Tap chi Khoa hoc va Ky thudt - ISSN 1859-0209

INVESTIGATING LARGE-SCALE STRUCTURES
IN TURBULENT MIXING LAYERS USING TWO-POINT CORRELATION

Trung Dung Nguyen”, Anh Tuan Nguyen?, The Hung Tran?
'Faculty of Aerospace Engineering, Le Quy Don Technical University

Abstract

The formation and development of large-scale structures are primary research subjects in
the study of turbulent mixing layers. Visualizing these structures based on published
experimental data enhances the understanding of complex flow behaviors, which is the
main objective of this article. The authors employed a two-point statistical correlation
method to evaluate the size of large vortex structures along the interaction region.
Additionally, the article provides a guide for analyzing the turbulent energy spectrum at
selected fixed points. The calculations were performed using MATLAB software. The
results indicate that at the beginning of the mixing layer, the vortices are small and highly
anisotropic, with large-scale structures stretching in irregular directions. Further
downstream, the vortices increase in size in all directions, and the degree of anisotropy
decreases. In the self-similar region, isotropic states are almost achieved. The energy
spectrum analysis findings align with Kolmogorov's theory of energy cascade in turbulent
flow. The two-point statistical correlation method proves to be highly effective for
analyzing structures within turbulent flows.
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1. Introduction

In recent decades, turbulent mixing layers (TML) have always been an interesting
research subject due to their prevalence in nature and engineering [1]. TML are formed
when the interaction occurs between two parallel fluid streams moving at different
velocities. A key characteristic of TML is that it forms and expands without artificial
factors [2]. TML is a core phenomenon in the combustion chambers of scramjet
engine [3] and in the exhausted jet behind rocket engines [4], thus research on
supersonic vehicles, passenger noise experience [5], and rocket stability motivates
efforts to explore the nature of turbulent mixing layers.

TML has been studied through both experimental and numerical methods. In 1974,
Brown and Roshko [6] observed large vortex structures in Kelvin-Helmholtz vortices.
These vortices formed and moved downstream of the interaction region (Fig. 1a) with the
size of the vortices increasing. According to Kolmogorov's Turbulence Theory [7, 8],
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turbulent flow consists of a broad range of eddy sizes, where large-scale structures are
the main carriers of flow energy. Kinetic energy is transferred from larger eddies to
smaller ones and dissipated or converted into heat due to the effect of molecular
viscosity. Recognizing that large-scale structures are key to explaining the behaviors of
the mixing layers, further studies have focused on describing these large-scale
structures. Many studies on large-scale structures using different methods, including
experimental (Exp), direct numerical simulation (DNS), and large eddy simulation
(LES), are summarized in Table 1. Various types of structures in the mixing layers are
shown in Fig. 1b.
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Fig. 1. The large-scale structures in the mixing layers
(a) Shadowgraphs of mixing layer by Brown and Roshko, 1974 [6];
(b) Visualization of eddy structures by Zhang et al., 2019 [9].

Durbin highlighted in his book that the turbulence problem is not a matter of
physical law, but rather a problem of description [10]. Analyzing turbulent flow through
numerical or experimental methods inevitably leads to a statistical description.
Typically, this involves a dataset of velocity fields at discrete points in space and at
different times. Due to the statistical and discrete nature of the dataset, methods based
on statistical theory and matrix algebra are particularly suitable for studying turbulent
flow. Townsend pointed out that a notable characteristic of turbulent motion is that it is
less random than chaotic gaseous environments, due to the influence of the pressure
field on the motion of fluid particles [11]. Therefore, when analyzing turbulent flow, in
addition to accurately describing variables at a single point, it is also necessary to
consider the relationship of variables between points in the flow environment.
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Table 1. Summary of the large-scale structures in the shear mixing layers

Research, Year

Method

Results

Brown & Roshko [6],
1974

Sandham & Reynolds
[16], 1991

Clemens & Mungal
[17], 1995

Fu et al. [18], 2000

Qibing Li etal. [19],
2003

Fu & Li [20], 2006

Liu & Chen [21], 2010

Zhou et al. [22], 2012

Yang et al. [23], 2019

Zhang et al. [9], 2019

Chong et al. [24], 2021

Exp

LES

Exp

DNS

LES

LES

DNS

DNS

DNS

DNS

DNS

- For flow with low Reynolds number the large eddies are two-
dimensional.

