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TINH CHAT NGHIEM CHO MOT LGP CAC BAT PANG THUC
HEMI-BIEN PHAN KIEU PARABOLIC

Nguyén Thi Nhung
Truong Pho thong Thuc hanh Su pham Trang An, Truong Pai hoc Hoa Lu

Tém tit. Trong bai bdo nay, chiing tdi nghién ctiu vé tinh gidi dugc duy nhét va
tinh chét nghiém ctia bat dang thic Hemi-bién phan dugc cho nhu sau:

(W' (), v) + (A(u(t)), v) + JO(t, Mu(t); Mv) > (g(t, u(t)),v), (0.1)
u(0) = uy, (0.2)

v6i hau khdp ¢ € I := [0,T] va v6i moi v € U, trong d6 U 1a khong gian Banach
phan xa va 18i chit. Dya trén 1i thuyét toan ti don diéu, b dé toan anh va mot s6
ude lugng, chiing toi dua ra cac diéu kién dd cho tinh gidi dugc va su phu thudce
lién tuc ctia nghiém vao dit kién ban dau déi véi (0.1)-(0.2).

Tir khéa: bit diang thic Hemi-bién phan, bS dé toan 4nh, tinh don diéu, tinh gia
don diéu, dudi vi phan suy rong Clarke.

1. MGé dau

Cic bat dang thiic bién phan 1a 16p bai toan c6 y nghia quan trong xuét phat tif nhiéu
bai todn trong thuc té, trong khoa hoc ki thuit, trong cd hoc va vat li. Nhitng thap ki gan
day, cac bai todn bét dang thiic chita cac yéu t vi phan va bién phan, ciing nhiing mé rong
clia né, dong vai trd rit quan trong trong toan hoc khong chi vé mit li thuyét ma con bao
ham tinh ng dung sau sic. Mot cach cu thé, cac bat dang thiic bién phan cho phép chiing
ta quan sat nhiéu 16p bai todn thuc tién nhu: cidc md hinh co hoc ciu triic [1], bai toan tbi
vu [2], bai todn tiép xiic [3] va dan hoi [4].

Bai todn bit dang thiic bién phéan tdng quat c6 thé dua vé mot bao ham thiic vi phan
chiia todn tif da tri 12 dudi vi phan cia mot ham 16i, chinh thudng va nira lién tuc trén.
M4 rong 16p bai todn nay, cu thé khi ham cho trudc khong con théa man tinh chét 16i,
thay vao d6 1a tinh Lipschitz dia phuong, ta dugc 16p cac bét dang thiic Hemi-bién phan.
L&p cac bat dang thifc Hemi-bién phan dugc Panagiotopoulos gidi thidu 1in dau tién vao
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nhitng nim 80 ctia thé ki trudc [5, 6, 7], nhiam gidi quyét cac bai todn trong ki thut chifa
cic yéu td khong don diéu (mdt doi hdi ngit khi nghién ciiu cac bat dang thiic bién phan)
(xem [8]). Nghién cifu cac bt dang thiic Hemi-bién phan giit mot vai trd quan trong va
ngay cang nhan dudc su quan tAm ctia nhiéu nha todn hoc trong nudc va qudc té (doc gia
c6 thé xem trong [9, 10, 11] va céc tai liéu tham khao trong dé).

Trong bai bdo nay, chiing t6i dua ra mot 16p cac bit dang thiic Hemi-bién phan tritu
tuong dang parabolic trén cac khong gian vo han chiéu. Cho U 1a mot khong gian Banach
phén xa, 16i chit v6i chuén || - ||y va c6 ddi ngdu U*. Tich vo hudng cla cdp dbi ngau
(U*,U) dugc ki hiéu béi (-,-). Goi H la khong gian Hilbert véi chuén | - |5 va bd ba
U C H C U*1abd ba tién héa (ttic 13, phép nhing U C H 1a lién tuc va compact, phép
nhiung H C U* 1alién tuc). Gia st X 1a mot khong gian Banach nao d6. Xét bai toan sau:
Tim ham u € C([0, T); U) sao cho bt dang thiic Hemi-bién phan tién héa

