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Abstract. This note is to conclude some L' — ! estimates for solutions to the
following Cauchy problem for visco-elastic damped o-evolution models:

(0.1)

Ut + (—A)UU + (—A)Uut == 0, S Rn, t> 0,
u(0,2) = ug(x), u(0,2)=ui(x), x € R",

where o > 1, in all space dimensions n > 1. The novelty of the paper is that we
have succeeded in deriving the L' — L! estimates for solutions to (0.1) in general
cases of ¢ > 1 without any constraint condition to space dimensions, i.e. our
results are valid for any n > 1. To establish this, the application of the theory of
modified Bessel functions linked to Faa di Bruno’s formula comes into play for
small frequencies, meanwhile, for both large frequencies and middle frequencies
we will rigorously carry out some useful estimates to obtain the exponential decay.
Keywords: L' estimates, o-evolution models, visco-elastic damping.

1. Introduction

During the last decades, the Cauchy problem for the o-evolution equations has
achieved great attention from many authors (for example, see [1-7]) because of their wide
applications in various disciplines such as physics, chemistry, mechanics and so on. One
of the most typical important equations is the wave model, i.e. ¢ = 1, which not only
arises in many fields of applied sciences including acoustics, electromagnetics, and fluid
dynamics but also describes mechanical waves (e.g. vibrating string with n = 1, vibrating
membrane with n = 2, or vibrating elastic solid with n = 3) as well as light waves.
Considering o = 2 we recall the fourth-order evolution equations concerning problems
of solid mechanics (e.g. beams with n = 1 or thin plates with n = 2) and vibration of
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an elastic surface. At present, there has been very little work on the question of getting
L' — L' estimates for solutions to (0.1). Back in 2000, let us first recall the pioneering
paper of Shibata [8] devoting to the study of one of the most well-known equations of
(0.1) in the case o = 1, the so-called visco-elastic damped wave equation. In the cited
paper, relying on the very special structure of fundamental solutions to the wave equation
he succeeded in obtaining the following L' — L' estimates:

n+2

{(1+t)2||u0||L1 F L+ )" w| ifn > 2iseven,

[ult, )l S

n+1

(1+8)"T fluollz + (1 + )" |Jur||r  ifn > 3is odd,

by taking into consideration the connection to Fourier multipliers appearing for wave
models. Quite recently, regarding a different interesting model of (0.1), namely that
with o = 2, D’ Abbicco and his collaborators [9] have employed a different technique in
comparison with that used in [8] to derive L' — L' estimates for solutions to the strongly
damped plate equation as follows:

lutt, Mo S (1485 luolls + (148" us 2 forany n > 5.

Here this limitation of space dimensions comes from the technical difficulty. More
precisely, the authors used Bernstein inequality to estimate Fourier multipliers for small
frequencies. To apply this technique, it is necessary to require the above restriction to
space dimensions n as well as the assumption of integer number for o. Independently
from the above mentioned results, Dao-Reissig in the recent paper [10] has considered
the more general cases of (0.1) for any ¢ > 1 to achieve L' — L! estimates for solutions
localized to small frequencies by applying the theory of modified Bessel functions linked
to Faa di Bruno’s formula. Unfortunately, this strategy fails in the treatment of large
frequencies. For this reason, the present paper is to fill this lack and report some L' — L!
estimates for solutions to (0.1) as well.

In order to state our main result, we introduce the following notations used in
this paper:

» We write f < g when there exists a constant C' > 0 such that f < Cg,and f ~ g
wheng < f Sg.

* The spaces H{ and Hf, with @ > 0, stand for Bessel and Riesz potential spaces
based on L' spaces, where <D>a and | D|* denote the pseudo-differential operators
with symbols (£ >a and |£|%, respectively.

« For a given number s € R, we denote [s] := max{k € Z : k < s} and [s]" :=
max{s, 0} as its integer part and its positive part, respectively.

The main purpose of this note is to prove the following result.

14



A note on L*-L' estimates for solutions to visco-elastic damped o-evolution models

Theorem 1.1 (Main result). Let 0 > 1. Then, the Sobolev solutions to (0.1) satisfy the
following L' — L' estimates:

~Y

[1D1u(t, ]|, < (1 +t)z@HED=5

|u0||Hf

+ (1) B gy | e,
1

DI et ) 0 S

~

(1+ )20 ED=5 g ayia ot
Hl

+ (1 + )2 ED 5 | oo
1

where a > 0 and for all space dimensions n > 1.

