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TOM TAT: Trong bai nay, phicong phdp bién doi mién két hop véi phirong phdp phan tir hitu

han dé gidi s6 bai todn séng nweée. Mot thi du s6 dwoc trinh bay dé minh chitg hiéu qua cia phirong

phdp.

Tir khéa : phwong phdp phan tir hitu han, gidi s6 bai todn séng nudc.

MO PAU

Bai todn séng nudc c6 nhidu tmg dung quan
trong trong nhiéu nganh k¥ thuit va trong doi
song. Vi thé, viéc md hinh héa va gidi s6 cho
bai todn nay da va dang duoc quan tdm, nghién
ctru rong rai. Pa c6 nhidu giai phép duogc dé
nghi nhidm giai quyét bai todn nay. C6 thé ké ra
d4y hai trong s6 cédc dé nghi d6:

- Phuong phdp Lagrange-Euler tuy y [1,2,4]).

- Phuong phdp bién d6i mién, mién vat 1y
duogc dua v& mién tinh todn ¢ dinh.

Trong [6], A. Pawell va cic dong su da ding
phuong phap bién d6i mién, dp dung phuong
phép sai phan hiru han va phwong phép sb cho
phwong trinh vi phin dé gidi quyét bai todn
séng mat tu do. Trong bai bdo nay, cling dua
trén phuong phap bién d6i mién, nhung ap
dung phuwong phdp phin tir hitu han va cdc
phuong phap Euler dé giai s6. Ciing cdn nhan
manh & ddy, trong [6], cdc tic gia chi bién dbi
toa do theo phuong X, con phuong Y van giit
nguyén. Nhu vdy, mién cia bai todn vin bj

thay d6i theo thoi gian do sy chuyén dong ciia

mit tu do. Trong bai nay, ching toi bién ddi
mién theo c4 hai phuong X va Y.
PHUONG PHAP

Bai bao dugc té chtre nhu sau

Muc 2 giéi thiéu mo hinh bai todn, va cach
bién dbi bai todn vé bai todn c¢6 mién xdc dinh
¢ dinh. Muc 3 trinh bay lwoc d6 tinh todn, giai
bai todn bang phuong phap lap theo budc thoi
gian. O mdi budc ldp, giai tudn ty hai bai todn:
(1) bai toan bién cho phuong trinh dao ham
riéng cép 2 theo hai bién khong gian (x, y); (2)
bai todn bién-gia trj dau cho phuong trinh dao
ham riéng phi tuyén cap 1 theo mot bién khong
va thoi gian (x, 7). Tiép theo, gidi thiéu phuong
phdp roi rac héa cho hai bai todn, bai todn (1)
ding phuong phép phan tir hitu han (phan tir ti
gidc 4-nit), bai todn (2) dung phuong phdp
duong (line method) din vé bai toan Cauchy
cho hé phuong trinh vi phin vecto cip 1, c6 thé
giai bang céc phwong phép sé thong dung nhu
phuong phdp Euler, phuong phdp Euler cai

tién. Muc 4 cho mét thi du sé dé minh chung
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tinh hiéu qua cua phwong phdp. Cudi ciing 1a
két luan va hudng phat trién.

KET QUA " /—I-N K

Bai todn

Thiing hinh hop chit nhat chira day chét long
(nudc), ddy nim ngang, mit trén 12 mit thodng,

cdc mdt bén vudng géc véi ddy. Mot mat bén a(t)

c6 thé chuyén dong tinh tién song song véi mit '

d6i dién. O trang théi tinh khéi chét 16ng c6 do Hinh 1. M hinh bai todn séng nudc 2-chiéu

sdu h (Hinh 1). Bai toan dat ra la tim chuyén r,

dong cta khoi chat 16ng, dac biét, chuyen dong

clia mat thoang khi biét chuyén dong ctia mat

bén. h Q b
Gia thiét chuyén dong cta chét long khong

thay dbi theo phuong Z. Mt bén chuyén dong T

theo phuong OX, phuong trinh: X = a(t).
Hinh 2. Mién vt Iy
Mat thodng c¢6 phuong trinh: Y =7(X,1).
" ) . Phuwong trinh chu dao
Mién vat ly cua bai todn tai thoi diém ¢ (Hinh ) )
2): Gia thiét: chat 1ong khong nén dugc, khong
nhdt, khong xody, nén tdn tai ham thé van tdc
Q =1(X,Y)ja®) S X <K,-h<Y<n(X,t
! {( )| ® ¢ )} & =d(X,Y,t). Phuong trinh khong nén

duoc cho phuong trinh x4c dinh ham thé:

