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Abstract: This paper deals with the problem of exponential stability of two-dimensional (2D)
discrete-time systems with mixed directional time-varyving delays. By constructing an improved
2D Lyapunov-Krasovskii functional candidate some new delay-dependent condition for the
exponential stability of the system are derived in terms of linear matrix inequalities (LMls).
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1. Introduction

Two-dimensional systems have many applications in different arears as geographical
data processing, electrical circuit networks, power systems, energy exchange processes,
multibody mechanics, process control, acrospace engineering and physical processes [18, 4, 9,
14]. In recent years, 2-D switched systems have attracted the attention of various scientists who
have made the significant contributions in stability theory. Most commonly utilized state-space
models of 2D systems are the Roesser model, the Fornasini-Marchesini (FM) local model and
the Attasi model [18, 17, 5, 4]. Time-delay phenomena are frequently in various practical
systems. The existence of time delay may lead to instability or poor performance of the system,
so it is of significance to study time-delay systems. The exponential stability for 2D state delay
systems has been studied. There have been many previous results on stability for 2D discrete
systems with time-varying delays[3, 13, 6, 7, 12, 19]. However, to the best of our knowledge,
the problem of stability 2D systems with state delays, especially for 2D systems with mixed
delays, has not been fully investigated to date.

In this paper, we study the problem of exponential stability of a class of 2D discrete-time
systems described by the Roesser model with mixed time-varying delays. Delay-range-
dependent exponential stability criteria of 2D systems discrete-time with mixed time-varying
delays are established in terms of linear matrix inequalities .

Notations: Z denotes the set of integers, Z[a,b]= {a,a+1,....b} for a,beZ, a<b. R"M

A 0
denotes the set of nxm real matrices and diag(A,B)é{O B] for two matrices A,B.

Sym(4) = A+ AT for AeR™" . A matrix M e R s semi-positive definite, M >0, if
xIMx >0, VxeR"; M is positive definite, M >0, if xIMx>0, Yxe R, x#0.
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2. Preliminaries

Consider a class of 2-D discrete-time systems with mixed directional time-varying delays
described by the following Roesser model (2-D DRM)

a0
e
[xh(Hl’j)J:A{xh(i’j) +AT{Xh(i_Th(i)’j)]+A Elx o i,jez" 0))
Vi i+l Vi Vi oo . d(i 7 ’
x (6, j+1) x" (i, )) xV (i, j =1y ())) :é(f)xv(i,j—t)

n
where x" @, j))eR h and xV i, j)e RV are the horizontal state vector and the vertical state

vector, respectively. A4,A4; and A4 |, are constant matrices with appropriate dimensions.
7, @, d h (i) and 7y,(j), dy(j) are respectively the directional time-varying delays along

the horizontal and vertical directions satisfying

Thm th(i)SThM, tym <t() =T ,0 (2)
Ay <D<y, dym <dy()<dyy. G)
where T Th » Tvms Tyuf dhm’th , dyy and d 5, are known nonnegative

integers involving the upper and the lower bounds of delays. Denote 1, = max(rh M’d h M)
and 4, =max(z,r.d, ). Initial condition of (1) is defined by
) =9, j).i € ZT-uy 00,02 j <z,
gy =077 @
X)) =y, )), jeZl-,0],0<i<z,,
xv(iaj) :07i>227
where g(k,.) €1y (Z7), Yk € Z[-1,,0] and y(.,1) €15 (Z7), ¥l € Z[-p,0], z; <20 and z, <o,

Definition 1. Svstem (1) is said to be exponentially stable if there exist scalars N >0
and 0 < <10 such that any solution x(i,J) of (1) satisfies

r_
s IsapP<ng’ 0 s p R 5)

i+j=I i+]=KO
holds forall i+ ;=12 K0 =i+ Ji, Where

—14,<t<0
Y xR s s (s )P G0 B s DI+ G0 P
i+j=I —IuhSSSOH- J=Ky

ivs, jy=x"i+s+1, )=l G+, ), 276G, j+1) =2V, j+t+1)=x" (G, ] +).
Lemma 1. [3] For any vector o(t)€ R", two positive integers ﬁl and { 5. and a

symmetric positive matrix H € R | the following inequality holds,
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4 ’ ‘
~(ly=l1-1) T @' OHo<| T o' () |H| 3 o) (6)
t=E2 z=£2 t=€2

Lemma 2. [3] For a symmetric positive definite matrix R € R

, positive integers

h,v and a function x:Z[i—h,i]x[j—v, j]1>R", i,je zr, the following inequalities hold

-1
3 ol @RS )2 (3 ) =xti=h )] RLxte )=xti=ho ], )

I=i—

j_ldT'R§'>1 .. .. TR" .. 3
(252 6 2 () 2 [x( )= j=0)] R[x()=x(j -] (®)

where 51(l,j)=x(l+1,j)—x(l,j) and 52(i,s)=x(i,s+1)—x(i,s).

