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COHEN-MACAULAYNESS OF SOME EDGE-WEIGHTED GRAPHS
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Abstract. In this paper, we will study the characterization of Cohen-Macaulayness
of some edge-weighted graphs. For cycle and tree edge-weighted graph, we will
reprove the characterization of Cohen-Macaulayness of an edge-weighted cycle
and an edge-weighted tree due to C.Paulsen and Wagstaff (2013) [1]. Our proof
used a criterion of Hochster for Cohen-Macaulayness of a monomial ideal [2].
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1. Introduction

Let K be a field, and let R denote a polynomial ring R = K|[zy,...,x,]. Let
G = (V(G), E(G)) be a (finite simple) graph with vertex set V(G) = {zy,...,x,} and
edge set £'(G). An edge between vertices x; and z; is denoted x;z;.

An edge-weighted graph G, is a graph in which each edge has been assigned a
weight, i.e, a map w : E(G) — Z-( and the weight of an edge z;z; is w(z;x;), denote
w;;. Consider its “edge ideal” I(G,,) which is an ideals in R generated by all monomials
(w;z;)"™ where x;z; are edges of graph GG,,. Then, a graph G, is called Cohen-Macaulay
if R/1(G,,) is a Cohen-Macaulay ring. The purpose of this paper is to study the following
question: When an edge-weighted graph G, is Cohen-Macaulay?

This question fits into an ongoing research program to characterize of
Cohen-Macaulayness of edge-weighted graphs. The answer to the general graph is still
unknown. However, the complete answer to the above question for edge-weighted cycle
and edge-weighted tree graphs had been given thanks to the work of C.Paulsen and
Wagstaff in 2013. In their article [1], they had stated two following theorems:

Theorem 1.1. Consider a weighted d-cycle C2.
() If C? is Cohen-Macaulay then d € {3,5}.

(i) C3 is always Cohen-Macaulay.
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(iii) C} is Cohen-Macaulay if and only if it can be written in the form

a b

15 X2 Z3

g

Xy

Ts

d

suchthata <b>c<d>e=oa.

Theorem 1.2. Let T, be a weighted tree. Then T, is Cohen-Macaulay, if and only if one
of the following holds:

1) |V (T,)| <2 0r

(i) T, is a weighted suspension of a weighted tree H,, such that w(x;z;) < w(x;y;)
and w(z;x;) < w(y;z;) for each x;x; € E(H ), where yy, is the leaf vertex adjacent
to xy, for x, € V(H).

Our aim in this article is to approach a different way to those problems and reprove
them. Now we explain the organization of the paper. In Section 2, we recall some notation
and basic facts about monomials ideals and Hochster’s Theorem [2]. Section 3 is devoted
to the proof of Theorem 1.1 Theorem 1.2 is proved in the last section.

2. Preliminaries

In this section, we recall some definitions and properties concerning monomial
ideals and graph theory that will be used later. The interested reader is referred to [3]
for more details.

Let K be a field and N be the set of non-negative integers, consider the polynomial

ring K[xy,...,z,]. Anideal I C K|[xy,...,z,]is a monomial ideal if there is a (possibly
infinite) subset A C N” such that / consists of all polynomials which are finite sums of the
form ) ., hox®, where h, € K|x1,...,z,]. In this case, we write | = (x* | o € A).

Lemma 2.1. Let [ = (x* | a € A) be a monomial ideal. Then a monomial x” lies in I if
and only if x? is divisible by x® for some o € A.

This lemma is easy to check from the definition. We have known that all

monomial ideals of K[z, ..., x,] are finitely generated. Moreover, we have the following
proposition:
Proposition 2.1. A monomial ideal I C K[z, ..., ,] has a basis x*1) ... x*() with

the property that x*%) does not divide x*U) for i # j. Furthermore, this basis is unique
and is called the minimal basis of 1.
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For J is a monomial ideal in K[z1,...,z,]. We define the radical ideal /.J : x"
as follow:

Definition 2.1. v/ .J : X" is a monomial ideal which is generated by a set of monomial
v € Klxq,...,x,] such that there exist a positive number m so that v"x" lies in J.