AP =0. D

véi bién:
T,:a(t)<X <K,Y=—h; ‘
Diéu kién bién

I ra() S X <K)Y=n(X,1);

Diing gia thiét khong thim trén hai bién ctmg

[,:X =a(t),~h <Y <na(t).1): cddinh I',,I", vabién cing di dong I, véi
T,:X =K,~h<Y<n(K,1). van tée ((1),0) wcs:
?);;) =0 wenl,, 2)
ag =0 wenl,, 3)
X
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Mit thodng nim ngang nén

oD

=a(t) wéenl,. 4)
X n(X,0)=0. (11)
Trén mit thodng I’ ¢ st dung hai didu kién: Bién déi bai todn

- Piéu kién dong hoc lién quan dén hinh hoc Dung phép bién doi toa do

ciia bién, (X, Y) = (x,y).
on d0® 9P 9 -
_77:___—77; ) x:—X a(t), y=—Y+h - (12
ot dY 09X X K —af(t) n(X,t)+h

- Biéu kién dong lye hoc md ta chuyén dong Khi d6, mién Q, thanh mién ¢é dinh
: , i

cia mat thodng, thu duoc tu phuong trinh

Bernoulli, 0 =1[0,1]x[0,1]. Cic bién
9D |VCI>|2 Fh,rr,rf,rllénluqtthhnh ¢.C,,C,,C,
o T tenX.n=0.© cia Q (Hinh 3).

Trong d6 g la gia toc trong trudng. A
Nhu [61, dua vao ham Ty G,

W(X,t)=®(X,n(X,t),t) 1a hinh chicu g N ¢ 0

cua ham thé van tdc 1én mat thodng cua chét 2

long. Tu (5), (6) ta thu dugc:

Tb Cl
a_nz_a_na_w+a;q>{l (aﬂj } o Hinh 3. Phép bién dbi mién

#x y)=AXY,0), wx)=WMX,0), s(ct)=rX.1)

W _ (awjz 1(3@)2 (80)2
—= +—|=— | [1+| == | |—gm
o ox ) 2\ay 0X

Ma tran Jacobi ctia phép bién doi:

)
X A G G L 0
Nhu vay, diéu kién bién ctia ham P trén G= |: 11 12} K—a(t)
-y a 1
[, c6 thé lay Ia Gu Gol |Germikama seow
13)
=W utn l—‘f' ©) Bién déi phwong trinh va diéu kién
Diéu kién dau Phuong trinh (1) thanh
Lic dau chét 16ng dirng yén, nén diéu kién 0p 92 92 )
. } A22,0p 2% 022, pP . a4
dau cho ham W: ox’ 0xdy dy’ dy
W(X,0)=0. (10) trong d6
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0 0
A=G’, B=G,G,, C=G+G, D=G, %14, %% 5

ox dy
Phuong trinh (7)-(8) thanh:
ds . ds Y, ,(9s) , dw ds
—=a(t)(1-x)G,, —+G,, — |1+ G — -G/, ——, 16
ot () )G 0x 2 9y ll(axJ " 9x ox

w . w G(awY GL(dp) ds
a—vt":a(t)(l—x)Gna—:—#(a—:j +f(a—(ﬂ 1+Gfl(a—ij — gs.(17)

biéu kién bién:

%—f(x,o,t)zo trén C,, (18)

G, a_q)(]’ v,.0)+G,, % 1, y,6)=0 wen C, (19
ox dy

o(x,1,t) =w(x,t) wen Cj, (20)

Gy 220,30+ Gy 220, .00 = (1) wn €, 21
ox dy

Diéu kién diu:
w(x,0)=0, s(x,0)=0. (22)

Phuong phap tinh ham cin tim @(x, y,#) va mot din xuét cua

Luwge db tinh todn n6, w(x,t). Dé vuot qua khé khin nay ta

Bai todn bién d6i chira hai bai toan con: dung phuong phap 13p gidi lién tiép (a) va (b).

