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Téom tit: Bai bdo trinh bay bai todan truyén song trong méi trwong dan hoi, phdn I6p
tuan hoan trong trieong hop xdp xi song dai, hay khi cac lop déu mong. Cdc lop vat liéu duwoc gia
thiét la khéng nén dwoe va cé bién dang trudc. Pé gidai quyét bai todn, phwong phap
khai trién tiém cdn da dwoc su dung Cdc biéu dién tiém cin ciia chuyen dich, umg sudt da duoc
thlet ldp. Van toc séng dwoc biéu dién thanh chudi lup thira cia tham sé bé & = kh , trong dé k la
6 séng, h (dwoc xdc dinh trong cong thirc (3)) la do day mot chu ky. Ba hé s6 dau tién cia chuoz
duwge xdac dinh mét cach trye tiép. Cac cong thirc truy hoi da dwoc thiét lgp dé xdc dinh cdc hé so

tiem can bdc cao con lai.

Tir khéa: Truyén song, mdi trudng phéan 16p tuan hoan, dang tiém can.

1. MO PAU

Céc bai toan truyén séng trong moi truong
dan hoéi (J. D. Achenback, 1973, A. H. Nayfeh,
1995, J. M. Carione, 2001) c6 ung dung to 16n
trong nhiéu linh vuc khac nhau cua khoa hoc va
ky thuat nhu Am hoc, Pja chin hoc, Pia vat ly,
Khoa hoc vat liéu, Khoa hoc danh gia khong hu
hong, Chan doan y hoc bang hinh anh, Céng
nghé vién théng,... Vi cac cau triic mong xuat
hién nhiéu trong thyc té, nén sy truyén song
trong cac cdu trac nay la dé tai thu hat sy quan
tam nghién ctru cua nhiéu tac gia, chang han
(H. F. Tiersten, 1973,..., G. A. Rogerson, 1999).

Dbi v6i cac bai toan truyén song, muc tiéu
co ban 14 tim ra phuong trinh tan sic, c6 dang:
¢ = ok = F(pl, p2,..) trong d6 o 1a tan s6

song, k la sb song, € la van tde song, pi la cac
tham s6 vat liéu. Sau khi xac dinh van tc song
tor phuong trinh tan sic, cac dai luong khac nhu
chuyén dich, ung suit,... mgi duge xac dinh.
Mit khac, phuong trinh tan sic ciia song 1a cong
cu quan trong dé giai bai toan nguoc: xac dinh
cac dac trung cia vat liu tir cac gia tri do dugce
ctia van tdc song.

Khi cac 16p vat lidu déu mong, hay khi xap xi

! B6 mon Co hoc ky thudt, Khoa Co khi, Truong Dai hoc
Thuy Loi.

2 Bé mén ly thuyét, Khoa Pai hoc Dai cuong, Truong Pai
hoc M6 - Pia chat.

song dai, ta co:
O<e=kh<<1 (1)
trong do h 1a d6 dai dic trung cua cdu trac
(chéng han, hola do dﬁy cua mét chu ky ctia mot
cau truc phan 16p tuan hoan). Véi gia thiet (1),

phuong trinh tan sac c6 dang tiém can nhu sau:
2

& :% —Q 4L +EQ 4 =DQ "
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trong do Q, la cac dai lugng can x4c dinh.

Norris va Santosa (A. Norris, et al, 1992) da
nghién ctru su truyén song SH (shear wave),
song mot thanh phan (phwong dao dong cia
soéng vudng goc voi phuong tmyen song), trong
moi truong dan hdi phan 16p tuin hoan khong
¢6 bién dang trudc. Cac tac gia da tim ra cac
cong thie xac dinh Q;, Q3 va chiing minh duoc
rang = 0. Gan day, bai toan truyén song
“Lamb” (s6ng hai thanh phan: 1a song dang tdm
hay 12 mot dang dao dong trong cac tim mong
c6 do day vat li€u nhdé hon budc song va dang
song ndy truyén trong toan bo tiét dién cua moi
truong), trong mdi trudng dan hoi phan 16p tuan
hoan, nén duoc, ¢ bién dang trudc, dugc nghién
ctu trong (Bui Thanh Tu, et al, 2009). Cac tac
gia da chung minh dugc ré“lng Q,,=0,Vm 2>1,
va tim ra cac cong thtc tinh Q;, (23, cong thic
truy hoi dé xac dinh Q-+, Vi > 2.

