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Abstract. In [1], the authors proved that there is a union D of a finite number
of hypersurfaces in the complex projective space P™(C) such that for every entire
curve f in P"(C) if the spherical derivative f of f is bounded on f~!(D), then
f# is bounded on the entire complex plane, and hence, f is a Brody curve. In
this paper, we shall give the counterpart of their result on the normal family of
holomorphic mappings.
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1. Introduction

A classical normality criterion of Marty asserts that a family / of meromorphic
functions on a domain D C C is normal if and only if for each compact subset K of D,
there is a positive constant ¢(K) such that for all z € K, and f € F
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The generalization of this criterion to the context of holomorphic functions on hyperbolic
domains in C™ with values in a complete complex Hermitian manifold of dimension
appears in [2] and takes the following form:
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Theorem A. Let D C C™ be a hyperbolic domain. Let M be a complete complex
Hermitian manifold of dimension with metric F,;. Let F be a family of holomorphic
mappings of D into M. If F is a normal family then for each compact subset L of D,
there is a constant ¢(L) > 0 such that for all z € L and f € F, it holds that

(Here, as usual, F}?, denotes the infinitesimal Kobayashi metric.) Conversely, if (1.1)
holds and if for some p € D, we have that all f(p)(f € F) are in some compact subset
@ of M, then F is a normal family.

In [3], Tan gave a normality criterion for families of holomorphic mappings of
a domain D C C™ into the projective space P"(C) under a condition of uniform
boundedness of their tangent mappings on intersections of compact subsets and inverse
image of a finite union of hyperplanes (rather than on entire compact subsets). In the case
of dimension one, this problem was studied by Lappan [4, 5] and Hinkkanen [6]. The
main purpose of this paper is to extend the result of Tan in [3] to the case of hypersurface
targets. Our result is also the counterpart of the result of Son and Tan in [1] on the
normality criterion of holomorphic mappings.

Hypersurfaces Dy, ..., D, (¢ > n+ 1) in P*(C) are said to be in general position
it N, D;, = <, forall 1 < jp < --- < j, < ¢. Our main result can be stated as follow.

Theorem 1.1. Let F be a family of holomorphic mappings of a domain D C C™ into
P"(C) (n > 2), and let Dy, ..., D, be hypersurfaces in general position in P™(C).
Denote by d the smallest common multiple of deg D, ... ,deg D,. Denote by E the
length function corresponding to the Fubini-Study metric on P"(C). Asssume that for
each compact subset K C D there is a positive constant ¢(K) such that

E(f(2), f+:(8)) < c(K) - [|€]
forall z € KN (UI_, f'(H;)) £ € T.D ~C™ and f € F.

Ifg>3n (nzd) — n then F is normal on D.

2. Notations

Let v be a nonnegative divisor on C. For each positive integer (or +00) p, we define
the counting function of v (where multiplicities are truncated by p) by

-
NP (r ) ::/ tdt (1 <r<o0)
1

where n?! (t) = >« min{v(2),p}. For brevity we will omit the character [p] in the
counting function if p = 4-0c0.
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For a meromorphic function ¢ on C, we denote by (), the divisor of zeros of .
We have the following Jensen’s formula for the counting function:

1 1 2w ]
NG oh) = N () ) = 5 [ g et a8+ 000,
2 0 27T 0
Let f be a holomorphic mapping of C into P"(C) with a reduced representation f =
(fo,-- -, fn). The characteristic function 7’ (r) of f is defined by

1 2 ] 1 2m ]
Ty(r) = 5 [ oalftre)la0 = 5= [ log (e a0, > 1.

where || f]| = max [fi].
1=0,...,n

Let D be a hypersurface in P"(C) defined by a homogeneous polynomial () €
Clzo, . .., z,), deg Q@ = deg D. Asumme that f(C) ¢ D, then the counting function of f

with respect to D is defined by N][cp](r, D) := NPl(r (Q(fo, ..., fa))o)-

Let V' C P"(C) be a projective variety of dimension k. Denote by I(V') the
prime ideal in Clzo, ...,x,] defining V. Denote by C[z, ..., z,]» the vector space of
homogeneous polynomials in C[z, ..., z,| of degree m (including 0). Put I(V),, =
Clxo, ooy Tn)m N I(V).

