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MOT PIEU KIEN MGI PE MOT PO THI CO SO LIEN THONG
KHONG XUNG POT LA 2

Pham Ngoc Diép
Truong Trung hoc phd thong Chuyén Nguyén Hué

Tém tit. Trong db thi c6 cic canh dudc t6 mau, mot duong duge goi 1a khong xung dot
néu c6 mau dudc st dung trén cc canh clia dudng d6 duy nhat mot 1an. Mot db thi c6 cac
canh dudc t6 mau dugc goi 1a do thi lién thong khong xung dot néu hai dinh bat ki ctia do
thi dugc nbi v6i nhau béi it nhit mot dudng lién thong khong xung dot. Pit cfc(G) 1a s6
mau nhd nhit sao cho ta c¢6 thé ding cidc mau d6 dé o cac canh ctia dd thi G sao cho G 1a
dd thi lién thong khong xung dot. Trong bai bdo niy, chiing tdi s& dua ra mot diéu kién vé
bac nhé nhét cda do thi lién thong khong day di G d€ G ¢6 cfc(G) = 2. Két qua dat duge
12 mdt md rong ctia mot két qua trong bai bao [1] ciia Chang va cdc cong su.

Tir khéa: t6 mau canh, s6 lién thong khong xung dot, bic ciia dinh.

1. Mé dau

Trong bai bdo nay, d€ don gidn hda ki hiéu, ching ta ki hiéu [k] cho tap {1,2,...,k} v6i k
12 s6 nguyén duong bat ki. Ching ta sé st dung cac thuat ngif trong tai liéu [2] cho c4c thuit ngi
khong dugce dinh nghia trong bai bao.

Xét mot dd thi G don, lién thong, hitu han va khong c6 hudng. Ta ki hiéu tip cic dinh, tap
cic canh, s cac dinh (cip clia G) va s cic canh 1an lugt 12 V(G), E(G), n va m. Véi mbi dinh
v € V(G), ta ki hiéu N(v) la lan can cta v trong G va ki hiéu dg(v) = |N(v)| 1a bac cia v
trong G. Ta ki hiéu bac nho nhit cia G 1a 6(G) = min,cy () {da(v)}. Mot canh ciia do thi goi
1a canh cat néu ching ta bd canh d6 khéi do thi (van gilt nguyén hai dau muit) thi dd thi méi c6 sb
thanh phan lién thong 16n hon sb thanh phan lién thong ctia do thi ban dau. D thi diy du cip ¢
dugc ki hiéu 1a K;. Néu u,v € V(G) 1a hai dinh phan biét va ké nhau trong G, ta thudng viét uv
1a canh chia hai dinh u, v. Ta dinh nghia C'(G) 1a d6 thi con clia G cdm sinh trén tip cédc canh cit
cia G.

Mot dusng P (path) trong dd thi t6 mau G dudc goi 1a duong cdu vong néu mdi canh ctia P
dugc t6 bdi ciac mau khac nhau. Mot d6 thi td mau G dudc goi 1a lién thong cdu vong néu hai dinh
phan biét bat ki ctia d6 thi déu dudc ndi béi it nhat mot dudng ciu vong trong G. Dbi véi do thi
lién thong G, s6 lién thong cdu vong cia G, ki hiéu 1a rc¢(G), duge dinh nghia 1a s6 mau nho nhit
d€ G tré thanh do thi lién thong cau vong. Khai niém s lién thong cau vong 1an dau tién dugc gidi
thidu bdi Chartrand va cac cong su [3] vao nim 2008. Viéc nghién ciu s6 7¢(G) 1a mot trong cac
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vén d& c6t 16i ctia bai todn to mau trong 1i thuyét do thi. Ban doc c6 thé tim hiéu thém vé chu dé
nay trong cdc tai liéu [4, 5].