(' (t),v) + (A(u(t),v) + JO(t, Mu(t); Mv) > {(g(t,u(t)), v), (1.1)
théa man véi moi v € U, véi hau khip t € I va thda man diéu kién ban dau
u(0) = wo, (1.2)

trong do cac toan ti cho truéc M : H — X, A: U — U*, g : I x H — H dudc xac
dinh & nhitng phan sau. Ngoai ra, v6i mdi t € I, ta ki hiéu JO(¢,- ; -) d€ chi dao ham
theo huéng suy rong theo nghia Clarke cia ham v huéng lién tuc Lipschitz dia phuong
J: I xX —=R

Ngoai phan mé dau, chiing toi dua ra mot sd van dé co s & muc 2., cac diéu kién
dat 1&€n cac ham cho truéc dugc chi ra 6 muc 3.. Trong muc 4., chiing t6i chiing minh tinh
giai dudc ctia nghiém va tinh chat phu thudc lién tuc ctia nghiém vao dit kién ban dau.

2. Mot s6 van deé c6 s6

Trude hét ta dua ra mot sd khai niém va tinh chét lién quan dén dudi vi phan suy
rong (xem [12]). Pay 1a 16p dao ham tdng quat hon 16p dao ham ¢d dién. LSp cac dudi
vi phan nay cho phép ta c6 thé mé rong khai niém duéi vi phan c6 dién d6i véi cadc ham
khong c6 tinh kha vi va tham chi 1a khong c6 tinh 16i. Chi tiét hon, cac dudi vi phan
suy rong kiéu Clarke cho phép ta khai quat cdc dudi vi phan cia ham 16i theo nghia
thong thuong.

Gia st E 12 mot khong gian Banach v6i khdng gian dbi ngdu £, mdt ham vo hudng
J : E — R dudgc goi 1a Lipschitz dia phuong trén E, néu v6i mbi v € E, ton tai 1an can
N(u) ctia u trong E va hing s6 L, > 0 sao cho

|J(uy) — J(u2)| < Lylluy —ual|p,  Vui,ug € N(u).

Ki hiéu J°(u;v) 1a dao ham suy rong theo nghia Clarke ctia ham J theo hudng v € F tai
diém u € E va dudc x4c dinh bdi

J%(u;v) = limsup Szt ) = J(Z)

A—=0t, z—u A
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Khi d6, duéi vi phan suy rong (theo nghia Clarke) cta J : £ — R tai difm u € E, ki
hiéu 0.J(u), 1a mot tdp con cia £* dugc cho nhu sau

9J(u) = {7 € B*| Ju;v) > (7,0), Yo € B},
Ta c6 ménh dé sau.

Ménh dé 2.1. Gid sit J : E — R la mét ham Lipschitz dia phiong. Khi dé ta c6 cdc
khdng dinh sau:

(i) véi méi v € E, ham E > v — J°(u;v) € R la thudn nhdt duong, dudi céng tinh
va ta co:
|J%(u;v)| < Ly||v||g, Yv € E,
trong do L., la hdng sé Lipschitz ciia J tai u;
(ii) ham E X E 3 (u,v) — J%(u;v) € R la nita lién tuc trén;

(iii) véi moiv € E, ta cé: J°(u;v) = maz{{u*,v)|u* € 0J(u)}.

Gia st U 1a mot khong gian Banach. Ta dua ra cic khdi niém vé tinh don diéu cia
toan ti bsi dinh nghia sau day.

Pinh nghia 2.1. Todn tw B : U — U* duoc goi la:

(i) don diéu néu
(Bu — Bv,u —v) >0,

voi moi u,v € U,
(ii) don diéu manh néu ton tai hdng sé6 Mg > 0 sao cho
(Bu — Bu,u—v) > Mpllu—vlf?,
thoa man véi moi u,v € U,

(iii) gid don diéu néu B la bi chén; va moi day {u,} C U sao cho néu u,, hoi tu yéu dén
w trong U va lim sup(Buy,, u, —v) < 0,Yv € U, thi

(Bu,u —v) < liminf(Bu,, u, — v).
(iv) demi-lién tuc, néu dnh xa u — (Bu,v) lién tuc véi moi v € U, nghia la, B lién tuc
ti U vao U* véi t6 pé yéu trong U*.

