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TINH TOAN NGAU NHIEN VOI QUA TRINH DANG HERMITE

Dwong Ton Pam
Truong Bai hoc Céng nghé Thong tin, PHQG —HCM

1. MO PAU

Ham ngau nhién dang da thirc Hermite d& duoc dé cap dén trong céc tai li¢u cia H.McKean
[3], Lawrence.C.Evan [4], B.K Oksendan [2] . . . V€ mat ly thuyét ching cd nhitng tinh chat ly
tha va ciing ¢6 nhitng trng dung quan trong. Ta bat dau tir nhitng khai niém co ban caa giai tich
ngau nhién dé lavi vatich phan 1td cia cac qua trinh ngau nhién.
2.KHAI NIEM VE QUA TRINH NGAU NHIEN DANG HERMITE

2.1.binh Nghia 2.1

Pa Thuc Hermite bac N 1adathiic x&c dinh boi

(t) ae<bd” aac’ 60

H, (x,t)= ng X - n=012,...
Pt T $2t g wn
-Theo dinh nghia trén ta co:
H (6t =L H,(xt)=x H(xt)—xE 32
x> tx XX t2
3( t) _-_1 4( ) ﬂ'? E,

2.2.Pinh Nghia 2.2

cho M 1a qué trinh Wiener tiéu chuan mot chiéu (chuyén dong Brown), khi d6 qué trinh

ngau nhién: H, (Vvt ’t) x&c dinh theo (1.1) , duoc goi laquatrinh ngau nhién dang Hermite.
W tW,
H, (W, t) = t
Vi du: 6 2

Khéi niém vi, tich phan ngiu nhién ma ta xét trong bai nay |a vi, tich phan 16, nghia la néu
hau chac chan taco

t t
Xt = XO + c\? (S’W)ds-l- d) (S’W)dvvt
0 0

khi d6 taviét

dX, =a (t,w)dt + b (t,w)dw, 12
Biéu thuc (1.2) duoc goi lavi phan 1t caa X, , hay ta.con goi don gian lavi phan ngau nhién

cua X, .

2.3.Pinh ly 2.3 (Céng thirc 110)
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; . D2
Cho X la mot qué trinh ngau nhién ¢d vi phan 1té dang (1.2) vaj (x1)'R°® Rla mot
ham hai 14n kha vi lién tuc theo bién the nhat X, mot 1an kha vi lién tuc theo bién thir hai . Khi

d6 quatrinh ngau nhién J ( X, ’t) O vi phan ngau nhién tinh bai cong thic:

197

dj (X,.t ——(Xt,t)dt+—(Xt,t)dX X —(X,,t)b?(t,w)dt

(1.3
Cong thirc (1.3) dugc goi la cong thic 1t6, chirng minh né trong truong hop mot chiéu co thé
xem trong [6].

3. MQT SO PAC TINH CUA VI PHAN NGAU NHIEN POI VOl QUA TRINH NGAU
NHIEN DANG HERMITE

3.1Pinhly 3.1

Cho H,=H, (\N“E) |a qué trinh ngau nhién dang Hermite. Khi d6 véi Mnguyén va I6n
hon 1 tasg ¢ vi phan ngau nhién

d(Hm)=mHiaH, + DD ey e gy
2

2.1)

3.2.B6 dé 3.2
Déi véi qué trinh ngau nhién Hermite ta s3 c6

dH, (W,t) = H, o (W t) dw

Chuang minh b d&: Trudc hét ta c nhan xét,

(2.2)

ou

2 z N
e d" e & | %t 6U d" ¢
e 0 néexpg X - =0 :dl neexpé-
e au | -, 8

Q’H|—o

C 4
= ()" grreexpe
Suy ra
dn é | 2% 60 Loowd € @ x ol
Jrepel X- — 4 =e2t(-t)dnéexpg-§ﬂ nH, (xt)
e e Al X'g e 4dg

Vay theo khai trién Taylor déi véi ham & 2 @tail =0 taszco
| 410 &

expgl X- 2= 8 H,(x)! "

e g n=0
Mt khéc, tathay rang néu &p dung cong thirc 1td cho ham

1 %t6_ &

f, :expg?vvt - — —a H,(W,t)l"
€ g (2.3)
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Tasé co f t lai langhiém cia phuong trinh vi phan ngau nhién

Ldf =1 f.dw t
PP AL Y e
0

|
fO=1
Tudbétacd
3 "3 -
al"H =1+ cg !l "HdW, =1+ | "(H,..dW,
n=0 o n=0 n=1 0
t
b Hn(\/vt’t)zd_ln-l(vvs’s)dvvs
0 (2.4
T (2.4) tasuy ra(2.2).