(a) bai toan gém phuong trinh (14) véi didu
kién bién (18)-(21), va

Phan hoach khoang thoi gian khao sat [0,7]

‘ thanh N khod 5i
(b) bai todn gdm hé phuong trinh (16)-(17) an oang con [f,,,,1,,], Vi

v6i didu kién dau (22). 0:[0 <t <t,<---<ty ,<ty=T.
Viéc giai dong thoi hai bai todn nay gap rat Khoi diu bit
W, (x) =w(x,0)=0, s,(x):=s5(x,0)=0

nhiéu khé khin do céc hé s6 ciia phuong trinh

dao ham riéng (14) khong phai 1a hing s6 ma

phu thuoc vao cdc dit liéu cho trudc Busc tht m (m=1), da biét
K,h,a(t) va ham s(x,t) chua biét. Ciing w, () =wx,t, ), s, (x)=s(x1, )
(*)

vay, phuong trinh xdc dinh s(x,f) c6 mit
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(1) Giai bai todn (a,, )

Tim ¢m—l (x’ y) = ¢('x7 y’ tm—l) nghlém
bai todn (a), trong d6 cac hé s8A, B, C D trong
phuong trinh (14), cic diéu kién bién (18)-(21)

duoc tinh véi a(t),s(x,t) dugc thay bing
a(tnl—l )’ sm—l (.X) :

(2) Giai bai todn (b,,)

Tim w(x,t), s(x,t) nghiém bai todn (b)

trong mién [0,1]Xx[¢, .7, 1, véi diéu kién

dau

W(x, tm—l) = wm—l ('x)’ S('x’ tm—l) = Sm—l (x)
0] day cac thanh ph?m ma tran Jacobi,

G,,,G,,,09/dy dugc tinh véi a(t),s(x,1)
dugc thay bang a(t, ,),s, ,(x) va @ dugc

thay bang @, (x,y) .

INIALY Ia(Cw)%d
2 ox ax ¢ dy 9y

d ) 1 1
+], Dl//a—fdQ +a(0G, [ w(0.y)dy=G,, [ Gy

(3)Tinh w (x)=w(x,t,), s, (X)=s(x1 ).

Néu m+1<N té lai (1), nguoc lai thi
ding.

Luu ¥, tir nay vé sau khi thiét 1ap céc cong
thiic lién quan dén cdc bai toan bén trong vong
lap: cdc hé s6 A, B, C, D, céc diéu kién bién

ctia bai todn (am); céc thanh phan ma tran

Jacobi, Gll,Gzz,a(D/ay cta bai todn (bm)
s€ duogc tinh theo ciac qui dinh ké trén di vin
gilt nguyén ky hiéu cil.

Roi rac héa bai todn (am )

Céng thirc bién phan nira yéu

Dua vao khong gian ham
={ye H'(Q)|y(x.1) =0}

Liy eV tuy ¥, tich vo huéng voi hai vé

phuong trinh (14), ta dugc sau mot s6 bién dbi

_GuIQ[a(GzM)B_¢+ 2(Guyr) a(p}lQ

dox  dy ady

Jdg

—| dx=0. 23
i (23)

y=0

Luu y dén nhén xét vé ciac hé s0 A, B, C, D va céc dicu kién bién.

Goi @€ H'(Q) 1a ham thoa didu kién bién khong thudn nht rén C;, @(x,1,1) = w(x,?) . Dat

P=@—@ thi g€V thda (rit ra tir phuong trinh (23))

ox ox

o . d

ox

A.[Qa—y/a—¢dQ+GUJ. [a( G,y) a¢ Gy a¢} dO+ J‘ J(Cy) a¢dQ ID

19
-i-GIIJ‘0 G21a_¢

y=

trong d6

. 1 1
dx=a(G, [ Y (0. »dy=G, [ Goyr =
0

0P dx+ F, (24)

y=0
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AL
F= AanaxQGll'[[

[, =5 C"’ Lag+],ov5Pdo.
dy
Ky hiéu vé trdi va vé phai (24) lan
luot 1a a(@, ) va (W) . Bai toan bién phan:
véi t>0 (c6 dinh), tim @€V thoa
a(@,¥)=l(y) véimoi WeV.
Cong thirc phdn tir hitu han
Diing phan tir Q, ttr gidc 4-nit. Trong phan
tir e bt ky, xap xi
4
¢° =D ¢N; N,
k=1
trong d6 N°=[N;,N5,N;,N;] la ma

tran ham dang, de=[¢f,¢§,¢;,¢:]T 1a

vecto chuyén dich phan tir.

