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ABSTRACT:

In this paper, we discribe some
geometric charateristics of the so-called
MD(5,3C)-foliations and MD(5,4)-

foliations, i.e., the foliations formed by
the generic orbits of co-adjoint action of
MD(5,3C)-groups and MD(5,4)-groups.
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1. INTRODUCTION

It is well-known that Lie algebras are
interesting objects with many applications not
only in mathematics but also in physics.
However, the problem of classifying all Lie
algebras is still open, up to date. By the Levi-
Maltsev Theorem [5] in 1945, it reduces the task
of classifying all finite-dimensional Lie algebras
to obtaining the classification of solvable Lie
algebras.

There are two ways of proceeding in the
classification of solvable Lie algebras: by
dimension or by structure. It seems to be very
difficult to proceed by dimension in the
classification of Lie algebras of dimension greater
than 6. However, it is possible to proceed by
structure, i.e., to classify solvable Lie algebras
with a specific given property.

We start with the second way, i.e, the
structure approach. More precisely, by Kirillov's
Orbit Method [4], we consider Lie algebras
whose correponding connected and simply

connected Lie groups have co-adjoint orbits (K-
orbits) which are orbits of dimension zero or
maximal dimension. Such Lie algebras and Lie
groups are called MD-algebras and MD-groups,
respectively, in term of Diep [2]. The problem of
classifying general MD-algebras (and
corresponding MD-groups) is still open, up to
date: they were completely solved just for
dimension N <5 in 2011

There is a noticeable thing as follows: the
family of maximal dimension K-orbits of an MD-
group forms a so-called MD-foliation. The theory
of foliations began in Reeb’s work [7] in 1952
and came from some surveys about existence of
solution of differential equations [6]. Because of
its origin, foliations quickly become a very
interesting object in modern geometry.

When  foliated manifold carries a
Riemannian structure, i.e., there exists a
Riemannian metric on it, the considered foliation
has much more interesting  geometric
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characteristics in which are totally goedesic or
Riemannian [8]. Such foliations are the simplest
foliations can be on an given Riemannian
manifold and have been investigated by many
mathematicians. In this paper, we follow that
flow to consider some geometric characteristics
of foliations formed by K-orbits of
indecomposable connected and simply connected
MD5-groups whose corresponding MD5-algebras
having first derived ideals are 3-dimensional or 4-
dimensional and commutative.

This paper is organized in 5 sections as
follows: we introduce considered problem in
Sections 1; recall some results about MD(5,3C)-
algebras and MD(5,4)-algebras in Section 2;
Section 3 deals with some results about
MD(5,3C)-foliations and MD(5,4)-foliations;
Section 4 is devoted to the discussion of some
geometric characteristics of MD(5,3C)-foliations
and MD(5,4)-foliations; in the last section, we
give some conclusions.

2. MD(5,3C)-ALGEBRAS AND MD(5,4)-
ALGEBRAS

Definition 2.1 ([see 4]). Let G be a Lie
group and G its Lie algebra. We define an
action Ad : G —)Aut(G) by

Ad(g): :(Lg o Rg])

where Ly and Ry are left-translation and
right-translation by an element ¢ in G,
respectively. The action Ad is called adjoint
representation of Gin G .

Definition 2.2 ([see 4]). Let G~ be the dual
space of G . Then, Ad gives rise an action
K:G—Aut(G") which is defined by
K(Q)F, X): = (F, Ad(g™)X) for every Fe G,
Xe G, geG; where the notation (F, X) denotes
the value of linear form F at left-invariant vector
field X. The action K is called co-adjoint
representation or K-representation of G in G”

and each its orbit is called an K-orbit of S in
G".

1
*

Definition 2.3 ([see 2]). An N -dimensional
MD-group or MDn-group is an n-dimensional
solvable real Lie group such that its K-orbits in
K-representation are orbits of dimension zero or
maximal dimension. The Lie algebra of an MDn-
group is called MDn-algebra.

Remark 2.4. The family F of maximal
dimension K-orbits of G forms a partition of
V:u{Q:Qe F}in G”. This leads to a
foliation as we will see in the next section.

Definition 2.5 ([see 2]). With an MDn-
algebra G ,the G': =[G, G Jis called the
first derived ideal of G . If dimG*'=m, then
G is called an MD(n,m)-algebra. Furthermore,
if G'=[", ie, G'is abelian, then G is
called an MD(h,mC)-algebra.

It is well known that all Lie algebras with
dimension n <3 are always MD-algebras. For
n = 4, the problem of classifying MD4-algebras
was solved by Vu [10]. Recently, the similar
problem for MD5-algebras also has been solved.
In this section, we just consider a subclass
consists of MD(5,3C)-algebras and MD(5,4)-
algebras. More specifically, we have the
following results.