- The spacing between vortex rollers increases with increasing
distance downstream.

- Identified the inclined A-vortex in the temporal simulations at
Mc =0.8.

- The mixing layer becomes highly three-dimensional with the
increasing convective Mach number Mc,

- The development of structures in mixing layers goes from the
formation of A-vortices, through horseshoe vortices and mushroom
structures to the smaller vortices of the fully turbulent state.

- Distance for the large-scale vortex development increases with
convective Mach number Mc.

- Oblique structures are more prevalent in the flow with higher Mc.
- The ring-like vortices generation is caused by the interaction
between the A-shaped vortex tube and streamwise vortices.

- The multiple ring-like vortex generation follows the first
Helmholtz vortex conservation law.

- A-vortices, hairpin vortices, and ‘flower’ structures are populated in
the transition process of the flow fields.

- Hairpin vortices play an important role in the breakdown of the flow.
- The large-scale structures in the subsonic-supersonic shear
mixing layers formed the small structure earlier.

- The A eddy and hairpin eddy can be observed, and A eddy
structure is elongated with the increase of Mc.

- The presence of multiple ring-like vortices leads to local strong
ejection and sweep regions.

- The appearance of multiple ring-like vortices and their evolution
can significantly promote mixing in the transition stage.

- Multiple necklace-like vortices evolve from the A-vortices.

Lars Davidson [12], in his lecture notes, defined the term ‘correlation' as the
tendency of two values or variables to change together, either similarly or oppositely.
Additionally, a two-point correlation is analogous to the covariance of two statistical
ensembles. In turbulent flow, two-point correlation encompasses various correlation
coefficients corresponding to different pairs of variables at two points in the spatial
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domain under investigation. Many kinds of two-point correlation coefficients have been
studied, such as velocity-velocity correlation, velocity-vorticity correlation, and other
correlation conditions used in publications by Sillero and Jimenez [13], Chen et al. [14],
and Hwang [15]. These analytical techniques are used to highlight the behaviors of large-
scale structures in turbulent flow, with characteristics such as shape, size, and position. In
turbulent flow research, two-point statistical correlations are used to determine the
integral length scales of eddie structures, analyze the energy spectrum, and evaluate the
dissipation rate from the perspective of Kolmogorov's Turbulent Theory.

There are two concepts involving two-point statistical correlation: temporal
correlation and spatial correlation. Temporal correlation, also known as autocorrelation,
essentially considers the correlation of two variables at the same location but at different
times. The temporal correlation coefficient is used to determine the integral time scale,
while the spatial correlation coefficient is used to determine the integral length scale and
energy spectrum.

In this article, the authors focus on using two-point correlation to study large
structures in the mixing layers. We specifically employ the spatial correlation
coefficients of two variables at distinct locations to determine the length scale, assess
changes in the size of vortices, and define the energy spectrum. While Kim et al. also
used this method to study large vortex structures in 2020 [25], their focus was limited to
vortex structures in the self-similar region. In contrast, we chose to investigate both the
transition region and the self-similar region, allowing us to evaluate changes in large
vortex structures from the initial stage to the point when the flow reaches a fully
turbulent state.

The experimental data used for the calculations in this paper were sourced from
the publication by Kim et al. [26], specifically the SPIV velocity field data, which is
accessible online. The calculations in this study were performed using algorithms and
MATLAB code developed by the authors themselves. The results provide analyses and
evaluations of turbulent organization, enhancing the understanding and knowledge of
turbulent mixing layers.