Gan day, Czap va cdc cong su [6] gi6i thiéu khdi niém méi lién thong khong xung dot. Khai
niém nay c6 nhiéu mdi quan hé mat thiét v6i khdi niém lién thong cau vong. Mot dudng ctia do thi
t6 mau G dudc goi la khong xung dot (conflict-free) néu c6 mau dude dung duy nhit mot 1an trén
cdc canh ctia n6. Mot do thi t6 mau G dudc goi 1a do thi lién thong khong xung dot néu hai dinh
bét ki dugc ndi v6i nhau béi it nhit mot dudng khong xung dot. SO lién thong khong xung dot clia
do thi lién thong G, dugc ki hidu bdi cfc(G), 1a s6 mau nhd nhét dé t6 céc canh ctia G sao cho G
12 mot dd thi lién thong khong xung dot. Ta dé rang nhan thdy cfc(G) < re(G). Viée nghién ciu
s6 cfc(G) hién dang dudgc nhiéu nha todn hoc ndi tiéng quan tim va nghién ciu. D€ biét thém vé
cac két qua da dat dugc, ban doc c6 thé xem céc tai liéu [1, 6-8]

Chiing ta gi6i thiéu & ddy mot trong cac két qua vé lién thong xung dot.

Pinh li 1.1. /1] Cho G la dé thi lién thong khéng ddy dii ¢o cdp n > 25. Néu C(G) la mét rieng
tuyén tinh va 6(G) > % thi cfc(G) = 2.

O bai bdo nay ching toi sé mé rong két qua cta dinh 1i trén. DE lam dudc diéu nay, trong
muc 2 ching t6i mé rong mot két qua vé s6 canh cit ctia mot do thi. Ap dung céc két qua lam dugc
trong muc 2 va cic két qua trude d6 trong [1], chiing t6i dua ra két qua chinh trong muc 3.

2. So cac canh cat cua mot do thi

Dau tién, ching ta sé dinh nghia hai 16p do thi lién thong mdi déng vai trd quan trong d6i
v6i két qua bai bio nay.
DPinh nghia 2.1. Xétn = kt, vdit > k > 3 la hai s6 nguyén bat ki. Ta ki hiéu H la mét do thi lién
thong véi cdp lanvad(H) =t —1 = ”T_k' chita tdp gom k — 1 canh cdt (dwoc goi la B) va chinh
xdc k thanh phdn vdi cdp t (dugc goi la F; C H \ B, Vi € [k]). Hon nita, véi méi i € [k, ton tai
it nhdt mét dinh v; € V(F;), sao cho N(v;) C V(F;) va dg(v;) =t — 1. Bdt H la tdp tdt cd cdc
do thi lién thong ciia H (dé xem vi du vé H, xem Hinh 1).

T

Hinh 1. Hai dé thi H, (k =t = 3), Hy (k = 3, t = 4) chita trong H

DPinh nghia 2.2. Cho k > 3 la mot sé nguyén bdt ki. Ta ki hiéu By la mét do thi ddy dii cdp
k — 1, B; la dé thi ddy dii cdp k vdi moi i € [k — 2] va By_1 lién thong cdp k + 1 va cd k dinh
vdi bdc 1on hon hodc bang k — 1 va mét dinh (g0i la u_1) ¢d bdc 1én hon hodc bdng k — 2.
Dt V(By) = {v1,...,v,_1} la tdp cdc dinh ciia Bo. Ta xdy dung dé thi lién thong F bdng cdch
thém cdc canh néi v; € V(By) va u; € V(Bj), Vj € [k — 1]. Cu thé’hon, F chita it nhdt k — 1
canh cdt, n = |V(F)| = k? va 6(F) = k — 1 = "% Ki higu F la tdp cdc do thi lién thong F
(xem Hinh 2 cho ta mot vi du vé F).