Consider two integer numbers ¢, /N satisfying ¢ > N + 1, N > k. Hypersurfaces
Dy, ...,D, in P*"(C) are said to be in N-subgeneral position with respect to V' if V' N
(NYyD;) =@, foralll < jy<--- < jy < q.

Let f be an entire curve in the complex projective space P™(C). The spherical
derivative f7 of f measures the length distortion from the Euclidean metric in C to the
Fubini-Study metric in P™(C). The explicit formula is

FE=flP 4+ P72 D IRl = LA
0<i<j<n

where (fo, ..., fn) is a reduced representation of f.

3. Proof of Theorem 1.1

Lemma 3.1 ([2], Lemma 3.1). Let F be a family of holomorphic mappings of C into
P™(C). If F is not normal then there exist sequences {z;} C C with z, — 2z, € C,
{fi} € F, {pr} CRwith p — 0T, such that g;,(¢) := fi(z1 + pxC) converges uniformly
on compact subsets of C to a nonconstant holomorphic mapping g of C into P"(C).

Lemma 3.2 ([1], Theorem 1.1). Let Dy, ..., D, be hypersurfaces in general position in
P"(C), n > 2. Denote by d the smallest common multiple of deg Dy, . .., deg D,,. Assume
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that there exists a non-constant entire curve g in P"(C) such that for each j € {1,...,q},
either g(C) C D; or g* = 0 on g~*(D;). Then ¢ < 3n (") — n.

Proof of Theorem 1.1. Suppose that F is not normal, by Lemma 3.1, there exist
sequences {z;} C D with zz — 20 € D, {fix} C F, {px} C R with p, — 07,
and Euclidean unit vectors u;, € C™ such that gx(¢) := fr(zx + prur(), where ( € C
satisfies 2 + prurC € D, converges uniformly on compact subsets of C to a nonconstant
holomorphic mapping g of C into P"(C).

We take a reduced representation fk = (fok,---, fuk) of fi. Take a closed ball
B(z0, R) :== {2z : ||z — 20]| < R} C D. By the assumption, there is a positive constant ¢
such that

E(f(2), f+2(§) < c- €] 3..1)
forall z € B(zo, R) N (U?Zlf_l(Hj)) £eT,D~C™and f € F.

For each j, € {1,...,q} satisfying g(C) ¢ D,,, we now prove that g#({) = 0
for all { € g~*(D,,). To do this, we consider an arbitrary point (; € g~ *(D;,). There
are reduced representations gy = (gro,---,9kn) Of g and g = (go, -+ ,gn) of g in a
neighbourhood Uy, of &, such that g;; converges uniformly on compact subsets of U, to
gi, forall = 0, ..., n. By the definition of g, there are nowhere vanishing holomorphic
functions {u;} on U, such that gi;(¢) = ug(C) fri(zk + pruxC), forall ¢ € Ug,, i €
{0,...,n}, and all %k sufficiently large. By Hurwitz’s Theorem there are values {(j}
(for all k sufficiently large), ; — (o such that ¢;, € g, '(D;,), and hence, 2 + ppupCy €
fi ' (Dj,). On the other hand, 23+ prurC — 2o, hence, zy, +prurCe € B(20, R)Nf ' (D)
for all £ sufficiently large. Then by (3..1),

E(fk(zk + pkukg’f)7 fk*,zk—l-pkukék (é)) <c- ||£||7

for all £ sufficiently large and § € T, 4, u,c, D =~ C™. Then

E(9(C0); guco()) = lim E(g1(Co), G g, (1))

k—o0

= lim E(fi(zr + orturCr)s Srn st ppunc, (PRURKE))

k—o0

< lim pyefltugf =0
k—o0

for each t € Ty, ~ C. Hence, for each j € {1,...,q}, either g(C) C D; or g% = 0 on
g~ Y(D;). Therefore, since ¢ > 3n("*?) —n, Lemma 3.2 shows that g is a constant curve;
this is impossible. [
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