Proposition 2.6 ([10, Theorem 3.1]).

1)There are 8 families of indecomposable
MD(5,3C)-algebras which are denoted as follows:

CHTRY Ay €0 \{0O1}, 4 # A, ;
Gs,s,z(a)’ 2 ell \{011}? Gs,3,3(/1)’
535(1) Aell \{1}?

2e0\{1}; Ggu,i G
Ggae)r A€l \{0,1}; G,,;: G

53,6 538(4.0)"

Ael \{0}, goe(O,ﬁ).

2)There are 14 families of indecomposable
MD(5,4)-algebras which are denoted as follows:

G G G
G 54,5 Gs,4,7(1) ,
GS,4,8(/1) ) Gs,4,9(/1) ) C':‘5,4,10 )
Ay, Ay, Ay €] \{0,1}; G

G

541(k, 2. ) "
G

54.2(41.25) "
G

54,3(2)
5,4,4(2) 5,4,6(%, %)

5,411(4,%.0) ’
5412(1.0) " G5,4,13(}.,go)’ A, Ay €L \{0}’
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9e(0;7); Gyarappgy: Muel, u>0,
pe(0;x).

Remark 2.7. In view of Proposition 2.6, we
obtain 8 families of MD(5,3C)-groups and 14
families of MD(5,4)-groups. All groups of these
families are indecomposable, connected and
simply connected. For convenience, we will use
the same indicates to denote these MD-groups.
For example, G5’3’4 is the connected and simply

connected MD(5,3C)-group corresponding to
GS,3,4'

3. MD(5,3C)-FOLIATIONS AND MD(5,4)-
FOLIATIONS

Definition 3.1 ([see 1]). A p-dimensional
foliation F ={La} on an n-dimensional smooth

manifold V is a family of p-dimensional
connected submanifolds of V such that:

1) F forms a partition of V .

2)For every x eV, there exist a smooth
chart

o=(¢.,):U>0°Px0"?
defined on an open neighborhood U of X
such that if U "L, #O, then the connected
components of U ML, are described by the
equations ¢, =const. We call V the foliated
manifold, each member of F a leaf and the
number n — p is called the codimension of F .

Let (V,g) be a Riemannian manifold and

F ={La} be a foliation on (V , g) . We denote
by TFand NF the tangent distribution and
orthogonal distribution of F , respectively.

Definition 3.2 ([see 6, 8]). A submanifold
L <V s called a totally geodesic if it satisfies
one of equivalent conditions as follows:

1) Each geodesic of V that is tangent to L
then it lies entirely on L .

2) Each geodesic of L is also a geodesic

of V.
Definition 3.3 ([see 6, 8]). A foliation F on
(V,g) is called totally geodesic (and TF s

called geodesic distribution) if all leaves of F
are totally geodesic submanifolds of V . If NF
is geodesic distribution, then F is called
Riemannian.

Remark 3.4. For any foliation F on (V, g),
in the geometric viewpoint, we have

1) F istotally geodesic if each geodesic of
V s either tangent to some leaf of F or not
tangent to any leaf of F .

2) F is Riemannian if each geodesic of V
is either orthogonal to some leaf of F or not
orthogonal to any leaf of F .

Definition 3.5 ([see 1]). Two foliations
(Vl, Fl) and (Vz, |:2) are said to be equivalent
or have same foliated topological type if there
exist a homeomorphism h:V, -V, which

sends each leaf of F; onto each leaf of F,.

Proposition 3.6 ([see 10, 13, 14]). Let G be
one of indecomposable connected and simply
connected MD(5,3C)-groups  (respectively,

MD(5,4)-groups). Let F; be the family of
maximal dimensional K-orbits of G, and
Vo =u{Q:QeFR;}. Then, (Vg.F;) is a
measureable foliation (in term of Connes [1]) and

it is called MD(5,3C)-foliation (respectively,
MD(5,4)-foliation) associated to G.

Due to Proposition 2.6 and Remark 2.7, there
are 8 families of MD(5,3C)-foliations and 14
families of MD(5,4)-foliations. Note that for all
MD(5,3C)-groups  (respectively, MD(5,4)-

groups), V are diffeomorphic to each other. So,
instead of (VG R ) we will write (Vi-':i,,.)-

For example, (V3,F3V4) is MD(5,3C)-foliation

associated to G, , .