ke = AJ. dxdy+ |

dy

(Gs Ny ) N’ a(G;N;—’) ON®

8N“af o(CN;) aw;

+G,,

ox ay dy ox

21';” a(” a( 21V/) a¢

dy ax} Q0

Cicham C,D,G,, ciing dugc xép xi bang
cling mdt cdch nhu ham ¢ :

4 4 4
C'=) GN;,D'=Y DN, Gy, =) GN;
=1 k=1 P
trong d6 C;, D;,G; lan luot 1a gid tri cia

C,D,G,, tai nit thir k cia phén tir e.

+ Ma trdn d6 ctmg phan to: K° =[k;1.

trong dé

dxdy

ON¢
dxdy + J DN; 3 Ldxdy (25)
¢ 'y

néu phan tir khéng c6 canh nam trén bién C. Néu c6 thi phai thém vao tir lién quan dén diéu kién

1 0d
bien, G, [ G”"Va_f dx.

y=0

Trong thuc hanh, viéc thém vao nay duoc
thuc hién ¢ giai doan ap dat diéu kién bién.

+ Vector tai phin tir gdm ba tir. Tir lién quan
dén ham @ duoc tinh v6i @ duge xap xi nhu

ham @,

Trong thuc hanh, ta chon ham ¢~) chi khac
khong trong cdc phin tir ¢6 mot canh ndm trén

C, nén
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1 00
GIIJ.O Gzﬁ”a_f dx =0,

y=0

T lién quan dén F c6 dang gibng nhu
a(@,¥) nhung sai khdc dau trir nén
e er /A pord pord ot T
P =-K[9.0,,0,,0,]
Tir con lai lién hé dén
1
a(t)Gll_[O w (0, y)dy

chi dugc thém khi phé‘m tr ¢6 canh ndm trén
C, . Viéc them vao nay ciing dugc thue hién &

giai doan 4p dit diéu kién bién.

Sau khi 1ip ghép ta nhan dwoc phwong trinh
phén tu hiru han.

KD=P,

trong d6 K, P, D 14n luot 12 ma trin do cung,

vector tai va chuyén dich toan cuc.

Rdi rac héa bai todn (b )

m
Khoang thoi gian [7, ;. ]. Chon cdc diém
x; trén doan [0,1] tring véi cdc nit trén truc

x. Ding phuong phap dong vi (collocation)

101 rac héa theo bién khong gian. Céc phuong

trinh ctia bai todn (b, ) roi rac thanh:

) ) 0
050 = (0, =56, 1 80+ Gy (5t ) St )| 146 1) (Bis(r0)'

-G, (tm—l)zzlw(xi’t)zls(xi 1),

0 .
a—v: (x, 1) =a(t, )A=x)G, @, )Ew(x;, 1)~

n Gy (%;,0,1)°
2

trong d6 21 12 todn tir sai phan hitu han, xip
Xi dag ham cap mot theo bién x. Ngoai ra, khi
gidi bai todn (am), ta con ding dén sai phan
hiru han dé xdp xi dao ham cdp hai, ky hiéu
22 . V6i budc thoi gian chon da bé phép xap
Xi diing ¢ ddy 1a chap nhan duoc.

biéu kién dau:

S(xi ’ tm—l ) = Sb (xi )’ W(xi ’ tm—l ) = Wb (xi)

G, (@, )’
2

dy

€2

(Elw(xi’t))2

2
[a—"’u,»,rm_l)j 1461, (E05.0)° |- gs(x.0),
dy

trong d6 s, (x;), w, (x;) 1a gid tri dau hodc gid
tri nhan dugc tr budce tinh trude.
Ky hiéu:
s(x,t)  s(x,,1)
S = [ 1 2

w(x,,t)  w(x,,1)

s(xn,t)}

w(x,,1)

trong d6 n 1a sé nit trén doan [0,1]. Bai

todn roi rac (27)-(28) véi didu kién du (29) c6

é viét dudi dang vector:
(2(};1 ang

By, G0y
dt
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St )= $(6)  5,(6) - o5(x) 31
LACHRRUACY RSN TACH
trongd6 H=[H ,H,] véi H,,H, lan
luot 1a vé phai ciia (27), (28).

