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VE MQT GIA THUYET CUA HERSTEIN
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TOM TAT: Cho D la vanh chia tam F. Ta néi N la nhém con ciia D véi qui wée rdng N
thuc ra la nhom con ciia nhém nhan D* cua vanh chia D. Bai ndy xoay quanh gia thuyet sau
day dugc N. I Herstein dira ra nam 1978 [2, Conjecture 3]: Néu N la nhém con & chudn tdc
(subnormal) can trén F cua D thi N nam trong F. Ty rong bai bao néu trén chinh Herstein da
chirng minh gid thuyet nay ding néu N la nhom con a chudn tdc hitu han cua D. Tuy nhién
trong truong hop tong quat gza thuyét nay van chia duoc giai quyét. T rong bai nay, ching toi
trinh bay mot so tinh chdt cia nhém con d chuan tic trong vanh chia nham cung cdp nhiing
théng tin can thiét c6 thé diea 16i viée gidi quyét gid thuyét néi trén. Noi riéng, gid thuyét dirge
chiing téi chitng minh la diing cho nhitng vanh chia hitu han chiéu dia phirong trén tam.

Tir khoa: vanh chia, can, tam, a chudan tdc.

1.MO PAU

Cho D 1a vanh chia tm F. Ky hi¢u D" = D\{0} 1a nhém nhén cia D, D":=[D,D] 1a nhém
con hoén tir cia D". Véi Sc D la tap con khéc réng cua D, ky hiéu F[S] (twong tng
F(S)) la vanh con (tvong (mg vanh chia con) nhé nhét ciia D chira F va S. Phan tir ae D"
duoc goi 13 can trén S néu ton tai sd nguyén dwong k sao cho a* € S. Tap con A< D duge goi
1a can trén S néu moi phﬁn ttr cia A déu can trén S. Vanh chia D duge goi 1a hitu han chiéu dia
phuong trén tam néu F (S ) 13 hitu han chiéu trén F d6i v6i moi tap con hitu han S. Ta ky hi¢u
Cr(8)= {x eD:xs=sx,Vse S} va goi no la tdm hoa tur cua tap S trong D.

Cho F va K 14 hai truong, néu F c K thi ta ndi K 1a mé réng ctia F va ky hiu 1a K/F.
Chudn cua K trén F duoc ky hiéu 1a N, .. Cho G la mét nhom, ky hi¢u Z (G) la tim cua G.
Nhom con N cta G dugc goi la a chuén tic néu ton tai day chuén tic N < G, <K <G, =G.

Pinh Iy 1. Cho D la vanh chia hitu han chiéu dia phirong trén tam F va G la nhém con
chudn tic ciia D".Khi d6, néu G cdn trén F thi nam trongF

Chirng minh. Néu D 1a truong thi khong c6 gi can chimg minh. Vay, c¢6 thé gia sit D
khong giao hoan va G 1a nhom con 4 chudn tic cin trén F. Xét hai phan tebatky a, b cia G
va dat K=F(a, b). Theo gia thiét K 1a khong gian véc to hiru han chiéu trén F, kéo theo K 1a
vanh chia hiru han tim. Vi G 4 chuan tic trong D* nén G1 K * & chuan tac trong K*. Hon
nlta, do GI K* céan trén F nén GI K* can trén tdm Z(K) cia K. Theo [1 , Th. 1],
Gl K*<c Z(K), suy ra a va b giao hoan véi nhau. Vay G 1a nhom aben. Ap dung [4, 14.4.4,
p-440],suyra GC F .

Pinh 1y 2. Cho D la vanh chia tam F va gid sit N la nhém con d chudn tic ciia D* cdn
trén F. Khi do Yae N, Gal(F(a)/F)zl.

