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ABSTRACT

This paper presents a method of using
Sliding Mode Control (SMC) for Cart and Pole
system. The stability of controller is proved
through using Lyapunov function and
simulations. A genetic algorithm (GA)

program is used to optimize controlling
parameters. The GA-based parameters
prove good-quality of control through
Matlab/Simulink Simulation.
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Matlab/Simulink.

1. INTRODUCTION

Cart and Pole system is a popular classical
non-linear model used in most laboratories in
universities for testing controlling algorithm.
Morever, it is a SIMO system in which just one
input control must stabilize two outputs: position
of cart and angle of pendulum. Many control
algorithms were proved to work well on this
model [1].

Beside other kinds of control, the nonlinear
control, especially Sliding Mode Control (SMC),
depends on nonlinear structure of system. So, the
stability of system is ensured. Cesar Aguilar [2]
set new variable including both Cart’s position
and Pendulum’s angle, neglecting some
components in calculating and trying to transform
dynamic equation to appropriate form. But it just
operated well when the neglected component was
not remarkable. Reference [3] introduced other

way to set sliding mode for a similar model, the
Rotary Inverted Pendulum but did not prove the
stability by mathematical methods. Reference [4]
and [5] respectively introduced integral SMC and
hierarchial SMC applied for Cartand Pole system.
But [4] did not prove stability by mathematics or
examples in Matlab/Simulink.

This paper presents a new and simple SMC
for Cart and Pole system. First, different sliding
surfaces are presented. Then, a positive Lyapunov
function is set to include both sliding surfaces. A
nonlinear way is set to make this function to zero
when operating system. After proving stability of
controller, GA program is used to optimize
controlling parameters.

2. CART AND POLE SYSTEM
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The studied system in Fig. 1 isa cart of which
a rigid pole is hinged. The cart is free to move
within the bounds of a one-dimensional track. The
pole can move in the vertical plane parallel to the
track. The controller can apply a force to the cart

parallel to the track.
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Figure 1: Cart and Pole system

Lagragian equations are:

d(oL) oL
gaja,

with vector of state variablesq = {qo}
q,

Solve (5) and (6), system dynamic equations are:

+mG,Gl sing, —mgl sing, =G

We can transfrom (7) to the form:

X, = fz (X)+ gz(x)u

And £ (x), f,(x), g,(x), g,(x) defined as below:

f1(X) =

X=X
X, = fl'(X) + gl(X)U with X = [X1 X, X3 X ]T
X3 = X4

—J,byx, — gl’m? cos x, sin x, +1’m/x, cos® x, sin x, — byl m, x, cos® x, +

| +3,hm;x, sin x, +b,hm,d, cos (x,) —1/m?x; cos(x; )sin(x,)

Kinetic energy of system:
1
T=T+T,= Emotﬁ+

1 1 )
+ E‘]lcﬁ"' Eml(eﬁf"' Gﬁdlcosql)z

Potential energy of system:
P=FR+R=mgl cosq 3)

Lagrangian operator:
1 1
L=T- P= Emoeﬁ+ EJ1#+

1
+ Eml(cﬁf"' Cﬁ‘ll cos Q1)2 - mlgll €0sqQ,

(4)

Lagrangian for motion of cart:
d( oL oL .
E[a_'j_a_ b

qO qO (5)
Lagrangian for rotating motion of pendulum:
d( oL oL .
| =ha, ©)
dtiog, ) oq

(my +my ) &, +ml, (¢ cosq, —q; sing,) = F -y,
J,G +ml? (Ciﬂcos2 oﬂ—qus,inoﬂcos,oﬂ)+mlll(qO cosq, — G Sing, )+ mil’ cosgysing +  (7)

:[qO qO G ql]T 8

= (9)