Bai todn (30)-(31) c6 thé giai x4p xi bing cic
phwong phdp s6 quen thudc nhu phwong phép
Euler, phuong phap Euler cai tién.

Ap dung sb

Mot chuong trinh tinh dwoc viét bang Matlab
dé giai s6 bai todn véi dir liéu dwoc cho nhu
sau:

2=9.81 (m/s”), K=10 (m),
T=2().

()

0.25-(t-0.5)* néu 0<t<0.5
a(r)= ,
0.25 néu t=20.5

Thir nghiém cho thiy chuong trinh tinh todn
6n dinh véi budc thoi gian dr duge chon di bé
so voi dy, dy. Két qua tinh todn voi:

dx=dy=0.1 (m), dt=0.05 (s), duoc

cho trén hinh 4. Ta thay c6 su di chuyén ciia
séng tir mét kich dong vé& phia bo bén trdi ciing
nhu sy phan xa séng ¢ bo nay. Viéc bo qua
hiéu tmg cia sirc cing bé mit cing véi thit tuc
lam tron nghiém anh huéng khéng nhé dén
nghiém ¢ viing k& sat hai by. Két qua tinh toan
thu duoc c6 thé d& dang xir 1y bang céc thu tuc
hau nghiém cho phép xdc dinh van tdc truyén

kich dong trén bé mat.

KET LUAN

Trong bai ndy, phwong phdp bién ddi mién
duoc dp dung dé dwa bai todn xdc dinh trén
mién thay doi (theo thoi gian) vé bai todn xdc
dinh trén mién cb dinh. Phuong trinh dao ham
riéng cta bai todn din xuét, vi thé, khong con
¢6 dang dbi xtmg don gian nhu phwong trinh
gdc. Tuy nhién, vi mién cb dinh nén ludi phan
t&r hitu han chi cin chon mot 1an cho tt ca;
diéu nay cho phép tiét kiém dang ké thoi gian
tinh todn so v&i phuong phap Lagrange — Euler
ty y. Két qua tinh thu dwoc trong bai nay da
dugc so sanh (phit hop) véi két qua tinh bing
phuong phdp Lagrange — Euler tuy y cua tac
gia diu va L.T. Khuyén [5]. V& mit dinh tinh
két qua ciing cho thy phit hop véi két qua cia
Goring tim dugc dua trén md hinh nuéc ndng
[3], caa A. Huerta va W.K. Liu [4] béng
phuong phdp Lagrange — Euler tuy y.

Truong hop bai todn véi ddy di dong c6 thé
thiét 18p hoan toan tuong ty. Nhu da biét hién
tuong séng than dién ra trong tu nhién thudng
Ia do ddy dai dwong bién ddi dot ngét, do do,
viéc dit bai toan nhu vAy rit c6 y nghia. Tét
nhién, viéc mo réng phuong phép & ddy nhim
md phong s6 hién tugng séng than doi hoi phai
nghién ciru thém vé anh huéng cta phép bién
d6i mién 1én do chinh xdc ciia phuwong phép
tinh do mét kich thuéc (phuong ngang) 16n so

véi kich thudc con lai (d6 sau).
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Hinh 4. Két qua bang hinh anh sau khi chay chuong trinh.
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THE NUMMERICAL SOLUTION OF WATER WAVE PROBLEMS USING DOMAIN
TRANSFORMATION AND FINITE ELEMENT METHOD

Trinh Anh Ngoc, Huynh Than Phuc
University of Science, VNU-HCM

ABSTRACT: In this paper, the domain transform method associated with finite element method

is used in order to solve water wave problems. A numerical example is presented to show the effect of

method.
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