Theorem 2.1 (see [2]). Let J be a monomials ideal in K|xq,...,x,). Then J is
Cohen-Macaulay if and only if for all vector u in N, the radical ideal \/J : X% is
Cohen-Macaulay.

Theorem 2.2. Let J be a monomial ideal in Klxy,...,x,] and let {vq,... v} is the
minimal basis of J then

\/J:Xu:< Lu:1,2,...,t>.

ged (v, x%)
Proof. Fori =1,2,...,n, we denote
’l).
Sulv) = ————
(vi) ged (v, x1)

Then, Su(v;) = o7 - 27" where a; > Oforall j = 1,2,... k. Let M; = maz{a; |
1 < j < k}. Thus, (v/Su(v)™ = 2"+ 2", Hence, Sy(v;) divides (y/Su(v;))™:.
This implies that (1/S,(v;))ix" is divisible by v;. By Lemma 2.1, (1/Sy(v;))Mix" is
in J. By the Definition 2.1, (1/Sy(v;))™i is a generator of v/.J : x*. Therefore,

\/J:X“Q< L|i:1,2,...,t>.

ged (v, x1)

In converse, for v is a generator of v/ .J : x4, then there exist a positive number m so that
v™x" lies in J. By Lemma 2.1, v™x" is divisible by v; for some j. Wlog, assume that
v™x" is divisible by v;. Thus, S, (v1) divides v™x™. Since ged (Su(v1), x*) = 1, we have

Su(v1) divides v™. Hence, /Sy (v1) divides v and so v € (\/Su(v;) | 7 = 1,2,...,1).

Therefore,
VIixic{ |— Y li=1,2,....t)
ged(vy, x%)
O
For an edge-weighted graph G, and u = [uy, us, ug, ..., u,] € N". We set x" =

ui (0
xy' .. apn. Let

) = (xixj)wij
Suliy) \/gcd((%%‘)w” X1)

Thus we have the following lemma:
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Lemma 2.2. With the above notations, we have
(1) Su(xixj) = x;x; if and only if u; < w;; and u; < w;;.
(i) Su(ziz;) = z; if and only if u; < w;j < u;.
(i) Su(ziz;) = 1if and only if u; > w;; and u; > w;;.

The proof of Lemma 2.2 is straight forward. Edge-ideal I(G,,) of an edge-weighted
graph is a monomial ideal in R = K|z4, ..., z,]. Then, we have the following lemma:

Lemma 2.3. Let G, be an edge-weighted graph. Then:
I(Gy) : x* = I(G(w,u)) + (V4)

where Vy, is a set of variables and G(w,u) is a subgraph of the induced graph of G on
the vertex set V(G) \ V.

Proof. Let G|V \ V,] denote a graph with the vertex set V(G) \ V, and the edge set
E’' C E(G). By Theorem 2.2, \/I(G,) : x% = (Su(w;z;) | z;x; € E(G)). Hence,
I(G,) : x" is generated by a set of square-free monomials. From this basis, we find the

minimal basis of \/I(G,,) : x" and let V}, be the set of all variables in the minimal basis,
the remain form an edge ideal of a graph G(w, u), an induced graph of G[V \ V,,]. [

Corollary 2.1. G, is Cohen-Macaulay if and only if G(w,u) is Cohen-Macaulay for
eachu in N".

Now we will state the theorem about the Cohen-Macaulayness of cycle and tree
graph (non-weighted), which will be used later in this paper.

Theorem 2.3 (see [4]). Let C? be a cycle and T be a tree (both are not weighted). Then,
(i) C?is Cohen-Macaulay if and only if d € {3;5}.
(i) T is Cohen-Macaulay if and only if it is a suspension of a tree.