Chirng minh. Xét phin tir a € N. Néu a € F thi khong c6 gi dé ching minh.
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Gia st agF, Gal(F(a)/F)#1,va 1#0eGal(F(a)/F). Theo [3, Th.2, p.162], ton
tai xeD’ sao cho o(a)=x"'ax. Do a cin trén F nén |Gal(F(a)/F)| <o0. Suy ra, ton tai
te¥,t>1 sao cho o' =1, din dén a=0'(a) =x"'ax'. Do d6 a giao hoan véi x'. Dit
D, =Cp (x’);Z1 :[CD (x’)]. Khi d6 @ va x déu nam trong D, . Hon nita, tir F(x’)ng ta co

X va a déu cin tén Z,. Miat khic, do x'ax =o(a)eF(a),nén ton tai

m m
me¥,aq,,q,,..,a, € F saocho ax= xZaia’ :Zaixa’ . Do d6, vanh chia D, =Z (a,x) 1a
i=0 i=0

hitu han chiéu trén tdm Z(Dz). Do N 4 chuan tic trong D", nén ton tai day chuén tic
N, =N<N, <K <N,=D".Pit G, =N, Dz(i=1,_n). Khido G=G,<<D,. Rd rang G
can trén Z(D,), nén theo Pinhly 1, G Z(D,). Nhung ae NI D,=G,nén aeZ(D,),
suy ra a giao hoan vdi x , dan t6i o =1. Diéu vo Iy nay két thuc chimng minh.

Hé qué 1. Cho D la vanh chia tam F va gia sic N la nhém con d chudn tdc ciia D” cdn
trén F. Néu ae N, a" " =1(n(a)e¥) thi acF.

Chirng minh. Gia sit ae N\F va ton tai sb nguyén duong nhd nhit & > 1 sao cho
a*=1. Khi d6 F(a)/F 1a mé rong chuan tic hitu han, do d6 nhém Gal(F(a)/F)#1. Diéu
nay mau thuan véi Dinh 1y 2, dAn téi a € F.

Mot chitng minh khac cua H¢ qua 1 dugc trinh bay trong [2].

Tu HE qua 1 ta suy ra ngay hé qua sau:

'HE qué 2. Cho D la vanh chia tam F, N la nhom con a chudn tdc ciia D*. Néu N la nhom
xoan thi N nam trong F.

'HE qué 3. Cho D la vanh chia tam F, N la nhom con a chudn tdc ciia D*. Néu N la nhom
xoan va F hitu han thi N la nhom con cyclic nam trong F.

Chirng minh.Xét phan tr @ € N. Khi d6 ton tai s nguyén duong & sao cho a* =a e F .
Mit khac do F hiru han nén c6 sé nguyén duwong m ma a” =1, suy ra " =1. T Hé qua 1 ta
c6 aeF, dantéi N c F. Do F hitu han nén N ciing hitu han. Hon nita, charF = p >0 , kéo
theo NV 1a nhom cyclic.

Mot két qua b dién cua Jacobson la: "Cho D la vanh chia va F la mét truong con hitu
han cua D. Neu D dai so trén F thi D giao hodn ”. H¢ qua sau la tong quat hoa cia két qua
nay.

Hé quﬁ 4. Cho D la vanh ghia, F la mot {rwdwg con hitu han ciia D va N la nhém con d
chudn tic ciia D*. Néu N dai s6 trén F thi N ndm trong tam ciia D.

Chirng minh. Liy a € N, do a dai s trén F nén [F(a) : F] = n < o0 voi mot sd nguyén

dwong n ndo d6. Do F hitu han nén F(a) ciing la trudng hiru han. Pic biét F(a) 13 nhém
cyclic, do d6 a 1a phan tir xodn, kéo theo N 1a nhom xoan. Ap dung Hé qua 2, suy ra N nam
trong tdm cua D.