3. Main results

We are now 1n a position to derive LMI-based conditions ensuring that system (1)
exponential stable. For the brevity, in the following we denote the block matrix
I(a,p)= diag(alnh ,ﬁ]nv) for any scalars o, 3.

Theorem 1. For given nonnegative integers Ty .Tpyr. TymsTypy dhm’th’
dym and d ;. if there exist symmetric positive definite matrices P = diag(Ph,Pv) ,
Q:diag(Qhan); RZdiag(Rh,Rv), XZdiag(Xh,Xv), YZdiag(Yh,YV),
S= diag(Sh,Sv), Z= diag(Zh,Zv) and 0< <1 such that the following LMI holds

T

v 4'p Dy

= —P 0 |<0 (9)
S |

where YZ[X Y S},HZdiag(X,Y,S),and

¥ 0 X Y 0
—(R+25) S S 0

Y= * —(0+X+S5) 0 0 |
* * ~(X+S) 0
* * * -7

¥ =0+R+Z-P-X-Y

X =I1(Br}, Bram)X, Y=I(friy froy V. S=I1Br2 pri)s.
R=1(B(+r). A+ ry )R, Z=1(Pry,.fry)Z. P=I1(B.HP.0=1(B.HOQ.
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1+ — 1+ 1+ _ 1+ 1+
x=1p hm gy yo1p hM g My Req(p M g MR
— I+z I+7 1+z 1+ — I+z
S=1(p "M g vMys  o=pp hm pttvmyg X=1p hM g

_ _ o g + ) = Gy D
Teh = ThM T hme Tdh ~ > ’
_ doa@opg +dvmd,y r —dym +1)
2 M
A=[A A4 0 0 Ad} D=[A—1 A 0 0 Ad},
then system (1) is exponentially stable.
Proof. For the brevity, in the following, we denote

h,. . h. -
x(i,]_){x (w)} e, jﬂ):{x (z+1,1>}

Y xV (@i, j+1)

x" (1))

hyo o h. ,
xr(i’j)[xv(f .rh(z),:])} er(iJ)[xv(l, .TflM),J)}

x (i, j =y () X =7)
"d (i)

h
Y, AL
xTI’I’l(i7j)|: Vo 'h’n ’ ]9 xd(i’j): d_( ) >
x' (A, J—Tym) :é; Wi j—0)

l-l—TV My,

v = hp T hvms Ty,

S, = xhG1, =G ), 8V =5V D=2V ),
T

0@ )= ¥ ) ) G xg@D)
We consider the following Lyapunov-Krasovskii functional

8 8
V(i ))= zlvq’“<x”(i,j))+ > Vg (V) (10)
q= q=

vh,j) VY(i,])
where GG, )= G )R,
metam= s STapotans,
=1—T
hm

vheha =T Ta R pE

=i—rh ()
“hm

i—1 .
AN B D L () S () )i
S==Tps +1/=i+s
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vhohGy=r, 5 S oM px,sh s,
mS——Thml—Hs

vk -, 35 s yeta s

ST I=its
—r, -1
h _
Vet m=r, B ST s,et s
S=Tp ppl=its
ho hg - W s KT h i
Vo' G =dpyy 2 Z Z M NZ" (0. DB,
s=dh =1 p=i-I
and &G ) =26 )R G )),
V(i Vi T Vi pJt
aan= ' MTanox’anp’™,
=]—tym
o |
evamn= 'y TaorRa"G0p
t=j—1,(J)
VeV “m 7 Vi )t
eYan=y 'y TRV anp T,

k=—rv M +t=j+k

- = T i
G m=nm Yy 8Tanxys’anps’ ™,
k=—1,pyt=j+k

-1 -l
VGG =ry Y, D 8 wO%S L0,
k==z, 1= j+k
e B e
AT BT 3 818,60,
k=—t Mt ]+k
d
VYV, ) =d kS gt ZoxY J=p.
3 MN=dr 2 Z > X (P Zyx (Lp)p
k=d,,, t=1p=j—t