Here suspension of a graph G is a graph H whose vertex set is V(H) = V(G) U
{vy1,...,yn} and whose edge set is E(H) = E(G) U {x1y1,...,Tayn}. In this case,
Y1, - - -, Yn are called leaf vertex.

Example 2.1. Let P2 be a trivially weighted 4-path where each edge has weight a.

a a a a
T X2 €3 Ly Zs

Let u = 0 in N°, then \/I(P}) :x"* = (7129, ToT3,T3T4, T4T5). In this case, the
variables set V, = and the induced graph is P*. We have known that a d-path graph
P%is Cohen-Macaulay if and only if d € {1,3}. Thus, P% is not Cohen-Macaulay.
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Remark 2.1. If for some u, for some x;x; in E(G), Sy(x;z;) = 1 then \/1(G,,) : x* =
K(xy,...,x,). In this case, it is trivial that G(w,u) is Cohen-Macaulay. Therefore,
throughout the rest of this paper, we will only consider vector uw € N" such that
Sul(ziz;) # 1 for all v;z; € E(G).

3. Edge-weighted cycle

In this section, we prove Theorem 1.1 from the introduction.
Proposition 3.1. If C? is Cohen-Macaulay then d € {3,5}.

Proof. Assume that C¢ is Cohen-Macaulay. By Corollary 2.1, we know that C4(w, u) is
Cohen-Macaulay for all u € N¢. So C%(w,0) = C? implies that the unweighted cycle
C? is Cohen-Macaulay. Thus, we have d € {3,5} by Theorem 2.3. O

Proposition 3.2. C? is always Cohen-Macaulay.

Proof. We list cases of C3(w, u).

Case 3.1. C®(w, ) is a null graph.
Case 3.2. C3(w, ) is a path of length 1.
Case 3.3. C?(w,u) is 3-cycle.

Thus C3(w,u) is always Cohen-Macaulay. Therefore, by Theorem 2.3, C3 is
always Cohen-Macaulay. [

Proposition 3.3. C? is not Cohen-Macaulay if and only if Vy, consists of two adjacent
vertices of C2, for some u € N°.

Proof. We list all the cases of C°(w, u).
Case 3.4. C°(w, ) is a null graph.
Case 3.5. C°(w,u) is a path of length 1.
Case 3.6. C°(w, ) is a path of length 2.
Case 3.7. C°(w, ) is a path of length 3.
Case 3.8. C°(w,u) is 5-cycle.

Thus C®(w,u) is not Cohen-Macaulay if and only if C®(w,u) has the form in
Case 3.6. Since C°(w, u) is a path of length 2 if and only if V,, consists of two adjacent
vertices of C2, we have C? is not Cohen-Macaulay if and only if V4, consists of two

adjacent vertices of C?. O

Proposition 3.4. Assume C°(w, ) is not a null graph, x; ¢ Vy, x; € V,, and x; adjacent
to .I'j.
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(1) Ifuz < Wiy, then U; < Wiy
(ll) ]f’LLj > Wyj, then u; < Wij.

Proof. (i) If u; < w;; < u; then Sy (z;x;) = x;. So x; € V,,, which is a contradiction.

() If w; > wy and w; > wy; then Sy(zz;) = 1. So /I(CH) :x% =

K|z, 9, 3, T4, T5]. Thus C°(w, u) is a null graph, which is a contradiction. O]

Proposition 3.5. Let C? be a Cohen-Macaulay graph. Consider a path of length 3 of C?
has the following form

T T2 3 Ty
Then

(1) Ifa > b, thena>b<cora=»5b>c.

(i) Ifa < b thena <b>cora=b<c.

Proof. We will prove thatif a < b < cora > b > c then there exists v € N° such that
C®(w, u) has the form in Case 3.6 (see Proposition 3.3), so C3 is not Cohen-Macaulay.

Case 3.9. Ifa > b > c. Choose x* = 25x5, we get

I(C]) : x® = (2129, T3, Ty, a5, TpT1) = (T3, Tq) + (T122, T521).

