich cta r(U) sé
dugc x4p xi thong qua dién tich clia cic tf gidc ma dinh cda né 1a dnh cla luéi trén U qua 7.

Tuy nhién, & day ta khong c6 dudc ti gidc ding nghia, vi khong c6 gi ddm bao tinh dong
phang ctia 4 diém trong R3. Vi vay, viéc x4p xi dién tich sé thuc hién bing cach chia doi "ti giac"
do thanh 2 tam giéc, va tinh dién tich nhu binh thudng.

Ta gié st (x, y) 1la mot nut cua 1udi, va (x + h,y), (x,y + k), (x + h,y + k) 1a cac nit 1an
can tao thanh hinh chi nhat trong R?, véi h, k nhd.

Dién tich clia tam gidc dung béi ba diém 7(u,v),r(u + h,v),r(u,v + k) bing

1
~|r
2

1
(u, 0)r(u + by v) A r(u, v)r(u,v + k)| ~ §|hr;(u, v) A krl(u,v)
1
= §hk|r; AT
Céc dai luong h, k chinh 13 cic sb gia du, dv. Do d6, phan tii dién tich dS c6 biéu dién qua
tham s6 r 1a
dS = |rl, Ari|du dv.
Diéu d6 giai thich cach dinh nghia tich phan trén mit chinh quy da dudc néu ra & cic gido
trinh [2] trang 108 va [1] trang 166. Cé4c dinh nghia néu ra trong d6 va ciing nhu rit nhiéu gido
trinh & nudc ngoai déu khong 1am ndi bat ban chit clia dinh nghia.
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2.4.4. Vé dinh li quay tiép tuyén

Chiing minh dinh 1f nay rt k§ thuit gdm hai phién ban: Phién ban dau tién 12 cho cic dudng
cong trong R?, phién ban thif hai 14 cho cdc dudng cong trén da tap 2 chiéu c6 huéng. Phién ban
thit hai doi hdi khdi niém dich chuyén song song, mot khai niém rat doc ddo ctia Hinh hoc vi phan,
nén ngudi méi hoc sé khong dé tiép thu phan do.

Trong gido trinh [1], trang 282, GS Poan Quynh da tranh dinh 1i d6 bang cich "bién dang"
metric trén S thanh mot metric phang, do d6 do cong Gauss triét tiéu va gian lude dudgc tinh toan.
D6 1a mot ki thuat tha vi ctia hinh hoc vi phan.

Trong sach cta Pressley [9] trang 344 c6 trinh bay mot doan chiing minh bing k§ thuat
"tron héa" cac dinh ctia dudng cong c. Ky thuat nay rét c6 ich cho truc gidc clia ngudi mdi hoc.

2.4.5. Vé Pinh li Gauss-Bonnet dia phuong trong gido trinh [2]

Dinh 1i Gauss-Bonnet trong gido trinh [2] phét biéu cho da tap 2 chiéu compact trong R
nén c6 tinh téng quat hon so véi dinh 1i Gauss-Bonnet phat biéu & trén. Tuy nhién, muc dich ctia
ching toi 1a chiing minh bing cdc cht liéu quen thudc véi sinh vién va hoc vién cao hoc cia
trusng PHSP Ha Noi. Vi du dinh 1i Stokes nam trong hoc phan Da tap vi phan thuéc moén chung
dbi v6i toan bo hoc vién cao hoc nganh Todn.

Chiing minh trong d6 c6 1& ldy tif ching minh trong [3], va rat k§ thuat. Chiing minh cb
ging quy tich phan [ p KdS vé cdc hé sb clia cac dang co ban thit nhét va thit hai cia mit S dudi
dang dao ham kh4 phiic tap, d€ sau d6 c6 thé dp dung dinh 1i Green-Ostrogradski. Chinh sy thiéu
tu nhién d6 1a dong luc d€ ching t6i viét mot chitng minh khac ma chiing tdi cho 12 tu nhién hon,
dé tiép can hon cho ngudi méi hoc.

Ching minh cta ching t6i hoan toan c6 thé tong quéat héa dé dang cho cac dinh 1i
Gauss-Bonnet tong quat hon. Nhung diéu quan trong nhét van 12 ngudi hoc cam thdy dé tiép
thu va tr§ nén yéu thich mén Toan hoc hon.

2.4.6. Dinh li Gauss-Bonnet trong giao trinh [1]

Dinh 1i Gauss-Bonnet trong gido trinh ctia GS Poan Quynh chi phét biéu cho tam gidc cong,
diéu d6 tién cho truc gidc clia ngudi hoc. Chiing minh ma ching t6i trinh bay co ban 1a quay lai
v6i ¥ tudng da thuc hién trong d6, nhung chi tiét hon nhiéu. Gido trinh ctia GS Poan Quynh c6
mat do kién thic rat day, nhung c6 thé do diéu kién thdi trudc, nén viéc trinh bay va trich dn c6
nhiéu khé khiin. Piéu d6 khién cho sinh vién va hoc vién cao hoc khong dé gi hiéu dudc tron ven
cic két qua quan trong trong d6. Diéu d6 thiic ddy ching t6i viét bai nay d€ bd sung tu liéu hoc
tap cho sinh vién va hoc vién cao hoc. Pong thoi ciing khang dinh [1] Ia tai liéu rat gia tri, va can
dudc nghién cifu nghiém tic, qua d6 ngudi hoc sé thu dic thém dudgc rit nhiéu kién thiic toan hoc.

3. Kétluan

Trong bai viét nay, ching tdi dua ra chiing minh chi tiét dinh 1i Gauss-Bonnet thong qua st
dung dinh li Stokes, dong thdi chi ra nhitng diém khé trong chitng minh va gido trinh ma sinh vién
va cao hoc vién c6 thé gip phai. Qua do, bai viét sé gop phan lam tu lidu hoc tap c6 gia tri cho sinh
vién va hoc vién cao hoc.
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(3]

(4]

(5]
(6]

(7]

(8]
[9]

Chiing minh dinh li Gauss-Bonnet dia phuong
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ABSTRACT

A proof of Gauss-Bonnet theorem - Local version

Tran Duc Anh
Faculty of Mathematics, Hanoi National University of Education

We present a short proof with details for the local Gauss-Bonnet theorem, a deep result in

differential geometry, which shows a connection between differential geometric and topological
aspects. However, this theorem is left to students according to the new programme in our faculty.
The main idea in the proof makes use of Stokes’ theorem.

Keywords: Gauss-Bonnet, Gaussian curvature, geodesic curvature, differential geometry,

associated forms, Stokes’ theorem.

11