Pinh nghia 2.2. Anh xa da tri B : U — P(U*) duoc goi la gid don diéu suy rong tuong
iing vai D(L) (hodc goi la L-gid don diéu suy réng), 6 do L: D(L) C U — U* la todn
tik tuyén tinh dong, xdc dinh trit mdt va don diéu cuc dai, néu
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(i) véi méi v € U, tdp Bu la khdc réng, dong, 16i va bi chdn trong E*;
(ii) todn tit B la mita lién tuc trén tiv bdt ki khong gian con hitu han chiéu nao ciia U
vao U* véi t6 p6 yéu trong U*;
(iii) vdi moi day {u,} C D(L) va{u’} C U* théa man
(un — wu trong U,
Lu, — Lu trong U*,

uy € Bu, vdi moi n thuéc N,

* * *
uy — u* trong U™,

| lim sup,,_, o (uy,, un — u) <0,

thi ta co: u* € Buva lim (u), u,) = (u*, u).
n—oo

Dudi day ta dua ra bd dé toan anh (xem [13, Corollary 1, trang 610]) dudc st dung
trong chiing minh cho su ton tai nghiém ctia bai toan (1.1)-(1.2):

B dé 2.1. Gid sit U la khong gian Banach phdn xa va 10i chat, L - D(L) ¢ U — U*
la todn tit tuyén tinh don diéu cuc dai va T : U — 2V la bi chdn, c6 tinh chdt cudng va
L-gid don diéu suy rong, thi khi do

Range(L+T) =U".
3. Cac dieu kién cua bai toan
Ta dua ra cac diéu kién sau cho cac ham cho tru6c ctia bai toan (1.1)-(1.2).

H(A) Toanti A : U — U* thda man
[(1)]A 1a giad don diéu va demi-lién tuc; ton tai hing s6 n4 > 0, ay > 0
sao cho

[ A(v)]

vr <na+ aallvlly, véimoi t €[0,T] va v e U,
A don diéu manh, tiic 1a ton tai hang sb 54 > 0 sao cho
(Au) = A(v),u —v) > Ballu—vlF,
v6i moi u € U.
H(B) J:Ix X — Rthéa man

(1) J(-,v) do dudc v6i moi v € X va J(t,-) lién tuc trén X vé6i hau khip ¢ € I;
(2) J(t,-)1alién tuc Lipschitz dia phuong v6i moi t € I;
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(3) ton tai hing s6 khong am a; > 0 va ham n; € L?(0,7T;R..) sao cho
10(E, v)llx= < ns(t) + aullvllx,
v6i moi (t,v) € I x X.
(4) ton tai hang s6 3; > 0 sao cho
(& — &, v — v2) > —Byllvr — v %
véimoi & € 0J(t,v1),& € 0J(t,v3),v1,v9 € X.

H(M) M la toan ti tuyén tinh bi chin tt H dén X (M € L(H, X)), chd y ta s& st dung
| M|, ||M*|| 1a chuén ctia M va toén t& d6i ngdu M* tuong dng.

H(g) g:1x H — H do dugc theo bién thi nhit, lién tuc theo bién thi hai. Hon nifa, ton
tai oy sao cho

_ < _
— g
lg(t, z1,v1) — g(t, 22, v2)|u < aglvy — valm,

v6i moi v; trong H(i = 1,2), va ||g(-,0p)||z := 7,(-) € L*(0,T;R,), 8 d6 O la
céc phan ti khong trong U.

H(0) Ba > [|M*[loy; ca > max{(as| M2 .x) + g) 0 (B M2 g.x) + g}, &
d6 ¢ 1a hing s6 ctia phép nhing tit U 1én H.

4. Tinh giai dudc va tinh chit nghiém

Dinh li 4.1. Gid sit cdc gid thiét H(A), H(J), H(M), H(g) va H(0) dugc théa man. Khi
do bai todn (1.1)—(1.2) co dung mot nghiém. Hon nita, ta co wdc luong sau:

ur () — uz ()] < e P urg — ugoly 4.1)

ddo B = Bg — (Bs||M|]? + ag)? va uy, uy la cdc nghiém duy nhdt ciia (1.1)—~(1.2) tuong
wng vdi cdc diéu kién ban ddu u,o va usy.