Heé qua 5. Cho D la vanh chia tdm F va N la nhém con d chuan tdc cia D" can trén F. Néu
a,b”'ab nam trong N va a giao hodn véi b™'ab thi a giao hodn véi b.
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Chirng minh. Gia sir a khong giao hoan véi b. Khi @6 12a=a'b'abe N. Vi N cin

trén F nén ton tai sb nguyén duong k > 1 sao cho d*eF, suy ra
k
akz(a"b‘lab) =a*b'a*b=1. Do aeN,nén theo Hé qua 1 ta c6 aefF, suy ra

a#b'ab=aac F(a). Do d6 d:fmg ciu w(x)=b"'xb trén F(a) la khong tam thuong, dan
dén Gal(F(a)/F)+1, mau thudn v6i Dinh 1y 2. Vay a giao hoén vdi b.

Hé qua dudi day dugc suy ra truc tiép tir Hé qua 5:

Hé qua 6. Cho D la vanh chia tdm F. Gia siv N la nhém con chudn tic ciia D* can trén F
va a € N. Néu a giao hoan véi b™'ab thi a giao hodn véi b.

Pinh 1y 3. Cho D la vanh chia tim F va gid siv N la nhém con d chudn tdc ciia D" cdn
trén F. Néu aec N,a* €F thi aecF.

Chimg minh. Gia st a¢ Z(N). Khi d6 ton tai be N sao cho x=a 'b'ab#1. Tix

2 z

a*eFtacod a’=b"'a’b= (b"lab) = (ax)2 =axax=>a=xax=x"' =axa”' . Néu x=x" thi
x*=1,dan d&n x=+1. Dox#1 nén x=-1, suy ra b'ab=—-a. Do d6 tu déng cdu @ trén
D cho boi 6(d)=b"'db (Vd € D) han ché xubng F(a) la tu ding cu khong tam thudng,
dan dén Gal(F(a)/F)#1. Diéu nay mau thudn véi Dinh 1y 2, suy ra x#x ' =axa”' e N. Ly
luan tuong tu nhu trén ta c6 Gal (F (x)/F ) #{1},hon nira x € N suy ra ciing mau thudn. Do
d6 aeZ(N). Mit khac Z(N)<< D", nén theo [4, Th. 14.4.4 p.440], Z(N)c F, dan dén
acl.

Dé bit dau véi dinh 1y tiép theo, trudc tién ta xét bd dé sau:

Bb dé 1. Cho D la vanh chia tam F ddc trung p > 0. Néu a € D\ F vd c6 sé nguyén diong
n>0sao cho a® e F thi ton tai be D sao cho aba™ =1+b.

Chig minh. Xét D nhu 1 khong gian vecto trén . Dinh nghia toan tir tuyén tinh
trén D cho boi y(x)=ax—xa (Vxe D). Khi d6 w” (x)=a” x—xa” =0.Suy ra y? =0.
Lay sd nguyén duong ¢ 16n nhét thoa ' #0,va chon xe D sao cho y'(x)#0. Khi d6 voi
b=y (x)y'(x)'a taco:

v®) = (o @ -y @a)y' @ =y @y O (@' @ -y @a)y' @) a
=(1-y" ' Oy ' () Ja=a
=ab-ba=a=>aba”' =1+b.

Pinh 1y 4. Cho D la vanh chia tam F ddc trung p > 0, va gia st N la nhom con G chudn
tic cia D° can trén F. Néu a € N va cé s6 nguyén dicong t > 0 sao cho a” €Fthi aeF.

Chirng minh. Nhén xét ring ta chi can chimg minh diéu khing dinh cho truong hop =1
la du. Vay, gia sit a” € F va a¢ F .Theo B6 dé 1, ton tai be D" sao cho aba™' =1+b. Chl
Y ring v6i moi s6 nguyén duong k ta c6 da'baf=b+k. Dit
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p-1
c=[]k+b); D, =Cp(c); F=Z(D,). Khi 46 ca a va b déu nam trong D;. Mit khac
k=0
p-1 ,
a’ e F ¢ F, b 1a nghiém cta phuong trinh [ J(k+x)—c e F[X] nén a4, b cing dai s trén
k=0

"=1+batacod F(ab)la vanh chia hiru han chiéu trén tam. Dit

F,. Tt mbi quan h¢ aba”
N,=N1 FE/(a,b),khi & N, & chuan tic trong F(a,b)" va ac N.Ap dung Pinh 1y 2 ta c6
aeZ(F/(a,b)),ddc biét a giao hoan véi b dan t¢i mau thudn véi quan hé aba™ =1+b. Suy
raackF.