Bai bao nay 1a su tiép tuc ciia nghién ciru
(Bui Thanh Tu, et al, 2009) cho truong hgp moi
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truong 1a khong nén dugc tuc 1a nghién cuu
song Lamb (song hai thanh phan) trong moi
trwong dan hoi, khong nén dwoc va cé bién
dang truoc). Db voi méi truong khong nén
duoc, sy xuit hién thém mot 4n ham (la nhan tr
Lagrange hay ap luc thuy tinh) lam cho bai toan
trd nén phuc tap hon. Dé vuot qua trd ngai nay,
chc tic gia da tim cach dua 4n ham nay ra khoi
cac phuong trinh co ban, va két qua 1a nhan
duge mot hé bon phuong trinh ddi voi bién do
cia hai thanh phan chuyén dich va hai thanh
phan tmg suat, c6 dang twong ty nhu ddi véi
truong hop nén duogc. Ap dung cac ki thuat
duoc trinh bﬁy trong (Bui Thanh Tu, et al, 2009),
cac cong tinh Q, Q3, cong thirc truy hdi dé xac
dinh Q41 (m >2) da dugce tim ra, va cac déng
thirc Qy,,, Vm > 2 da dugc ching minh.
2. PAT BAI TOAN
Xét su truyén ctia song Lamb (song hai thanh
phan) trong méi truong vo han, phan 16p tuan
hoan, mdi chu ky gdm N 16p vat lidu khac nhau
(N > 2). Gia s cac 16p vat liéu 1a dan hoi,
khong nén duge va ¢o bién dang ban du thuan
nhét (M. A. Dowaikh, et al, 1990, G. A. Rogerson,
1999). Tai trang thai bién dang ban dau ta sur
dung hé toa d6 Pé-cac vudng goc Oz;zz; chung
cho ca moi truong, trong d6 mit phang Ozz;
tring v6i mat day cua 16p dau tién ciia mot chu
ky nao do (xem hinh v& 1). Ky hiéu # va 7 1a
d6 day lop thir i va d6 day mét chu ky tai trang
thai ban dau, khi d6 ta co:
h=h+h+-+h,.
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Bo qua lyc khéi, xét truong hop bién dang
phang:

u, =u,(z,,2,,7), U, =,(2,,2,,7), U =0
phuong trinh chuyén dong dbi voi nhiéu chuyén
dich c6 dang (M. A. Dowaikh, et al, 1990, G. A.
Rogerson, 1999)

{Sll,l 8, = 10121

S0 T80, = PU,

“4)

chi dao ham theo cac bién

trong d6 dau ","
khong gianZ", ddu """ biéu thi dao ham theo
thoi gian ©° P khéi lugng riéng cua vat liéu

%
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Spp = 31111”1,1 + Bmz”z,z 4

(%)
Sy = Byt + B;zz“z,z - p* (6)
So1 = Doy, +B;112“2,1 @)
Sy = Biylly, +Bl*221”1,2 ()
P" 1a nhidu ap lyc thity tinh
B, =B, *p )

trong d6 p 1a ap luc thuy tinh tai trang thai ban

dau, Bjji duge xac dinh boi cac cong thirc sau
(M. A. Dowaikh, et al, 1990, G. A. Rogerson, 1999):
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By =B,y =B;~4 Z_Zl/ @) (10)

Ai 1a cac @6 dan chinh cua bién dang (M. A.
Dowaikh, et al, 1990, G. A. Rogerson, 1999), va
MAhs = 1 (diéu kién khong nén dugc ¢ trang
thai ban dau), W = W(L;, A2, A3 13 thé nang dan
héi. Chu ¥ rang A; 1a hang s6 dbi voi timg 16p
vat lidu, va c6 gia tri khac nhau dbi vai cac 16p
vat liéu khac nhau.