Proof. Ta chia ching minh thanh céc buéc nhu sau.
Bude 1: Su ton tai nghiém ctia bai todn.

Ta s& st dung bd dé toan 4nh dudc cho bdi BS dé 2.1. Ta gi6i thidu cac khong gian
ham sau:

U:= L*0,T;U),

H:= L*(0,T; H) = H*,

u* .= L*0,T;U"),

W= {w € U € U},
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khi d6 ta thu dudc cac bao ham thiic nhu sau:
WCcUCH=H" CcU
Cho A : U — U* xac dinh béi

Au)()
(A(u)(t),v)

Ham J dudc cho nhu sau:

Au(-) +uo) — g, u(-) + uo),
(A(u(t) +uo) — g(t, u(t) + uo); v),

J U — 2,
Jw)={veH:vt)e M*IJ(t, Mu(t) + Muy)}.

T:U— 2"

T(u) = Au+ Ju,
£:D(L) CU— U,
Lu =,

DL)={uelU:d eU va u(0)=0} CW,
Tit c4c thiét 1ap nhu trén, bai toan (1.1)—(1.2) dudc viét & dang bao ham thic nhu sau:
Lu+Tu>0.
Ta c6 cdc tinh chit clia toan ti 7~ dudi day:

i) Toan ti 7 la bi chan;
That vay do tinh bi chiin ctia A va tinh bi chiin cta J tir U dén 21",

ii) 7 c6 tinh chit cudng;
Liy u € Uvau* € J(u), ta co:

—(u* upyeu < JT°(u; —u)
< max{(w, —u)u-y|lw € 9d(v)}

b
< max {/ (w(t), —u(t))y udtlw € 83(u)}
0
b
< / )l M) ) + s ()] )t
< 1M s lallZ 4+ 1 s ooyl

Két hop véi diéu kién H(A) va gia thiét 84 > || M*||ay, ta suy ra A + J 1a cudng.
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iii) 7 la £-gia don diéu suy rong.
Vi J c6 gia tri khic rong, 16i, compact yéu ctia U*, nén T u ciing 1a 4nh xa c6 gia
tri khdc rong, 16i, compact yéu trong U* véi mdi v € U.

Ngoaai ra, 4nh xa J c6 do thi déng theo diy trong U véi td pd yéu ctia U. Theo [14,
Lemma 7.10], J 1a compact tuong dbi yéu dia phuong. Vi vdy ta suy ra J la nia
lién tuc trén véi to pd nay. Tu diéu kién H(J) ta suy ra 7 1a nia lién tuc trén yéu tur
moi khong gian hitu han chiéu ctia U 1én U* véi t6 pd yéu.

Ly y,y, C D(L) sao cho

Yn — y trong U,

L(yn) — L(y) trong U,
Yy € Ayp + T (yn)

y, — y* trong U.

Ta gid st lim sup,, ({7, v,,)) < ((y*,y)). Thé thi,
yr =) +wp véiu;, = Ayp, w € T (yn),

Do phép nhing U C H la compact, nén y,, — y trong U. Hon nta, tu tinh bi chan
clia todn tit 7, ta c¢6 thé chuyén qua gidi han day con hdi tu, khong gidm téng quat
ta van gia st ¢6 w* € U* sao cho

w, — w" trong U".
Vi J c6 dd thi déng theo day, nén ton tai w* € J(y) sao cho
lim sup{{uy, yn)) + ({0, y))secae:
= lim sup((u, yn)) + W (7, yn) )30
= limnsup<<ufl +wy, yn)) < Y5 )),
Viy ta c6:

lim sup((u), yn)) < ((u*,y)),

n

u* = y* — w*. Hon nta, ta co:
u, =y, —w, =y —w" =u" trong U,
Tu gid thiét H(A), A la £-gia don diéu suy rong, u* = Ay ta thu dudc

(U Yn)) = (s Yn)) + (U Yn) )ae ¢
= ((u", ) + (U™, y))ae a0 = (Y, ).