Hé qué 7. Cho D la vanh chia tdm F ¢6 déc trung p > 0 va N la nhém con & chudn tic
cia D can trén F. Néu ac N va k la sé nguyén dwong nhé nhdt sao cho a* € F thi p
khéng la woc cua k.

Chig minh. Néu a € F thi két qua 1a hién nhién. Gia st a ¢ F va p 1a udc sb cua k.
Khi d6 k=ps;(s,p)=Ls<k.Suyra a* =(a5 ),,l~ € F. Theo Dinh 1y 4 ta ¢6 a’ € F,nhung
diéu nay mau thudn véi tinh nho nhit cta k. Vay p khong 1a uée cia k.

H¢ qua 8. Cho D la vanh chia tam F va N la nhom con d chudn tdc ciia D™ can trén F.
Khi do moi phan tir a € N déu tach duoc trén F.

Ching minh. Liy g e F. Néu charF =0 thi rd rang a tach dugc trén F. By gid, gia sir
charF = p >0va k 1a sb nguyén duong nhé nhit théa a* € F. Theo Hé qua 7, k khong 1a udc
cua p, suy ra a tach dugc trén F.

Pinh Iy 5. Cho D la vanh chia tam F va N la nhém con chudn tic cia D* can trén F. Khi
dé, Yae N, da thirc téi tiéu ciia a trén F c¢6 dang x' — N yr(@) .Hon nita t la mot 56 le.

Chirng minh. Khéng mit tinh tong quat ta ¢6 thé coi F*' —N. Lidy aeN va goi
f(x)= Ztlaixi (1) 1a da thic toi tiéu coa a trén F. Theo dinh 1y phan tich nhan ti

i=0
Wedderburn, ton tai g,,g,.K ,g, € D" sao cho: f(x)=(x—a*)(x—a®)K (x—a*) (2).0 day
a® =g 'ag,. Cn bing hé s6 cua (1) va (2) ta nhdn dugc Ny, -(a)=a®a* K a® Mit
khac, ta co:

a®a®K a* =g 'ag,g,'ag,K g, ag,

t t

—t+1 -1 -1 -1 _—t+2 -1 -1 —t+2 -1 _-1
=d'a"a g laga"a ""a gy ag,a K a”'g, ag,

=a {a"’” [a.g,]a"" } {a‘”z [a.g,]a" }K {a‘l [a,gH]a} [a.g]

=2

=d' [a,gl ]ak [a’gz]a K [a’gt—l]a [aagz]-

Dit d, =[a,g, ]aF1 K [a,g,]. Khi do Npyr(@=d'd, (*). Suy ra

d, =Ny p(@)a’ e NT F(a). Tac dung Ny, 1én hai vé cta (*), ta nhan duoc:

NF(a)/F |:NF(a)/F (Q)J = NF(a)/F [atdaJ = [NF(a)/F (a)]t = NF(a)/F (at ) NF(a)/F (da) = NF(a)/F(da) =L
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Goi k 1a s nguyén duong nho nhit sao cho «* € F . Khi d6 NF(H)/F(a)k =a"d*, suyra
di eF. Th Ny (d)=1, ta c6 1=Np,(d,) =Ny p(di)=df. Theo H¢ qua 1,

d,eF. Do (*) nén da thuc x' —NF(a)/F(a)a’;1 nhan a 1am nghiém. Néu ¢ 1a s6 chan thi

2! N x
a'=(a') ;@2r)=lir<t. Theo Dinh Iy 3 & eF, didu niy mau thudn véi
deg(min(a, F'))=t, suy ra ¢ 1a sb 1é. Tir tinh duy nhét ciia da thte t0i tiéu ta 6 d, =1 suy ra
f(x)=x" - Ny r(@).