Clearly, V(i,j)>0,Vi,jeZ". With respect to 2-D DRM (1), the AVﬁ(i,j) is
defined directionally as follows
AV (i, )2 vha+1, jy— priG, )+ vV G, i+ - prra, j) 2 AVg(i,j) +AVRGL) (1)
First, we have
MG G =T 1, P+, =BT G pB G )
AV (G, 0= g G, )0y G ) U SR e

Miphem- x  Mapratan- T SMaprata)
[=i+1- h(l+1) l:l—Th(l)
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< T i R, i jy—p M TG i), R, =7, 0. )
TUm o G e it

+ . Z X (I:J)th (I:J)ﬂ

l=l+1—rhM

i e i—1 . il
> M pR T - S T R,y
[=i+1+s [=its

B dm

AVpp( = 2
Shm

-, )

< 3 [ﬂth(z’, DR X, )= (45, )Ry x(i+ 5. ) B S}
S——ThM
- o
{rrhﬂxm(i, DRaG- s ST R s (12)
l:z+l—rh M

and AV’fﬂ((xh (i, 7)) (n=5,6,7) are given as

i . i-1 .
2 Mapnetapst- 3 M pxete st }

AP = 3 {
B hm o [=i+l+s =its

—T
hm
l+7 i=1
S lelmﬂ5hT (@, j)Xhah @, )) _Thmﬂ o ] 2 allT (, j)Xhah (..,

=i—T
hm

i . i—1 .
s e pp- s 5hT<z,j>Yh5h<z,j>ﬂ’”"}

-1
h ¢ h. .
AVgp(x™(i.j) =7 z {
65 hM [=i+l+s [=i+s

S:—ThM

) o o 4+ i-1 ) .
<ety M G v ot ey B M > ", 8" .y,

:l_ThM
hoo S I S R
sy <y "8 S dTapssta s - S ST aps,s" s
S==Tppp L=itlts [=i+s
2 I e ho vy T g
<rppo 0.8 6 =rgp M S ST psyeta (13)
=1—-7
WM

ByLemma2, wechave

1+7 i—1
—, By §Ta px sha

l=i—rh

m
I PR P T B hg :
< [)C (laj) X (l Thmaj)] ﬂ Xh [-x (l,]) X (l Thm,])]

T 1 1
i) B T X, B T X, i)
B l+7 14

xh(z’—rhm,j) B thh xh(i—rhm,j)

and

178



Hong Duc University Journal of Science, E.S, Vol.10, P (173 - 184), 2019

1+7
B M ) s"a, py,sta. j)
Z—t—rhM

1
SN R & (ﬂ Ty, )[x” () =x" =ty )]

T I+7 I+r
| g -p MMy, g My ) 05
xh(i—z'hM,j) _Ig1+ThM Y, xh(i—rhM,j)

i—fhm—l
B MM ST T pssta))
1=i—ThM
) i_Thm hT Iy =T (l) -1 W, . 1+ThM )
<D=ty S ST, 8 RS, 50, )= (e - rho))_z ST s M s, 50, ))
l—l—Th(l) =it
i—rh i -7 -1 i—rh(i)—l n i— Th(l) -1
< 3 5“(1 i hMSh[ Yo s Mamp M, s dha
[=i— Th(l) [=i— Th(l) l:l_ThM l—l—rhw

M i=1, ), )) ! i1, 0).))
i, )| G ®[ﬂ1+f/‘M Sh] =z 0) (16)
Hi=rp00.0) iz 0)

2 1 1

where C, = -1 0 | and the symbol &® denotes the Kronecker product of two matrices.
* -1

IA

By Lemma 1 again, AVghﬁ ((xh (i, j)) is given as

Aoy

N i 1 i-1 1
Mgty =dy, 32 2 Tz o ppTP - s T pz (o pp )
s=d hmlzl p=i+l-l p=i-l

d
_ hM s T L he: 7 o pl=l
rdhﬂx T, )th () —dppy 7d2 lglx (=L, NZyx"(i=1,))p
'
dh(l) . |
Srdhﬂx TG, j)th (i ) =dppy lle (i1, NZpx"(i-1, ))

h(l) T
< 602 6 =dy) 8 M -1z

d, i) 4
< BTG, )26 G, )= z -1, )Tz, z i1, ) (17)