Proposition 3.7 ([see 10, 14]). With these
notations as above, we have:
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1)There exist exactly 2 topological types
F,, F, of 8 families of considered MD(5,3C)-
foliations as follows:

F.= {(Vs' B ) (Voo ) (Var B )}

Fo={(Vs R )} -

2) There exist exactly 3 topological
typesF,,F,, F, of 14 families of considered
MD(5,4)-foliations as follows:

Fs z{(V‘“ ':4,1(41%2))'(\/4' El,z(/l))""'(VA'El,m )}
Fo= {(V‘“ F“xll(%vﬂg,w) ) '(V4' F4,12(/1,<p) ) '(Vzu 5,13(,1,(,,) )}

Fo= {(VA' FA,lA(/l,,u,q)))}’
where V, =1 x(D 3)*, Vv, =0 x(D 4)*.

4. SOME GEOMETRIC
CHARACTERISTICS OF MD(5,3C)-
FOLIATIONS AND MD(5,4)-FOLIATIONS

Now, we describe some geometric
characteristics of considered MD(5,3C)-foliations
and MD(5,4)-foliations.

4.1. Foliations of the type F ,

Choose F,, represents the type F,. From

the geometric picture of K-orbits in [14,15], we
see that the zero dimensional K-orbits are points

in OXy, the leaves of F, , are 2-dimensional K-
orbits as follows:

Q ={(a+(1—ea) Y, y;eay;eacS;eaa) -y,aell } :

where y° +5° +o° #0.

Recall that Gg,,=01°. Let us identify
Ozwith {(0,0)}x0.zx0tx0.s, ie., each
point on Oz has coordinate (0,0,Z,t,S). So

we cansee G ,, as [1 °=Oxyz. Then, all the

leaves of E. are half-planes

{x+z=y+68,2>0 or z<0} (Figure 1).

0z:={(0,0,,t,5)}

Figure 1. The leaves of F,,

Because V, =[l 2 X(D 3) is Euclidean
space, its totally geodesic submanifolds are only
k -planes. Therefore, we have the following
proposition.

Proposition 4.1. F  -type MD(5,3C)-foliations
are totally geodesic and Riemannian.

4.2. Foliations of the type F,

Choose F3'8(1‘%)

From the geometric picture of K-orbits in [13,
14], we see that the zero dimensional K-orbits are

points F(a,B,0,0,00 in OXy, the leaves of

F3'8(1‘%) are K-orbits Q=

represents the type F ..

2-dimensional
{(a+(sina) y(1-aa) 8, y;(y+id) e’“;eac) Y aeﬂ} :
where y* + 6> +0° #0.

e Letus identify
Oy E{O}XD yx.zxO .t><{0}.

Then, G~ =[]° can be seen as []°=

5,3,8(1.%)

Oxys. In this case, the leaves of F3 o are half-

(13)

planes {x=a, s > 0 or s < 0} (Figure 2).
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Oy={(0,y,z.t0)}

Figure 2. The leaves of F38 in half 3-

#(13)
plane {z=t=0,5s> 0}

o Let us identify
Ot =0 xx{(0,0)} x0 x—a +5x{0},

Then, GS,S,B(L%) can be seen as
[1* =O0xyt . In this case, the leaves of F,
28(13)
are rotating cylinderes (Figure 3).
Oy
Ot = {(x,0,0,x — o + §,0)}

Figure 3. The leaves of , F38(1 5) in hyperplane

6.1l.x-t=0a-9
o Let us identify

OyE{O}xD .yx{(0,0)}xD S,

and Ot as above. Then, G~

534(15) can be

seen as [1°= Oyzt and the leaves of F

eus) T

cylinderes whose generating curves are parallel to
Oy-axis, directrices are helices
{z+it=(y+i6)e " s=€'c} inOyzt

It is clear that there exist some leaves of

F which are not totally geodesic

a(12)

submanifolds of V. Therefore, we have the
following proposition.

Proposition 4.3. F,-type
foliations are not totally geodesic.

MD(5,3C)-

4.3. Foliations of the type F ,

Choose F,, represents the type F .. From
the geometric picture of K-orbits in [10], for
F(o.B,7,8,0) in Vs, the leaves of F,; are 2-
dimensional K-orbits as follows:

Q= {(x;eaﬁ;eay;eaé;eacr) ‘x,ael } ,

where  B°+y°+6°+0°#0. Let us

indentify Oz with [1.z x[] .%ZxD .22 . Then,

*

G, ,s=0"° can be seen as [J°=Oxyz and
the leaves of F,, are half-planes yy =z
which rotate around OX (Figure 4).

o

K]

Figure 4. The leaves of F,

Proposition 4.4. F ,-type MD(5,4)-

foliations are totally geodesic and Riemannian.

4.4. Foliations of the type F ,

Choose F (14) represents the type F,.