2. Computational method

2.1. Two-point correlation

We use the two-point correlation function presented by Pope [27] in his book
as follows:

R (AT,t) = <ui (r.t)y; (F+Kr’,t)> )
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where ui, uj (i, j = 1, 2, 3) denote the velocity fluctuations; Fzgl-x+§-y+%-z and
(F+E) are reference location vectors for two distinct points; the numbered indices

(i, j =1, 2, 3) respectively indicate the streamwise (x-direction), transverse (y-direction)
and spanwise (z-direction); € denote the unit vector of the i-direction; () denote an
ensemble average. There are one-dimensional spatial correlation and two-dimensional
spatial correlation, with Ar =g, -Ax or Ezg-Ay for the first, Ar =g -Ax+e,-Ay
and for the other. When using notation without numerical indices, the velocity
fluctuation vector can be understood in the form G(u,v,w)sﬁ(ul,uz,u3). Note that
some documents use u', v', and w' to denote velocity fluctuation components.
One-dimensional spatial correlation is used to define the size of the largest eddies

in the turbulent field, it is useful to call integral length scale. If two points are located in
the x-direction, the correlation is called the longitudinal correlation coefficient

<u(x, y)u(x+Ax, y)>

Cuux = 2
\/<u2(x, y)>\/<u2(x+Ax, y)>
and the longitudinal integral length scale for components of velocity u-u:
Luux = j Cuux (x)dx 3
0

Similarly, we can define the transverse spatial correlation coefficient and the
transverse integral length scale for components of velocity u-u.

<u(x, y)u(x,y+Ay)>

Cuuy =
Tl eon)fu ey ay)

Luvy = | Cuuy (Y)Y 5)
0

(4)

By substituting the u-u velocity components with v-v velocity components in
expressions from (2) to (5), we can define Cwx, Cwy, Lwx, and Lwy for the variable pair
of v-v velocity components.

61



Journal of Science and Technique - Vol. 19, No. 03 (Nov. 2024)

Two-dimensional spatial correlation coefficients for components of velocity u-u
and v-v follow experssions (6) and (7), respectively.

B < (X, )u(x+Ax,y+Ay)>
\/<u (X, y)>\/<u2(x+Ax,y+Ay)>

(V(X, Y)V(X+AX, Y +Ay))

_ y)
\/<v (X, y)>\/<v2(x +AX, Y+ Ay)>

2.2. Energy spectra

(6)

(7)

Most experimental flow field data is typically obtained in a plane, making the
one-dimensional energy spectra the primary focus of analysis. In this article, the authors
exclusively analyze the one-dimensional energy spectra. With the magnitude of
wavenumber x, Pope [27] pointed out the relation between turbulent Kinetic energy k
and energy spectrum function E(x):

k =TE(K)C|K @)

The one-dimensional spectra Eij(x1) are defined to be twice the one-dimensional
Fourier transform of the one-dimensional velocity correlation R;(er). This is the

formula (6.206) in the Pope’s book [27].
17 —irih
Ejj (k1) = ~ I Rjj (e )e "dn ©)

where number index 1 indicates the streamwise direction (x-direction), and e:r;=x.
From (9) rewrite the expansion for longitudinal energy spectra with variable couple u-u
as below:

2% i
Euux (Kx) = ; _[ Ruux (x)e "t dx (10)
0

where xx = k1 is the wave number versus the x-direction.

The experimental data obtained is discrete, we can perform a Fast Fourier
Transform (FFT command) in MATLAB, from which it is easy to obtain one-
dimensional energy spectra.
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2.3. Experimental data

In 2019, Kim and colleagues investigated the compressibility effects on turbulent
free shear layers [26]. The experimental data were published for five cases with
convective Mach number ranging from Mc = 0.185 to 0.883, and now available online.
In these experiments, Kim used stereoscopic particle image velocimetry (SPIV) to
obtain three velocity component measurements on the two-dimensional vertical
symmetry plane. In this paper, the authors have chosen experiment data from the first
case of Kim with Mc = 0.185. The dataset is divided into 4 field-of-views (FOV). Each
FOV has about 3000+ sample statistical velocity components at fixed points.