2 2
m,m,1” cos(x;) + J,m, + J,m,

Trang 168



TAP CHi PHAT TRIEN KH&CN, TAP 18, SO K6- 2015

J, +17m, cos® x,

gl(X) =

m,m,17 cos®(x;) + J,m, + J,m,

gl,m? sin x, —bm x, —bm x, —12m’x, cos X, sin x, +12m’x; cos x, sin x, +

£ (0= +h,,m X, cos X, + gl mym, sin x, +12mym x; cos x, sin x,
L(X) =

gz(x) =
My

myml;’ cos” (%) + J;mg + J;m,
I,m cos x,
m 7 cos’ (%) + J,m, +J,m;

(10)

(11)

(12)

Parameters of system is used from the real system in [6], but taking away the second link of the double-
linked Inverted Pendulum to have a Single-linked Inverted Pendulum on Cart (Cart and Pole system).
Values of parameters are listed in Table 1.

Table 1: Real System parameters

Parameter Unit Definition Value
m,
Kg Mass of cart 0.033
m Kg Mass of first pendulum 1.999
L M Length of first pendulum 0.2
Il M Distance between center and rotating axis of first pendulum 0.115
V) kgm2 Inertial moment of first pendulum 0.023
g %2 Gravitation acceleration 9.81
F N Force controlling cart
bO k% Viscous Coefficient of Cart 0.0001
bl Nms Viscous Coefficient of Rotating Axis of first inverted pendulum 0.0001
3. SLIDING MODE CONTROL
Sliding surfaces are chosen as:
S, =X, + A4, X
L= Xt A, with A =00nst >0and A, =0onst >0 (13)
S, = X; + 4, X,
Choosing Lyapunov function:
V =ls|+4]s,[>0 (14)
V =8,50n(S,)+45,50n(S,) =(X, + A% )san(s,) + A, (X, + 4%, )sgn(s,)
= {x + A[F,00+9,(0ulpsgn (s;) + {x, + 2,[ f,(x) + g, (X)u]}sgn (s, )
=a () + B ()0 (49)
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with c(X) =2,5gn(s;) f,(x) + 2,501 (s, ) f,(X) +X, SGN(S,) + A:X, SAN(S,) (16)

And B(X) =2 59n(s,)8, (X) + 4, S9N(S,) 9, (X)

Choosing u that makes:

\7 =—/14 <0 (18)
So, we choose 4, =const >0

From (15) and (18), we have:

U= {L“(X)} (19)
B(x)

In (13), two sliding surfaces are presented
with Sincludes elements of Cartand S, includes
elements of Pendulum. When model is balanced,

Sand S, will move to zero. In this case, we try to

reduce § and S, by setting positive function V
in (14).

After generating VV in (12), we choose
control signal , that makes V <0 in (18).
Finally, (19) shows the appropriate control signal
u. From (14), (18), we have: V >0 and VV <0
. So,t vV —2250. Ftrom (14), we have:
s,———0 and S, ———0.

4. GENETIC ALGORITHM

Stability characteristic of the system is
proved in Section 3. With a random parameters of
controller like chosen in three examples in Section
5, we have the simulation results are shown in Fig.
4, Fig. 5, Fig. 6.

As in these figures, the cart’s position is
stable eventhough quality of control is not so good
and the Pendulum’s angle is not completely stable
but it is not unstable. The force on Cart chatters
because of using function sign() in controller. So,
genetic algorithm (GA) is used here to optimize
control parameters.

(17)

In this case, GA used is off-line. Parameters
for GA program are listed as below:

—  Size of population: N=20
— Linear Ranking Selection: =02
— Decimal coding
—  Two-point crossover
—  Crossover parameter: 0.8
— Mutation parameter: 0.2
Choose fitness function:

J= Zn:[el(i)]z +Zn:[e2(i)]2 (20)

i=1

X1
SMC Cart and Pole
Controller System X3

M3 E\ Searching

Program
using GA

Figure 2: Block diagram of GA program

with € =0, € =0, and n is number of

samples in one time of simulation. If the controller
can stabilize system well, function J will be very
small.