Piéu kién khong nén dugc ddi voi nhidu
chuyén dich 1a
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U, +u,, = 0

Tuong tu, tir (8) va phuong trinh tha hai cua

(1)
Tu (7) ta suy ra (4), ta duge )
X .. B
U, :LS2| — Boia U,, S0 = Pl _&"2,11 _ﬁ 211
T By By (12) 2121 (16)
\ *2
Tir didu kién khong nén duoc (11) 5=B,, - By,
Uy, =7, (13) & day By )
T (6), (13) suy ra Duéi dang ma tran (toan tfr')’ bbén phuong
P ==y +(By, — By, (14) trinh (12), (lgg:, (15), (16) dugc viet nhu sau
Tir (14), (5) va phuong trinh thtr nhat cta (4), > M¢ -
ta co :
Syin = Py =2 Uy, =S5, (15) trong d6
trong do 2p= B1*111 + Bzzzz —2B,
I 0 _B;nz 81 1 0 |
BZIZI B2121
T _
SRS S W S
t 1 —“
0 p-2p -Zang g
L 2121 n
2 2 dY(z
rongd6 8, =2, =2 -2 @) _ gz, (20)
0Oz, 0z, or ’
Gia str song truyén theo hudéng Oz, véi van trong d6 .
toc ¢, s6 song k . Khi d6 ta tim nghiém ctia (17) Y(Z)_= U@ U6 Te) L)
duéi dang sau: 0 _;j B 1 0 |
u, =U(2)e" 5, u, =U,e" ", By By
ik(z—ct) ik(z—ct) (18) —I 0 0 0
S, =kI(2)e" ™", s,, = kT, (2)e™ ™. B= , .
trong d6 z=kz,. Thay (18) vao (12), (13), 2 - pe 0 0 !
(15), va (16) ta thu dugc 0 5 pc _i% OJ
L 2121 (21)

1 T LT U,; U,=-iU,

2121

U, =
B2121

T, =(2f - pct)U, ~iT,
T, = (6 - pe)U, —i D,
BZIZI (19)

ddu phiy trong (19) chi dao ham theo bién

z . Du¢i dang ma trdn (19) duoc viét dudi nhu

Sau

40

Do B(z) la ham tudn hoan chu ky &% , theo
dinh ly Floquet ta co

Y(0)=Y (kh) (22)
Nhan ca hai vé cua (20) v6i A va chi y
z=hz, ta co:
Y _ iy, (23)
d(z, /)

Pua vao bién méiy, =z, /h, khi d6 (23) co
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dang:

M =¢&B(y)Y(y;)

dy,

Tu diéu kién (22) suy ra nghiém cia (24)

thoa min diéu kién tudn hoan
Y(1)=Y(0) (25)

Nhu vay bai toan dwa vé tim nghiém cia (24)
trén doan [0, 1] véi diéu kién (25).

3. PHUONG TRINH TAN SAC

Nhu da biét phuong trinh tan sic duoc biéu
dién béi (2), trong d6 Q, (m>1) 1a cic dai

24)

— o O
—_ O O O
oS O O
S O O O

0 0

3.1. Biéu dién nghiém Y
Pé giai (24) ta khai trién ¥ dudi dang:

Y=Y, +&' Y +&Y,+-=) &Y. (26)
n=0

Tién hanh tuong tu nhu trong (Bui Thanh Tu,
et al, 2009), ta co

oL . Yj(y3):R./fl(y3)Y(O)>j:Oalaz""’ (27)
lugng can tim. Tha}zl (2) vao (21) ta duoc: trongd6 R, =1 (ma tran don vi),
B=B,+¢&B +&° B, +... (26) ”
trong d6: R,(7)=T,(y)+] B, Vnzl (28)
0 y B, 1 0 nOoY=2 ["B, R, = (29)
By Boa ["B, Ry +["B, R ++["BR, , (vn=12,.)
—i 0 0 0
B, = s
28— pQ, 0 0 i
B*
0 S—pQ, —i—2L 0
L 2121 |
B, =—pQ, LNj=123,..,
R, =T,=["B,, ['T=["T(x)dx. (30)
Thay (27) vao (26), ta dugc:
Y(y) =[1+&'Ry () + &R () +-JY(0) =[ YR, , (1) J¥ (0). €D
n=0
Thay (31) vao (25) ta co:
[5,+¢'S,+&2S, +---]Y(0) = [ig"sn Jr©)=0 (32)
n=0
trong do
S =R, n=012.. (33)
Pé (32) c6 nghiém khac khong thi dinh thirc ctia hé phai bang khong, tuc 1a:
det[i 'S, | = det[ S, +£'S, + 28, +--- + &’'s, +---]=0. (34)