From (12) to (17) we have
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8
zlAV,f’ﬂ(xh G i) <TG PP+, )+ 2T G ) BOY + B+ Ry + Brgy 2y = BB i, )
=

Ty KT : . N AT HT N
T ey D0 =y D= B M =2 0, DR 1,0, )
MG, R X, iy Y, 12 5,8 G, ))

- T 1+7 I+7 r

. Mgy |- mx, gm0 )
_Xh (=Tps /) _lgl-ﬂhm X, _xh (=g /)
- -T l+7 l+7 1

. G, j) -p M n p hM Y M, j)
EEE] _g"" M v, i)

=y 0,)]

M i=70).J)

I+7
+ Xh(i—Thm,j) CO ®(ﬂ h‘MShj Xh(i—Thln,j)
=000 7) M i=t0000)
d, (i) d, (0

- 2 3107

s xMi-1, )
[=1

<xPT (i1, Byxti+1, )+ 6" G, R+ T +SRS" G )+ TG 0¥y n" G ) (®)

Where Xh :T}ZlmﬂXh, Yh :T%MﬂYh’ S/’L :rghﬂsh and

. T
d, Q)
h
O R RO UL (R ()0 W UL (R ) B LN () Z -1l

[ 7 L, i

lPhll 0 i Xy s , 0

1+ 147 147 1+
-B hMRh—2ﬂ hMSh B hMSh B hMSh 0
= I+ I+
Yy * -B Thin 0, +X,)-P ThMS 0 0
h " "h h
l+7

* * -8 M x,+5) 0

] * * * _Zh_

1+Thm 1+ThM
Similarly, we have

AR (7 G ) = G+ DRx( j+ 1) = AT G D P )

A5 G ) = BT @ DOt =BT i, = ri)Ox” G = 2m)
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1+
A" @) < TG DR G =B M T, =y (DR =7 ()
Jj—T .
v O3 AR @ np
1= j+1—TVM

- .
AV g (@ G0 <] e TG DRt )= T T xR s/
t= J+1—1VM

r I +r l+7 r oy
Vi s vim vin Vi i
.. 2 T,. . .. X (luj) _ﬂ Xy ﬂ X X (15])
AVSR(x" (0, ) S Ty 87 0 X0 G f)=| AR .
| X" (i, j=Tym) | - +Tvav X"l = Tym) |

Tr 1-
xV (i, /) e Xy gl Xy x¥ (i, /)

AV p (Y G ) < 8™ (1, )X 8" G, )

_xv(i’j_rvm)_ i —ﬂl+Tvav__xv(i,j_Tvm)_
T
(i, j=1y () (i, j=1,(j))
v V. . 2 vT .. . V. . V. . 1+TVM V. .
AV g (4, ) Sy B8V @ )S8Y 1 )= | 2V j-7y,) | Co®| B Sy || XV G, j=7ym)
Xv(i,j—TvM) xv(iﬂj_TvM)
d,(j) d,(j)
N G ) <1 T )25 G )= X =) Zy( X 2V (G, j=1) (19)
86 v =1 =1

Therefore

8 )
> AV (¥ @ ) <X+ DRAG j+ )+ 8" G )Xy + Yy +50)8% G )0 G )G ) (20)
n=1
where Xy =12, BX,, Yv =1}, pY,, Sy =r2fS, and
. T
d\,(J)
:
DG )=|2Ta 0 26 j-nG) Taj-am T -z P i j-n|

_\Pvll 0 ﬂHTVIn X, ﬂl+TvM Y, 0
_ﬂl+rv M R, - 2ﬂl+rv M s, ﬂ1+TWW s, 'Bl+rv M s, 0

e ' g, x-S, 0 0
: : T (x,45,) 0

I * * * ~Z, |

1+ I+
W11 = BOy + B+ rp)Ry + fry Zy— BP—f VX, ~f MY,
From (18) and (20) we finally obtain

.._8 h h,. . vv..<T.. T T ..
AVﬁ(x(l’]))_nél(AVnﬁ(x (1,]))+AVnIB(x Gjn<n @,j)|¥Y+4 PA+D (X+Y+S)D n@,j) (21)

T T
By Schur complement lemma Y+4 PA+D (X+Y+S)D <0
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if and only if o= -P 0 |<O.