Remark 1.1. Here we want to underline that at first glance, the decay estimates for
solutions produced from the results of [8] or [9] are somehow better than those of Theorem
1.1 when we choose o = 1 formally or 0 = 2, respectively. The fact is that this comes
from the very special structure of solutions to (0.1) in the cases of 0 = 1 and 0 = 2
coupled with some used techniques under the suitable restriction to space dimensions.
However, these obtained results from Theorem 1.1 imply an important recognition that
we may conclude the desired L' — L! estimates for solutions to (0.1) in general cases of
o > 1 without any constraint condition to space dimensions, i.e. our main result is valid
for any n > 1.

2. Proof of main result

At first, using partial Fourier transformation to (0.1) we obtain the Cauchy problem

for u(t, &) = F(ult,z)), up(&) := F(uo(z)) and uy (§) := §(ui(x)) as follows:
Uy + 161770, + €] =0,  @(0,€) = (&), u(0,€) =uw(E). (2.1)

The characteristic roots are

1
Mz = Mial6) = 5 (- 6 = Ve — 4g).
The solutions to (2.1) are presented by the following formula (here we assume A; # \y):
N )\16)\2t _ )\26)\115/\ e)\lt _ 6)\2t,\
&) = -

= ICO(ta g)a0(§) + ICl (ta g)al(g)
Taking account of the cases of small and large frequencies separately we have
1 .
Lo Aip = Aip(§) = —§<‘f’20 F i/ 4§77 — ’5‘4(7)
and Az ~ —[€27 £[€[7, M = A ~il€]7 for|¢] € (0,477),
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1
2. Mia = Aa() = =5 (161 F Ve — 4gP)
and Ay ~ —1, Ao~ —[€27, M — Xy~ [ for|¢] € (47, 00).

Let xx = xx(|¢]) with £ = 1,2,3 be smooth cut-off functions having the following
properties:

1 if |¢] < 477, e if €] > 47,
X1(|§|)_{0 if1e| > 3L, m(l&l)—{o if €] < 3¢
and x2([¢]) = 1 — x1(€]) — xs(/€])-

We note that x5 (|¢]) = 1if 377 < |¢] < 37 and x2(|¢]) = 0if |€] < 477 or|¢| > 45. Let
us now decompose the solutions to (0.1) into three parts localized individually to small,
middle and large frequencies, that is,

u(t7 x) = qu (t7 x) + UXQ (t7 x) + UX3 (t7 I)7

where
Uy, (t,7) = g1 (Xk(\§|)ﬂ(t,§)) with k = 1,2, 3.

Here §~' stands for the inverse Fourier transform. For this reason, we shall divide our
considerations into three cases as follows.

2.1. Estimates for small frequencies

We follow the statements from Corollary 3.3 in the paper of Dao-Reissig [10] to
obtain the following estimates for small frequencies.

Proposition 2.1. Let o > 1, n > 1 and a > 0. The Sobolev solutions to ((0.1)) satisfy the
L' — L' estimates

1D1%up, (£, )| 2 S (14 8)2CFED757 g | 1+ (1 4+ )12 OHED =57 gy || 11,
D190y, (¢, ]| ;0 S (1 4+ 8) 2 ED 725 Jug | o+ (1 + ¢) 2@ BV =5 ||y || 1.

2.2. Estimates for large frequencies

First, let us represent the characteristic roots in the form

A (€) = —1 — ¢(€) and Ao (€) = —[€]* + 1 + (&), (2.2)

where

o=

1 _
o€ =—1 +/0 (1 — ‘;203> ds. (2.3)
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For the sake of transparent representation for large frequencies, we introduce the
following four notations:

1 a1 2(&)e (O n "
Kl =5 (20 el ) o),
eAQ(E)t
K (1) = 57 (S BlOna(eD ) (.0),
. . . e M (€)1t R
K 00 =57 (g MOna(eD ) (o),

er2(8)t R
NGRS

Then, our main goal in this section is to show the following assertions.

ICi1 (t,z) =g <

Lemma 2.1. Let o > 1 andn > 1. Let a > 0. The following estimates hold:

[041DIKC (8, ) S e lull.
94112 (8] o < & ol st
oADK (0 S €l
04112, ()]0 < Ctuuluw[a,dw,

where c is a suitable positive constant and for all integer numbers j > 0.

In order to prove Lemma 2.1, let us recall the following auxiliary estimates from Lemma
3.51n [10].