n=0

Ky hiéu 4’,B/,C/,D’ lan luot 1a cic ma tran cot thir 1, thir 2, tha 3, thir 4 cia ma tran
Sj,j =0,1,2,..., khi d6 phuong trinh (34) c6 dang:

det[zgiAi,Zng~f,Zeka,ZghDh] =det[A’+c A '+ AT+ el AV 41,
i—0 =0 =0 =0

Tu (35), suy ra

B’ +&B' +& B +---+&' B/ 4+,
C'+eC'+& CP 4+’ CT +---,
D' +eD'+& D +---+&’ D' +--]=0

(35)
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i+ j+k+h=m o
> det[4B'C'D']=0,

0<i, j,k,h<m

3.2 Xac dinh Q,

(m=0,1,2,..).

(36)

Tu tuong nhu trong (Bui Thanh Tu, et al, 2009), st dung (28), (34) va (36) voi m = 0, 1,2 dan dén

2121

1 (p)

Q,=0

0 -1 2.0 2 0 2 0 2 0
Q, = —(<,0> Si3 ) X [312343 — 81384 + 8538, — L, (DS — M:I

B\ -1
(5) —<> (By)
O - B

(37)

(39)

trong do: s;]. , s,.jz. , 5,12 cac phan ti trong cdc ma tran S, S,, T, va

M =det[A'B'C°D"]+det[A'B°C'D" ]+ det[4°B'C°D'] + det[ 4°B°C' D"].

(40)

véi A°,B°,C°,D°,A',B',C',D" 1a cac ma tran cdt xap xi bac 0 va bac 1 cua cic ma trin

A ,B',C'\D.

1
Ky hiéu <f> = If(y3)dy3 la gia tri trung binh cua ham f* trén doan [0, 1].
0

Tién hanh tuong ty nhu trong bai bao (Bui Thanh Tu, et al, 2009), ta thu dugc két qua sau day

Q, =0, Vn=1,23,...

2n 0

2n 0

(41)

2n 0 2n 0
Sia Sa3 —Si3 Say T 8438, — Ly (D)sy;

Q)0 =—(<p>S22) x

u+v+s+t=2n

0<u,v,s,t<2n

Vn=>1

2n

0 2n A r A 5 ,
j»S; 1 1 cdc phan tu trong céc

trong do: s
u+v+s+t=2n

> det[4"B'C°D']

0<u,v,s,t<2n

ma tran S, S,,,7,, va

duoc xac dinh tu (35). .

Cong thirc (42) chinh 1a c¢ong thirc truy hoi
can tim dé tinh Q, ,n>1.

4. KET LUAN

Bai bao nghién clu bai toan truyén song
Lamb (song hai thanh phan) trong méi trudng
dan hoi phan 16p tudn hoan, khong nén duoc,

TAI LIEU THAM KHAO

— > det[4'B'C*D']

(42)

c6 bién dang trudc. Vi gia thiét cac 16p vat
liéu déu mong, hay khi xap xi song dai, trudong
song, ciing nhu van téc song duoc biéu dién
thanh chudi lily thira ctia tham s6 bé e. Két
qua chinh cua bai bao la xac dinh dugc cac h¢
) trong khai trién tiém cén cua van toc song.
Cu thé:

Tim ra cdc cong tinh W, W,, cong thirc truy

hoi dé xacdinh W __,"m 3

m+1°

2. Chtrng minh duogc

rﬁngV\gm =0,"m? 1.
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Abstract:
ASYMPTOTIC EXPANSION OF THE DISPERSION
EQUATION OF TWO-COMPONENT WAVE IN PERIODICALLY
LAYERED ELASTIC MEDIA WITH INITIAL DEFORMATIONS

The present paper deals with the problem on two-component wave propagation in periodically
layered, in the case of long wavelength approximation or the layers are thin. The mediums
assumed are incompressible elastic media with initial deformations. This problem is solved by
applying asymptotic expansion method. The asymptotic expressions of the displacement, the stress
has been established. Wave velocity is a series of powers of small parameter & = kh, where k is
the wave number, h is the thickness of one periodicity cell. The first three coefficients of the series
are determined directly. The recurrent formulas are constructed to determine coefficients of
higher power.

Keywords: propagation, periodically layered elastic media, asymptotic expansion.
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