So that C®(w, ) has the form in Case 3.6.

Case 3.10. Ifa < b < c. Chose x* = x515, we get

I(C3) : x® = (21, T2, T3y, TyTs, T5T1) = (T1, T2) + (T3Tq, T4T5).

So that C5(w, ) has the form in Case 3.6.

Proof of Theorem 1.1.
(1) This is Proposition 3.1.
(i1) This is Proposition 3.2.
(iii) We prove that if C? is Cohen-Macaulay then it can be written in the form

a b

45 X2 Zs3

Pz

Xy

Ts

d
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suchthata <b>c<d>e=a.

If all edges of C° have the same weight then it fits our hypothesized conclusion.
Otherwise, by symmetry, we may assume that a < b. By Proposition 3.5, we get b > c.
Then, we consider two cases as follows:

Case 3.11. b > ¢ < d. By Proposition 3.5, we consider two following cases:

Case3.11.1.c<d >e.

If d > e, then e < a. On the other hand, a < b implies e > a. Therefore, e = a and
a<b>c<d>e=a.

Ifd =e,thene > a (sincea < b). Wehavea <b>c<d=¢e¢>a.lfe > a,
choose x" = z{z{, we get

VJ i x® = (29, x3) + (425, T5T1).

Thus, C®(w, u) is not Cohen-Macaulay. Soe =a < b > c < d =e.
Case3.11.2. c=d > e.
Similar to the Case 3.11.1, wehavee = asothate =a < b>c=d > e.

Case 3.12. b =c > d.

By Proposition 3.5, we have d < e, soa < b = c¢ > d < e. Choose x" = :zchff,

we get
VJ i x® = (xq,x5) + (223, T324).
Thus C®(w, u) is not Cohen-Macaulay.

In conclusion, If C? is Cohen-Macaulay then it can be written in the form we
mentioned in (c). Conversely, we prove that a weighted 5-cycle has the form

a b

T i) T3
/

Xy
such thata < b > ¢ < d > e = a is Cohen-Macaulay.

By Proposition 3.3, there are 5 cases of V,, that C°(w, u) is not Cohen-Macaulay
as follow:

Case 3.13.

Ts

d

b

g

Ts Xy

€ T2 €3
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Assume that V,, = {x1,25}. Then {zox3,z324} = E(C°(w,u)), it implies that
Su(Tax3) = woxs, Su(rsry) = T3wy. SO uz,uy < c;uz,us < b. Note that ¢ < d, so
uy < d. Thus, by Proposition 3.4, we have us < d. Then, since x5 € V,, we conclude
that S, (z125) = x5, s0 us < a < uy. Thus us < a by Proposition 3.4. So Sy (x129) = xo.
It follows that x5 € V4, which contradicts the assumption.

Case 3.14.

T X2 €3

g

Ty

Ts
d
Assume that V, = {x,25}. Then {z3z4, 2425} = E(C®(w,u)), it implies that
Su(xszy) = x324, Su(Tss) = T425. SO U3z, Uy < ¢;uy,us < d. Note that ¢ < b, so
u3 < b. Thus, by Proposition 3.4, we have us < b. Then, since x5 € V,,, we conclude that
Su(T122) = 9, 80 us < a < uy. Thus us < a by Proposition 3.4. So Sy(z125) = x5. It
follows that x5 € V,,, which contradicts the assumption.

Case 3.15.

T X2 Zs3

Ts

Xyq

d

Assume that V,, = {xq,23}. Then {z 25, 425} = E(C°(w,u)), it implies that
Su(T175) = T125, Su(T475) = T45. SO U5, U1 < @; Ug, us < d. Thus, by Proposition 3.4,
we have uy < a. Then, since x5 € V4, we conclude that Sy (x2x3) = 2, 80 us < b < us.
Note that ¢ < d, so ¢ < uz. Thus uy < ¢ by Proposition 3.4. So Sy(z4z5) = x5. It
follows that x5 € V,,, which contradicts the assumption.