Vay, T la gia don diéu suy rong tuong tng véi D(L).
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Mt khac, £ 1a tuyén tinh va don diéu cuc dai theo [15, Proposition 32.10 ], nén dp dung
B§ dé 2.1, ton tai u € W sao cho

Lu+Tu>0,
la nghiém cua bai toan (1.1)—(1.2).
Buéc 2: Tinh duy nhét ctia nghiém.

Lay u;(i = 1,2) 1a cdc nghiém cda bai todn (1.1)—(1.2) v6i diéu kién ban dau u;(0) = uj.
Khi d6 ta co:

(1) + Alu(t)) + M*&(t) = g(t, ui(t)),

§d6 &(t) € OJ(t, Mu,(t)). V6it € [0, T), trii tiing vé hai dang thdc trén, sau d6 nhan vo
hudng véi uy (t) — us(t) ta duge:

s (t) — wa(®) + / (A(ur(5)) — Alua(s)), wr(s) — ua(s))ds

2
+A <M*£1(5) - M*€2<8),u1<5) — u2(5)>d8

= [ o) = s, (5.3 (5) = ().

Do tinh don diéu ctia A va do gia thiét H(g), ta c6:

3 hoa(®) = a0l = B [ 10701(5)) = Mua(s) s < [ () = o) s,

tu do
t
Jur(t) — ua(t) 7 < 2(B51IMI* + o) / [ur(s) — ua(s)[ ds.
0
Ap dung bit dang thiic Gronwall-Bellman ta dugc u; () = uy(t) trén [0, T7.
Buée 3: Su phu thudc lién tuc ctia nghiém vao dit kién ban dau.

Goi u;(-),7 = 1,2 1a cdc nghiém duy nhét ctia (1.1) tuong ting véi cac diéu kién ban dau
U10 Va Ugg cho trude. Khi do6 ta co:

uy (t) + Aur (1) + M*&(t) = g(t,ua(t)), &i(t) € AT (t, Muq(t)),
uy(t) + Alua(t)) + M*Ea(t) = g(t, ua(t)), &(t) € 0T (t, Mua(t)),

10
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Trit tiing vé hai phuong trinh, sau d6 nhan két qua nhan dudc véi u, (t) — us(t) ta co:

1d
= 1) — wa®F + 2 (1) — w0

— Bl My () — o (t) |7 [ua (8) — ua(t)]

< (U (t) = un(t), ua (t) — ua(t)) + (A(ua(t)) — A(ua(t)), ur (t) — ua(t))
+ (M6 (1) = M*&(t), ua(t) — ua(t))

= (g(t,ui(t)) — g(t,ua(t)), ur(t) — ua(t))

< g Jua () — ua(t)[3;

tu do ta co:

1d
Sd Jur (t) — uz(t)[3; < =B lus(t) — ua(t)| 5 + pllaa(t) — 22(8)|| 5 |ur () — ua(t)|
G doé
_ BB 2
5 =8 (@M +ag) > 0
Ta suy ra
d , op 2 28t 2 ap d 2
S funt) — wa(0) ) = 2867 fult)y + e (D) < 0

LAy tich phan hai vé tir 0 dén ¢, ta dugc

626t |U1(t> — Ug(t)ﬁi — |U10 — U20|§{ S 0.

Tu d6 d'fln dél’l: eﬁt ]ul(t) — Ug(t)‘H S |U10 — U20|H7

hay |uy(t) — ua(t)|y < e Jurg — usolp -
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ABSTRACT

Properties of solutions for a class of parabolic hemivariational inequalities
Nguyen Thi Nhung
Trang An Pedagogical Practice High School, Hoa Lu University

In this paper, we study a class of parabolic hemivariational inequalities in infinite
dimensional spaces. We prove the solvability and the continuous dependence on initial
conditions for this problem based on surjective lemma, monotone theory and estimates.

Keywords: Hemivariational inequality, surjectivity lemma, monotone and
pseudomonotone operator theory, generalized gradient.
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