Trong [1], c4c tic gia da xdc dinh sd canh cat nhd nhit phu thudc vao bic nhd nhét ctia do
thi lién thong bdi két qua sau.
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Hinh 2. Mét do thi lién thong F thuéc vao F

Pinh li 2.1. [1] Cho G la mét do thi lién thong cdp n > k* k > 3. Néu §(G) > "=tL thi G c6
nhiéu nhdt k — 2 canh cat.

Hon nifa, cic tdc gia ciing chi ra cac vi du d€ thdy ring néu ta thay diéu kién vé bac nhd
nhét 1a 6(G) = 7% thi dd thi c6 thé chifa k — 1 canh cdt. Do d6 diéu kién trong dinh 1i trén 1a
t6i wu. Cac diéu kién d€ mot do thi c6 s6 canh cat ctia mot dd thi bi chin ciing dudc nghién citu
trong cac tai liéu [1].

Mot cau hoi tu nhién dudc dit ra & day 1a lidu ching ta c6 thé xac dinh dudgc tat ci cac dd
thi lién thong G sao cho 6(G) = ”—;k va G chia it nhit & — 1 canh cat. Muc dich chinh trong muc
nay 12 chiing ta dua ra cAu tra 18i cho cau hdi d6. Cu thé, ching ta chiing minh két qua sau.

Pinh li 2.2. Cho G la dé thi lién thong cdp n > k?, véi k > 3. Néu §(G) > ”T_k thi G ¢é nhiéu
nhdt k — 2 canh cdt trickhi G € HU F.

Chiing minh. Chiing ta sé chiing minh dinh 1i bang phan ching. Gia st G c6 it nhit & — 1 canh
cit. Pit B 1a tap gdm k — 1 canh cit ctia G. Do d6, G\ B c6 chinh xdc k thanh phan, dudc goi 1a
G1, Gy, ..., Gy. Bay gio ching ta sé xét hai truong hgp nhu sau:
Trudng hgp 1. V6i méi j € [k], ton tai it nhit mot dinh v; € V(G,) sao cho N(v;) C V(G)).
Do do

n—=k

V(G| 2 doloy) +1= —— +1= %,w € [K]

=n.

k
== V(@) =Y IV(G)| = k.
j=1

Diéng thiic x4y ra khi va chi khi
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Hon nta ta ¢6

k:t—1:>5(G):t—1.

Khi d6 G dang cAu véi mot do thi H trong H.
Trudng hgp 2. Ton tai ¢ € [k] sao cho N(v) € V(G;) v6i moi dinh v € V(G;).
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Bay gio ta xét mot chi sb ¢ nhu vay va ki hiéu a = |V(G;)|. Khidétacéa < k — 1.
Do N(v) € V(G;) v6i moi dinh v € V(G;) nén mdi dinh v € V(G;) la dinh cla it nhit mot
canh cit trong B. Dit m; 1a tdng bac clia tht c& cdc dinh ctia [V (G})] trong d thi cam sinh tif G 1a
G[V(G;) U B], taco
n—k
k

a<m;<ala—1)+k—-1

éa(a—%)—l—k—lZO.
Kéthop v6i 1 < a < k — 1, tasuy ra
(k—1)(k—1—%)+k—1zo.

Sau mot sb budc bién d6i ta thu duge n < k2. Két hop véi gia thiét, ta cé cac diu dang thic xay ra
nhu sau:

da(v) = 5 =k —1,Yv € V(G)).

Khi d6 mdi dinh v € V(G;) sé 1a dinh ctia chinh xdc mot canh cit ctia B. Hon nita, G;
khong chia canh cat nao ctia G. Ta dé dang thu dugc G; = Kj_1. Taco:

Y IV(GH) =n—V(G)| =k —k+1.
JFi
Mit khéc, cho mdi Vj € [k] \ {4}, chi c6 chinh xdc mot dinh v; € V(G;) 1a dinh cta chinh
xdc mot canh cét thuge B. Do §(G) > " = k—1néntaco |V(G;)| > k,Vj € [k]\ {i}. Suy ra,
v6i méi j € [k]\ {i}, ludn ton tai it nhat mot dinh v; € V(G;) sao cho N (vj) C V(G;). D& dang
thdy ring k — 2 thanh phan G} 1a céc do thi ddy da clp k, vi j € [k — 1]\ {i} va thanh phan con
lai ¢6 cip k + 1 chia k dinh bac nhd nhit 16n hon hoic bing k& — 1 ma chiing khong phai 1a dinh
ctia bat ki mot canh cit nio trong G, va mot dinh bac k& — 2 1a dinh clia chinh xdc mot canh cét
trong G. Do d6, G dang cAu véi mot do thi ctia F.
Viy dinh li dugc chiing minh. O

3. Do thi ¢o so lién thong khong xung dot la 2

Tru6e khi xem xét cac két qua, ta phat biéu mot sd cac két qua co ban trén cc do thi lién
thong khong xung dot.

Ta goi lai C(G) 1a d6 thi con ctia G’ cam sinh tif G bdi tap cdc canh cit cia G. Chd ¥ ring
C(G) c6 thé réng. Trong [6], Czap va cdc cong su di chiing minh bd dé dudi day cho ching ta biét
mot didu kién can cho dd thi G chia canh cit ¢6 cfc(G) = 2.
B3 dé 3.1. [6] Néu cfc(G) = 2 vdi db thi G 6 canh cdt, thi C(G) la mot ring tuyén tinh (nic la
moi thanh phdan lién thong ciia né la mot dwong) ma moi thanh phdn ciia né cé nhiéu nhdt 3 canh.

Hon nita, trong [6], Czap va cdc cong su ciing dua ra dugc diéu kién di vé C(G) dé G ¢6
cfe(G) =2.
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Dinh li 3.1. [6] Néu G la doé thi lién théng va C(G) la mot rieng tuyén tinh ma méi thanh phdn
ctia né cé cdp 2, thi cfc(G) = 2.

Mit khéc, néu C(G) 1a mot riing tuyén tinh chda k (k > 0) thanh phan Q1, Qa, . . ., Q. v6i
n; = |V(Q;)| théaman 2 < ny < ng < ... < ny, thi Chang va cac cong su [1] da mé rong chiing
minh Pinh li 3.1 bdi két qua sau.

DPinh i 3.2. [1] Néu G la mot do thi lién théng khong day dii cé6 C(G) la mot rieng tuyén tinh voi
2=n1=ng=...=nk_1 < ng < 4 hodc C(G) khong chita canh, thi cfc(G) = 2.

Trong bai bdo niy, ta s& md rong Pinh 1i 1.1 béi két qua sau.

Dinh 1i 3.3. Cho G la mét do thi lién thong khong ddy dii ¢6 cdp n > 25. Néu C(G) cdm sinh mét
ritng tuyén tinh, §(G) > =2 va G khong thudc Idp cdc do thi H U F, thi cfc(G) = 2.

Chiing minh. Kéthdp Pinh1{ 2.2 va G ¢ H U F véi 6(G) > 22, C(G) chita nhiéu nhét 3 canh.
Hon nita C'(G) 1a mot riing tuyén tinh nén 4p dung Pinh 1i 3.2, ta suy ra cfc(G) = 2. O
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ABSTRACT

A new condition for a graph having conflict free connection number 2
Pham Ngoc Diep
Nguyen Hue High School for the Gifted
A path in an edge-coloured graph is called conflict-free if there is a colour used on exactly
one of its edges. An edge-coloured graph is said to be conflict-free connected if any two distinct
vertices of the graph are connected by a conflict-free path. The conflict-free connection number,
denoted by cfc(G), is the smallest number of colours needed in order to make G conflict-free
connected. In this paper, we give a new condition to show that a connected non-complete graph G

having cfc(G) = 2. This is an extension of a result by Chang et al. [1].
Keywords: edge-colouring, conflict-free connection number, degree of vertices.

29