Case 3.16.

T

T2 xs

Ty Ty

Assume that V,, = {x3,24}. Then {z129, 125} = E(C®(w,u)), it implies that
Su(T129) = 129, Su(T125) = T125. SO U, U, us < a. Note that a < b, so ug < b.
Thus, by Proposition 3.4, we have uz < b. Then, since 3 € V,, we conclude that
Su(xszy) = x3, 30 uz < ¢ < uy. Thus us < ¢ by Proposition 3.4. So Sy, (z425) = 5. It
follows that x5 € V,,, which contradicts the assumption.
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Case 3.17.

T ) €3

Ts Ty

Assume that V, = {x4,25}. Then {zox3, 125} = E(C®(w,u)), it implies that
Su(xews) = xows, Su(T122) = T122. SO Uy, Uy < a;ug, uz < b. Thus, by Proposition 3.4,
us < a. Then, since x5 € V,,, we conclude that S, (z425) = x5, so us < d < uy. Note
that d > ¢, so uy > c. Thus uz < ¢ by Proposition 3.4. So Sy(x3x4) = z3. It follows that
x3 € V4, which contradicts the assumption.

It follows that Cf’u is Cohen-Macaulay, as claimed. ]

The above theorem provides the explicit characterization of the CohenMacaulay
weighted cycle.

4. Edge-weighted tree

First, we recall the definition of suspension of a graph. Let G be a graph with
vertex setis V/(G) = {x1,...,2,}. A suspension of G is a graph H whose vertex set is
V(H)=V(G)U{yi,...,y,} and whose edge setis F(H) = E(G)U{x1y1, ..., TnYn}-
In this case, y1, . . . , y, are called leaf vertex.

Graphically, this says that H has the form

where the above “row” is the graph GG. We also knew that for 7" is a tree, then 7' is
Cohen-Macaulay if and only if 7" is a suspension of a tree.

Definition 4.1. Let G, and H), be weighted graphs. Then H) is a weighted suspension of
G, if the underlying graph H is a suspension of G and we have \(x;x;) = w(x;z;) for
all x;z; € E(G).

Remark 4.1. If the weighted tree T,, is Cohen-Macaulay, then the underlying tree T' is
Cohen-Macaulay, hence T' is a suspension of a tree.

By Corollary 2.1, it is clear that when T, is Cohen-Macaulay, then 7'(w, 0) is
Cohen-Macaulay. In other words, the underlying tree 7" is Cohen-Macaulay, hence 7' is a
suspension of a tree. Let H be the graph which 7' is a suspension of.
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Since T is a suspension of H, |V(T)| is even. Let |V(T')| = 2m and V(H) =
{z1,...,2m}. Then V(T) = V(H) U {w1,...,ym} Where y, are leaf vertex. Here, for
each

— 2m
u = [Ug, Us, ... Up, V1, Vo, ..., U] € NTT
we set
u __ _uj,u2 U V1, ,U2 v
X =TTy )Y Yy Y

Remark 4.2. [f the weighted tree T,, is Cohen-Macaulay, then for all vector u, T (w,u)
is a suspension of a forest.

Note that T'(w,u) is a forest. =~ Moreover, by Corollary 2.1, T(w,u) is
Cohen-Macaulay, hence T'(w, u) is a suspension of a forest.

Theorem 4.1. Let T, be a weighted tree. Then T,, is Cohen-Macaulay, if and only if one
of the following holds:

i) |V(Ty)| <2or;

(ii) T, is a weighted suspension of a weighted tree H,, such that w(x;x;) < w(x;y;) and
w(x;z;) < w(y;x;) for each x;x; € E(H), where yy, are the leaf vertex adjacent to
L.