412(1,%
From geometric picture of K-orbits in [10], for
F(o.,B,v,8,0) in V4, the leaves of ':412(1 5 are 2-
’ 2

dimensional K-orbits as follows:

QF:{(X?(ﬁ”?/)e_ia;eac?;eao-):x,aeD }
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where |B+iy[ +6°+0°#0. They are
surfaces given by the following cases:

o Let us identify Ox with
0 .XX{(0,0)}XD tx[.s. Then, we can see
G

5 3_
sa12(15) = (0> as U "= Oxts and the leaves of

F4,12(1,g) are half-planes ot =6s which rotate

around Ox (Figure 6).

ler]

|4] ol .- | Lo 18
———m—-- i alnialel .

Figure 6. The leaves of F4,12(1,g) in 3-plane

y=z=0
o Let us identify Ox with
0.xx{(0,0)}x[ tx0.s. Then, G

x
5412(1%)

can be seen as []° =Oxyz and the leaves of

F4,12(1,g) are rotating cylinders (Figure 7).

Figure 7. The leaves of ':4,12(1%) in 3-plane

e Let us identify Ox with
D.XX{(0,0)}XDIXD.%L In this case, the

leaves of F4,12(1,g) are rotating cylinders (Figure
8).

Ol (2, 0,001, at/d)

Figure 8. The leaves of F412(1 5) in 3-plane
{t =e%5,s= eaO'}
Proposition 4.6. F ,-type MD(5,4)-

foliations are not totally geodesic.

4.5. Foliations of the type F .

Choose F

4,14(0,1%)

represents the type F .

From geometric picture of K-orbits in [10], for

F(o.,B,v,8,0) in V4, the leaves of ':414(011) are 2-

dimensional K-orbits € as follows:

{(x;(ﬁ+i7/)e“a;(5+ic7)e“a):x,aeD }

where |[3 +i;/|2 +|5+ic7|2 #0. They are
surfaces given by each case as follows:
identify 0Oz with
{(0,0)}XD Zx0tx0.s. The leaves of

R

o Let us

1401.5) are rotating cylinders (Figure 9).

Page 119



SCIENCE & TECHNOLOGY DEVELOPMENT, Vol 18, No.K4- 2015

{(0,0,=,¢,5)}

Figure 9. The leaves of 5‘14(0’1‘%) in 3-plane

t=s=0
o Let us identify Ox with
[0 .xx0.yx[] .zx{(0,0)} . The leaves of

5‘14(0’1‘%) are rotating cylinders (Figure 10).

=,0,0)}

Figure 10. The leaves of F4,14(

01%)
planey=z=0

Finally, that are leaves

Q ={(x;(ﬁ+iy)e“a;(5+ic7)e“a) :x,aell }

Each leaf is a cylinder whose generating
curve is parallel to OXx -axis, directrix is a

compact leaf of linear foliation F, [6] on 2-
dimensional torus T2 ~ S*x S*.

Proposition  4.7. F . -type
foliations are not totally geodesic.

5. CONCLUSION

MD(5,4)-

In this paper, we described some geometric
characteristics of subclass of MD5-foliations: the
subclass consists of MD(5,3C)-foliations and
MD(5,4)-foliations. These results gave concrete
examples of the simplest foliations on a special
Riemannian  manifold  (Euclidean  space).
Recently, a special subclass consists of MD(n,1)-
algebras and MD(n,n-1)-algebras has been
classified for arbitrary N Therefore, in another
paper, we will consider a similar problem for the
entire class of MD5-foliations; furthermore, for
all MD(n,1)-foliations and MD(n,n-1)-foliations.
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ry
n n

Vé mot sb

/7 ~

dac trwng hinh hoc cua cac

phan |4 quy dao tao bdi tac ddng dbi phu

rd ~n

hop cua mét vai nhdm Lie giai dwoc 5-

chiéu
e LéAnhvia!
e Nguyén Anh Tuan?
e Duwong Quang Hoa®

Trwdng Pai hoc Kinh té - Luat, PHQG-HCM
2Trwérng Pai hoc Sw pham Thé duc Thé thao, TP. H5 Chi Minh
3Trwdng Dai hoc Hoa Sen, TP. Hb Chi Minh

TOM TAT:

Trong bai nay, chung tdi sé cho mot
vai ddc trung hinh hoc cua cac
MD(5,3C)-phéan 14 va MD(5,4)-phan Ia,

tire la cac phéan la tao bdi cac quy dao
dbi phu hop & vj tri téng quét ctia céac

MD(5,3C)-nhém va MD(5,4)-nhém.

Ter khéa: K-biéu dién, K-quy dao, MD-nhém, MD-dai s6, phén I4.
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