In this case, we operate Simulink program of
simulating system in 10s, with sample-time is
0.01s. So, we have n = 1001 sample.

After 94 generation, the result is 1 =5.84;
J,=006; A,=7.42; 2,=9.84 and the fitness
function is J=0.8677.
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Calculate fitness
funtion J

generate initial
population
Yes Jmin=J
- store individuals
NO._—Enough times
of operation
bl

Yes

best individual
with Jmin
Figure 3: Flow chart of GA Searching process

5. SIMULATION
5.1 Using random controlling parameters

In order to test the stability of system, we can
choose some values of il; ﬂg; ﬂg; /14. Three
samples are randomly chosen as:

o Example 1:

A=L2%=1 %=1 2=1
o Example 2

2,=10: 4,=10. 4,=10: 2, =10
o Example 3:

%:1; /1? :2; %:3; 14 :4

Choosing initial values of variables are
chosen as: o sy = 0.1 (m), Gy e = —0.1
(M/s), q, ,,, = -0.1 (rad), g, . = -0.1 (radss),
the simulation results are shown in Fig. 4, Fig. 5,
Fig. 6.

In Fig. 4, the cart’s position is stable
eventhough quality of control is not so good. In
Fig. 5, the pendulum’s angle is not completely
stable but it is not unstable. In Fig. 6, the force on

cart chatters because of using function sign() in
controller. The SMC algorithm ensures the
stability of system but quality is not so good.
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Figure 4: Position of Cart (m) when control
parameters are random
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Figure 5: Angle of Pendulum (rad) when control
parameters are random
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Figure 6: Force on Cart (N) when control parameters
are random

5.2 Using controlling parameters from GA

program

By using GA program in Chapter 4, we have:
A, =5.84.4,=006.4,=742.1,=9.84

Choosing initial values of variables are
o_init = 0.1 (m); qo_inn =-01 (m/s);
Ay i = —0.1 (rad); dy i = —0.1 (rad/s), and
the results of simulation are shown from Fig. 7 to
Fig. 13. The cart’s position and pendulum’s angle
move to balancing point after 10s and 2.2s,
respectively. In Fig. 9, control signal still chatters
but with smaller amplitude than in Fig. 6. Through
Fig. 7 to Fig. 8, the variables are proved to
stabilized quickly. Fig. 10 and Fig. 11 show the
robust characteristics of SMC. Fig. 9 proves the
chattering of signal control descreases but not be
exterminated. Morever, two sliding surfaces s
and syare proved to be stabilized quickly in just 3s
in Fig. 12 and Fig. 13.
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Figure 7: Position of Cart (m) with parameters chosen by GA
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Figure 8: Angle of Pendulum (rad) with parameters chosen by GA
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Figure 9: Force on Cart (N) with parameters chosen by GA
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Figure 10: Position and Velocity of Cart in 20s
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Figure 11: Angle and Angle Velocity of Pendulum in 20s
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Figure 13: Sliding Surface Sz
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6. CONCLUSION

This paper presented a new way of SMC to
control Cart and Pole system. The stability of
controller was proved through Lyapunov setting
and random examples. Anyway, the stability of

system was ensured but quality of controller was
not ensured. To overcome the difference in
choosing controlling parameters, one GA
program was used to search the optimized
controlling parameters. The controller with these
parameters worked well in Simulation.

Mot phwong phap dieu khién trieot cho hé

con lac nguwoc trén xe
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Bai bao trinh bay mét phwong phap st
dung giai thuat diéu khién trurot (SMC) cho hé
con 3¢ nguoc trén xe. D6 bn dinh hé théng
clia bo diéu khién dwoc chirng minh théng

qua ham Lyapunov va cac két qué mé phdng.
Mot chwrong trinh tinh toan ap dung giai thuét
di truyén (GA) duoc st dung dé téi vu héa
céc théng sé diéu khién.

Ter khoa: Piéu khién triot, Con 13c nguoc trén xe, Gidi thut di truyén, Matlab/Simulink.
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