Heé qua 9. Cho D la vanh chia tam F va N la nhém con chudn tic ciia D" cdn trén F. Khi
d6, néu ae N\F thivéimoi aecF tacéd a+agN.

Chirng minh. Gia st ton tai aeN\F vd aeF sao cho a+aeN. Khi do,
F(a)=F(a+a),suyra k:=degmin(a, F)=degmin(a + «, F). Tu Dinh 1y 5, ta cé:
min(a, F) = x* = Niy (@) va min(a+a, F) =x" = Np(yrla+a). Suyra

(a+a) = Npwyrla+a)—a* + Ny, (@)= kad™ + f,_,d " +K + f,=0(8, € F,i=0,k~2).
Do d6 da thic kax™" + B,_,x* K + Bx+ 3, nhan a lam nghiém va c6 bac 1a k—1. Diéu
nay chi c6 thé xay ra khicharF = p>0 va p|k. Nhung theo Hé qua 7 thi p khong 1a u6c cia
k diéu nay din t6i mau thudn. Vay a+a ¢ N.

He¢ qua 10. Cho D la vanh chia tam F va N la nhom con chudn tic cia D* can trén F. Khi
do, néu a, b la hai phan tir nam trong Nma a+be N thitontai a € F sao cho a=ab.

Chimg minh. Néu acF thi theo Hé qua 9 ta ¢c6 beF. Khi d6 a=ab'c€F va
a=ab.Viy, gia st acN\F. Th a+b=(ab' +1)be N tacod (ab' +1)e N . Ap dung H¢
qua9,suyra a:=ab”' €F hay
a=ab.

Pinh 1y 6. Cho D ld vanh chia tdm F va N ld nhém con chudn tdc ciia D* can trén F. Néu
aeN,a’eF thiaeF.

Chirng minh. Néu N 14 nhém con chuan tic cin trén F thi F*N ciing 1a nhom con chuan
tac can trén F. Do d6, khong mat tinh tong quat ta c¢6 thé xem F'c N. Néu aeF hoic
a® € F thi theo Pinh 1y 3 ta co a € F. Bay gio, gia st rang a ¢ F va a* ¢ F . Ap dung Dinh
ly 5 ta ¢c6 min(a,F)=x’—a (a € F). Theo Dinh 1y phan tich nhan tr Wedderburn, ton tai
d,,d, e D" sao cho

¥ —a=x—-a")(x—a®)(x-a).
T d6 suy ra a® +a” +a=0, din dén a® +a=—a" e N. Theo Hé qua 10, ton tai
B Fsao cho a=fa®,suy ra a giao hoan véi d,'ad,, dan téi a giao hoan véi d, boi Hé
qua 6. Tuong tu ta c6 a giao hoan véi d, , kéo theo 3a = 0. Do d6 charF = 3. Ap dung Dinh Iy
4 ta nhan duoc a € F, day la diéu mau thuan. Vay aeF.
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ON ONE OF HERSTEIN’S CONJECTURES

Nguyen Van Thin, Bui Xuan Hai
University of Sciences, VNU-HCM

ABSTRACT: Let D be a division ring with the center F. We say that N is a subgroup of
D with understanding that N is in fact a subgroup of the multiplicative group D* of D. In this
note we disscus the conjecture which was posed by Herstein in 1978 [2, Conjecture 3]: If N is
a subnormal subgroup of D which is radical over F, then N is contained in F. In his paper,
Herstein himself showed that the conjecture is true if N is a finite subnormal subgroup of D.
However, it is not proven for the general cases. In this note, we establish some properties of
subnormal subgroups in division rings which could give some information in the direction of
verifying this longstanding conjecture. In particular, it is shown that the conjecture is true for
locally centrally finite division rings.

Keywords: division ring, radical, central, subnormal.
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