Lemma 2.2. The following estimates hold in R"™ for sufficiently large ||:

|021€17P7| < 1g)PPo e, (2.4)
086(&)] S Jg1727 (2.5)
2(8)t\J
o Mi?;i i(ga) < o-t[g[peith-2r-le 2.6)
A2 (&)t )\J b )
% %xf)—kf(iﬂég) S e 2.7)
o [ A2(E)eMEON ()¢ ety pbfo
G awreswroanl | SR @8
o eAl(g)t)\]l(f)’ab —ct|¢|b—20—|a]
E\NE -t )|~ H 23)

for all multi-index o, for any p, b € R and j > 0, where c is a suitable positive constant.
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Proof of Lemma 2.1. In order to indicate some estimates for X2 ,(t, z), we may write

A Ao (g)t/\J min{a,c}—20j ) .
:s‘1< e g (i uo<€>> (t,2)

A A2 (g)t/\J min{a,o}—20j ) 4
=3‘1< EE x3<ra>> (1.2) # [DP a

= F (L5t 9) (¢, @) [ PP g (),
By choosing b = min{a, o} — 20j in (2.6), we get

02 (L3(1,0))| 5 e tfg[minteet-2olol g ¢metjg|=o-lel,

where c is a suitable positive constant. Since
) x .
et =" L0, e, (2.10)

carrying out m steps of partial integration we derive

5Bt =c Y . W. (08 (2309 ) ).

laj=m

For this reason, we obtain the following estimates:

57 (£ ) (1. )] < Jal 57 (92 (L3¢ 9) ) (8.0
< Jal 7|08 (£5(t,9))

o>

[P
< Ja| e / €] gl
1

— lz|~1)if0 < |z| <landm =n — 1,
e
~ lz|~ ) if || > Tand m = n + 1,

where the assumption ¢ > 1 comes into play. Hence, we arrive at

57 @) S [ 5 (B ) )|

|z|<

e
v 8@ )

1 o
< e_Ct/ d|x| + e_Ct/ |z|2d|z| < e
0 1
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Then, employing Young’s convolution inequality we have proved the second statement
in Lemma 2.1. In the same way, we may also conclude the last statement and the third
statement in Lemma 2.1, respectively, by using (2.7) and (2.9). Let us come back to
estimate the first statement. Indeed, we can see that

O/ DI*IC, () = IDIF " (M O (1€DT0(&) ) (8, )

6>‘1 (S)t

8j+1 ar~—1
ToTIDrs (A2<£>—A1<£>

x3<rs\>ao<s>) (o), @l

by using the relation
2O e g, (@—w) .
A2(&) — Au(€) A2(&) — Au(§)

In an analogous treatment to get the third statement, we derive the following estimate for
the second term:

) A1 (6)t
D! (e— U ) t,- < e MNugll ueor+.  (2.12)
PP (e T ) ()| S e ol
In order to control the first term, using the relation A\;(§) = —1 — ¢(&) we write

1

MO =0l _ o=t _ oty (c) / O g
0

Hence, we obtain

57 (MO xallehin (@) ) (¢ o)
= 5 (@0(6)) (2) — eF (1 = xa(1€) (&) (=)

—te”" T () xs(|€])To(E) / e‘“““‘dr) (t, ). (2.13)

0

Obviously, we have
|21p1e (57 @(9)) ) .|
Moreover, due to 1 — y3 € Cg°, we derive

|o1DI (57 (1 = xallg) ) 8| S e

By using again Young’s convolution inequality we obtain

|

= e '||ID|"uo| ;. S e uol - (2.14)

~Y

Il

DI (5 (1= xa(€D)() ) ()| | S e ol @15)

Il
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Now, we re-write

Dl (tetﬁl (¢(£)X3(\§|)ﬂo(€)/0 6¢(5)t"d'f’)> (t,7)

=> o (te™) 0/ |DI"5 (¢<£>X3<|£|>ao<§> / e—‘“@“’dr) (t,7)
=0 0

J
=D ¥t )3 (Gﬁ“l(S)Mlmin{“"’}Xs(Ié!)/
=0

0

e_‘ﬁ(f)”(—r)z dr) (t, )
x| D[~ g ()

=y o (te ) FHLY(E, ) (1 w) + [ D] ().

Thanks to (2.4) and (2.5), by using the Leibniz rule we have
08 (£8(t,€))| S ebJg]2ot-2rtmintach—lol < cij¢|=olel
Using again (2.10), and carrying out n — 1 and n + 1 steps of partial integration imply

T o< 2] < 1
—1 2\1 t, t,SC < g2 ’[B‘ — 5
(Lot ) ()| S |~ if ] > 1.

It follows
J

SO (ke ) F LN ©)) (t )

=0

< et ||~ if0 < |2 < 1,
~ ||~ D if || > 1,

where c is a suitable positive constant. Therefore, we derive

SO (ke ) FHLNE ) ()

=0

—ct
<e

Ll

Applying Young’s convolution inequality gives

oDl (te‘tS‘l (cb(f)x:a(lfl)%(é“)/o e“b(g)trdr)) )

< 6_CtHU0”H£a_G]+. (216)

~

Combining from (2.11) to (2.15) we may conclude the first statement in Lemma 2.1.
Summarizing, the proof of Lemma 2.1 is completed. 0
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From the statements in Lemma 2.1 we obtain immediately the following result.