Chirng minh dinh ly 2.1
i (X t)=X"

Ap dung cong thirc 1t6 cho ham t, véi Mnguyén, I6n hon 1 va
X, ° H,(W,t)
2.2).
Vidukhi M=2 ty (2.1) tass 6

d(HZ2)=2H,dH, +HZ dt

. Khi @6 tir (1.3) va (2.2) ta sé thu duoc diéu can chiang minh 1a biéu thic

(2.5)

Chuy: Biéu thuc (2.5) con ¢ thé thu duoc tir nhan xét sau
Néu lea X, ¢6 vi phan ngau nhién tuong tng |a
 dX, =a,dt + b,dw,

|
7dX, =a.dt +b,dW,
chigs 9(XeX;)= XX, + X,dX, +b,b,dt

(0] (o]

Vi X X0 H, (VV‘ ’t) str dung (2.2) ta sz thu dugc (2.5).
3.3Héqua 3.3
Cho H n (Vvt ’t) |a cac quatrinh ngau nhién dang Hermite, ta s& co

¥ t

& 1

a H,(W.t)=e 2exp(W)

n=0 (2.6)
That vay khi sit dung hé thic (2.3) véi | =1ss suy raduoc (2.6).

34.Pinh 1y 3.4

Cho H, (VV‘ ’t) ; n=123.. |a céc quéa trinh ngau nhién dang Hermite,

tasé co:

(i) E{Hn(vvt’t)} =O (2.7)
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Jt
E{HZ(W,t)} = Eidﬁl W,,s dsg
(i) I'o (2.8)
‘I t
Ei(‘j—ln(Ws,s)Hn_l(Ws,s)dWS'=O
iy 10 % 2.9)

Chirng minh dinh ly 2.4
+ Ching minh (i) va (ii):
PO B _
Ta.06 nhin xé& H,(W,t)T L*(o,t) n=123K;t>0

t

H, (W, t) = H oo (W, ) AW,

0

vatu (2.2) tacé:

Trudc hét ta chang minh (i) va (i) dbi véi cac ham budc nhay (step process), Hos (VVS’ S)
(k) (k)
va gia dinh rang H“'l(WS’S) Hna khi SEs<s, H T(%) - do duoc va

n-1 13

7 (S“) doc 1ap voi S - truong sinh bai cac chuyén dong Brown trong tuong lai sau thoi diém

S

()=>
& 0 %
E{Hn(VVt’t)} = Egd_lnl(vvs S)dvvsg_ ka-OE(H(k)( ($<+1)' W(%)))
0
n-1
=eoE<Hsﬂ>Elmomp=o
(if)=>
o
o, S 2= & E{HROAW(S.)- ()W (s, )}
8 g ) k,j=0
vei 1<K i as W(Ser) - W(s) doclapvm H(k)H(J)(W Si) ) :
E{H,EkiHrgJ)l(W(%ﬂ)_ W(Sk)) J+1 }
B VNI szﬂéz@ :
0O n1
EceoH .S =8 E{(HA) (W(s.r)- W(s)} =
Do do eo ﬂg 0
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=& E((H)) E(W(se)- W(s))') =8 E((HE) s )
= B

Phan tiép theo taxép xi ham Ho (\NS’ S) bang day cac ham budc nhay va sir dung céc két
qua virathu duoc roi chuyén qua gisi han theo dinh nghiatich phén Ito, ta sé thu dugc (i) va(ii).

+ Chirng minh (iii):

T hé thire (2.5) taco

t t
H2 (W) = 20, (W,,8) (WL, S)OW, + 12, (W, ) s
0 0
=>

E{ HnZ(V\/t,t)} = 2Egé(‘j4n(vvs,s) Hn_l(ws,s)dvvsg+ Egédﬂf_l(vvs,s)dsf
€o (%] eo (%]
Tir d6 sir dung (2.8) ta s& thu duoc (2.9).
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