Proof. Let J be the edge ideal of T),. Consider the case when |V (T,)| < 2, then T'(w, u)
will always Cohen-Macaulay. Indeed, if |V (7,)| = 1, then it is Cohen-Macaulay. If
|V (T,)| = 2, then for each u € N?, T'(w, u) can be null graph, a vertex or a P'. In every
situation, 7’'(w, u) is Cohen-Macaulay.

In the case when |V (T,)| > 2, assume T, is Cohen-Macaulay. With the notation
as in Remark 4.1, suppose there exist a vertex z;+ adjacent to x; such that w(z;z;<) >
w(z;y;). In this case, let x* = ") Let X; = {zi,,.... 71,y | w(zz;,) <
w(z;y;) forall 1 < k < r}. We have the following claim:

Claim 4.1. The set V = {zy,y: | ©: ¢ X, , t # i} U {x;} is the vertex set of T'(w, u).

Proof of Claim 4.1. In one hand, we have S, (z;y;) = y; and Sy(x;2;,) = x;, for all
k=1,...,r. Thus, X; C V,. Moreover, since x;, € V,, y;, is not a vertex of T'(w, u).

On the other hand, suppose that there exists a vertex x; is in V,, z; ¢ X;. Hence,
there exist an adjacent vertex x; of z; such that Sy(x;z;) = z;. By Lemma 2.2, u; <
wy; < uy. Ift # ithen 0 < wy; < 0. If t = ¢ then w(z;y;) < w(z;z;) < 0. Both
cases are contradiction since the weight must be positive. Therefore, z; ¢ V,, for all
x; ¢ X;. Moreover, Su(xyy) = zyy, for all xy ¢ X, t # i, hence y; is not in Vj,
and z;y; € E(T(w,u)) which means z;, y; are vertex of 7'(w,u). We also have that
Su(T;xi) = wiwss. Since x;, o & Vi, x;x4 is an edge in T'(w, u) which implies that z;,
x;+ is a vertex of T'(w, u). Therefore, the set V = {xy, 4y, | x4 ¢ X, , t # i} U {x;} is the
vertex set of T'(w, u).

26



By this claim, we have that |V (7'(w,u))| = 2n — 2r + 1. Thus, 7'(w, u) can not be
a suspension of a forest. This contradicts Remark 4.2.

Conversely, assume 7, is a weighted graph satisfies (ii). @ We have the
following claim:

Claim 4.2. For all vector u, for all vertex z; in H, z; € V(T (w,u)) if and only if
y; € V(T(w,u)).

Proof of Claim 4.2. Since y; is the leaf vertex which adjacent to x;, the adjacent
vertex to y; in T'(w,u) must be z;. Thus, if y; € V(T'(w,u)), then z; € V(T'(w,u)).
Conversely, if x; € V(T'(w,u)), then there exists j such that z;2; € E(T'(w,u)). Thus,
Su(ziz;) = x;z;. By Lemma 2.2, we have w(x;z;) > max{u;,u;}. We also have
w(zy;) > w(xz;), then w(zy;) > u;. If w(zy;) < v; then Sy(z;y;) = x;. This is
a contradiction since z; € V(T (w,u)). Hence, w(z;y;) > v; and so Sy(z;y;) = x;y;.
Therefore, y; € V(T'(w,u)).

We note that for every vertex of T'(w, u), its degree in 7'(w, u) is less than or equal
to its degree in 7. Let z; be a vertex in 7'(w, u) such that the degree of z; in T'(w, u) is
greater than 1. By Claim 4.2, we have y; € V(T'(w,u)). Suppose there exists another
vertex of degree 1 in 7'(w, u) adjacent to z;. Thus, this vertex has a degree greater than
1 in T'. Suppose z; is that vertex, then by Claim 4.2, we have y; as a vertex of 7'(w, u).
Then, z; is adjacent to both z; and y;. This is a contradiction.

It follows that 7', is Cohen-Macaulay, as claimed. O

From here, we can now give the explicit characterization of the Cohen-Macaulay
weighted Tree.
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