Proposition 2.2. Let 0 > 1 andn > 1. Let a > 0. The Sobolev solutions to (0.1) satisfy
the L' — L' estimates

Hag|D|auX3 (tv ')HLl 5 6_Ct (||u0||H120j+[afa]+ + ||u0||Hf + ||u1”H12aj+[a70]+> )
where c is a suitable positive constant and for all integer numbers j > 0.

2.3. Estimates for middle frequencies

Now let us turn to consider some estimates for middle frequencies, where 37 <
€] < 3s. Our goal is to clarify the exponential decay for solutions and some of
their derivatives to (0.1) localized to middle frequencies, which were neglected or not
well-studied in the references.

Proposition 2.3. Leto > 1 andn > 1. Let a > 0 and j = 0, 1. The Sobolev solutions to
(0.1) satisfy the L* — L' estimates

1071 D sy (&, ) || 10 S e (o]l + [Jua]| 1),
where c is a suitable positive constant.

Proof. At first, with 377 < €] < 37 we use Cauchy’s integral formula to re-write the
above Fourier multipliers in the following form:

~ 1 20 2t

Ralt el = o ([ e s ) alleh. @)
~ 1 zt

ROl = o (| mrgmerget) i @)

where I' is a closed curve containing the two characteristic roots A; 5. It is clear that
A1 = A when |¢] = 2. Additionally, the set {€eR" : ¢ = 25} is not a singular set
because we may give equivalent formulas as follows:

t t
KCo(t, &) = et — )\26’\2t/ eM=23ds and Ky (t, &) = e)‘Qt/ eM1A2)3 g
0 0

Therefore, it is reasonable to assume \; # \,. Since 377 < €] < 35, the curve is also
contained in the set {z € C : Rez < —¢}, where ¢ is a positive constant. In order to
verify (??) we express

(Z + ‘f’QU)GZt B (Z + ’£|20)62t - )\2 ezt N )\1 ezt
22+|€|202+‘€|2U_(Z—Al)(z—)\g) N )\1—)\22’—)\1 )\1—/\22’—)\2‘
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For this reason, applying Cauchy’s integral formula we obtain
20\ 2t zt
% r 22 (j g|l2§|z ‘f)'e|§|20dz YD - A2 (% /n z i /\le)
A 1 zt
Py (2_7r2/p zi)\gdz)

)\2 At A1 Aot ~
—_— 1 o _ t
ot P el = Kt §)

for middle frequencies. Here we split the curve I' into two closed sub-curves separately
I'; and I'; containing A; and A,, respectively. In the same way we may conclude the
relation (2.18). Now, taking account of estimates for Cy(t, &) we get

e Kot )xa(l€)) = / e Kt ) xa( €
=505 [ du (e )leFRalt e

where we used (2.10). By induction argument, carrying out m steps of partial integration
we derive

F (el Rolt, nalle) =€ 30 1 . |2|a, (2 (1E1 Kot 02 (1€D) ).

laj=m

for any non-negative integer m and C' is a suitable constant. Hence, we arrive at the
following estimates:

15 (1Kot xalgN)| S ol |57 (08 (1€l Ko(t €0xalleD) )|
< Lol 102 (1€1"Rolt xa(EN) [ s S e,

where c is a suitable positive constant, since 37 < €] < 37. This estimate immediately
implies
13" (161" Ko(t, )x2(1€D) (8 ) o S e
In an analogous way we may also conclude
1S (11Kt O)x2(1€D) (¢, )| 1 S e
Similarly, we may arrive at the exponential decay for the following estimates:
|5 (Ié!“at/co@& )t, )| Se ™,
HS_ |§’aat’<:l(t 5 ta HLl S 6_0t7
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where we notice that

0Ko(t,€) = —|EKi(t,€) and  9Ki(t,€) = Ko(t,€) — €K (t, €).

Therefore, applying Young’s convolution inequality we get

107D up, (t, )|, S 1571 (€1"0/ Ko (t, ) xa(1€D) (¢, N g llwoll 2o
+ |31 (1€ 0K (¢, €)x2(1€1)) (£, )| o a2
S e (Jluollr + Nl zr)-

Summarizing, the proof of Proposition 2.3 is completed. ]

Finally, we give the proof of our main result as follows.

Proof of Theorem 1.1. We combine the statements from Propositions 2.1, 2.2 and 2.3 to
conclude immediately all the desired estimates. This completes our proof. ]
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