Hence, if (9) holds then, by (21), we obtain
V,G+ 1, )+ Vo j + D)< B G N+ V() i jeZt (22)
For any integer I'> =max(zl,22) , one has that Vh(O,FJrl) =1,IT+1,0)=0.

Then summing up both sides of (22) from I'+1 to 0 with respect to j and 0 to I'+1 with
respect to i, one gets

S Van=_ T (V,G0+hG.))

i+j=I'+1 i+j=I'+1
—Vh(0,F+1)+VV(O,F+1)+Vh(1,1")+Vv(1,1“)+---+Vh(F+1,O)+Vv(F+1,O)
=V, (L) +, 0,0+ D+, 2,1 +V, (A, D) +---+{V, (+1,0)+ 1, (I, 1)}
< pV, 0.1+ 0.1)+ IV, (1, T =)+ 1, (LT=1)} +---+ S{, (I, 0)+ 1, (', 0)}
<B X V(i,j)- (23)

i+j=I
From (23), using the above relationship iteratively, it follows that
'«

Y VGHsB T V@Hsp X VGpssp 0 ¥ V6. (24
l+j— i+j=I-1 i+j=I-2 =K,
On the other hand, from (10), we can find two positive scalars & and &, , such that:

& N1 xG )PV )< E |1xG ) |2 (25)

Where 981 = min{l . (Ph)+ﬂ, . (PV)}
& = max{Amax (F,) + Amax (B)) +7p,5 s Amax (Ry)) + 7,0 r Amax (Ry) + 7, Amax (9p,) + ZymAmax (Ov)

+1 0 Amax (Ry) + 77 Amax (Ry) + Thmﬂmax (X,)+ Tvnﬂmax (Xy)+7) Mflmax 1)+ M%ax )

+”3h/1max (Sy)+ ’”z'zvﬂmax(sv) + ’”c%hﬂfmax (Zh)+’”§vﬂmax(zv)}-
From (24) and (25) it follows that
M EVIE A ETS 2o

] i+]=K

where, N 29;—2. Thus, the system with mixed (1) is exponentially stable. The proof is
1

completed.

Corollary 1. For given nonnegative integers Thme Thf» Tvms and t,,5 r if there exist

symmetric positive definite matrices P= diag(Ph,PV), 0= diag(Qk, Oy), R= diag(Rh ,Ry),

182



Hong Duc University Journal of Science, E.S, Vol.10, P (173 - 184), 2019

XZdiag(Xh,Xv), Y=diag(Yh,Yv), S= diag(Sh,Sv), Z Zdiag(Zh,Zv) and 0< <1
such that the following LMI holds
T T
Y AP DY
= P 0 |<o0 (27)
*  TI

where Yz[X Y S], I = diag(X,Y,S), and

w11 0 X Y
—(R+2S5) S S
y = — <0,
* —-(0+X+S5) 0
* * ~(X+9)

P11=0+R-P-X-Y,
X =1(peh,  Bram)X. Y =I1(Briy .. Py Y. S=10Br2,. fra)s.
R=1(B(L+7) B+ r DR, P=1(B, AP, 0= 1(B, PO,

1+ — 1+ 1+ — 1+ 1+
X=I1(p Th’”,ﬂmv’” )X, Y=I(B ThM,ﬂ M Y, R=I(8 ThM,ﬁ oM )R,
— 1+7 1+ 1+ — 147 1+
S:](ﬂ hM’ﬁ z-\/]\4)5’ Q:](ﬁ hm’ﬂl-FTvnfl)Q’ X:I(ﬂ hM,ﬂ TVM)X’

"th —ThM T thme Ttv T B T Pvme
A=[4 4, 0 0], D=[4-1 4, 0 0],
then system (1) with A = 0 is exponentially stable.

4. Conclusion

The exponential stability a class of 2D discrete-time systems with mixed delays has
been studied in this paper. Sufficient conditions fordelay-dependent exponential stability of
2D system have been established in terms of a set of LMIs. Future work will be devoted to
2D continuous-time systems.
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