To facilitate the calculation steps in MATLAB, we create a uniform grid to
standardize the experimental data with spacing Ax = Ay = 0.25 mm. Use the command
griddata in MATLAB to interpolate the experimental statistical data into numerical data
on the new grid. After this step, the velocity component matrices are obtained. Note that
velocity component matrices are three-dimensional, the third dimensional of these
matrices indicates the velocity value as time series. With the mean command in
MATLAB, the average flow is easily calculated. Figure 2 shows the color contour of the
streamwise average velocity, highlighting the interaction area between the two black
lines. The determination of the centerline and the shear thickness of the mixing layer
follows the methodology presented by Kim [26]. The centerline of the interaction area
Yo, and the width of the interaction area b, vary in the x-direction. Four positions along
the centerline of the mixing layer along the streams are selected for the study, and these
selected points are also shown in Fig. 2.
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Fig. 2. Average streamwise velocity distribution with selection points.

Here, the authors have identified the centerline y,, and the shear thickness b,
selected the appropriate points for further calculations, and summarized them in Table 2.
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Table 2. Chosen local positions for investing

Local points PT1 PT2 PT3 PT4
X, mm 40 120 200 290
Yo, mm -0.08 -3.50 -5.88 -8.25
b, mm 5.50 16.00 27.50 39.50

3. Results and discussions

3.1. Instantaneous vortical analysis

According to Brown and Roshko [6], with incident lines with low Reynolds
numbers, eddy structures take the form of Kelvin-Helmholtz in a spanwise direction.
Therefore considering spanwise vorticity is a suggestion to make first. The spanwise
vorticity can be determined as

n-t(B ) i~
2\ oy ox

where U and V denote the instantaneous velocity components in the x-direction and
y-direction, respectively. With the curl command in MATLAB, it is quick to determine
the spanwise vorticity magnitude | w. | with the data under consideration. Figure 3 shows
the instantaneous spanwise vorticity magnitude distribution at times t = 2.0-107 s,
2.4-10%s,and 2.8-103 s,
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Fig. 3. Instantaneous vorticity in the mixing layer with Mc = 0.185.
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These images in Fig. 3 indicate the existence of large structures in the mixing
layer. The vortex rollers form and grow downstream. Towards the downstream
region, the contrast by the vortex decreases, indicating that the anisotropy level
decreases downstream.

3.2. One-dimensional spatial velocity correlation

To calculate the longitudinal and transverse correlation for the variable pairs u-u
and v-v, select the same distances Lx = Ly = 20 mm along the x-direction and y-direction
from selected points PT1-PT4. By applying formulas (2) and (4), we determine the
longitudinal and transverse correlation coefficients at each selected point, resulting in
the graphs shown in Fig. 4.

We already know that vortex size can be estimated through the integral length
scale defined by formulas (3) and (5). However, performing a defined integral with
supremum at infinity is challenging. Various methods exist for determining the integral
length, one of which is the zero-crossing method employed in this case. Consequently,
the integral length value is defined as the area below the graph of correlation
coefficients, bounded by a zero-degree maturity line.

All graphs in Fig. 4 demonstrate an increasing vortex size along the flow from the
PT1-PT4 point. For the u-u variable pair, both longitudinal and transverse correlations
increase simultaneously with the flow direction from PT1-PT4, indicating that the
streamwise velocity component affects the surrounding area in both streamwise and
transverse directions. On the other hand, the v-v variable pair exhibits increased
longitudinal correlation (Fig. 4c), while the transverse correlation (Fig. 4d) from the
PT2-PT4 point remains nearly constant, suggesting that structures do not tend to
develop in the transverse (y-direction).

To determine the integral length, the authors use the numerical integral calculation
method to calculate the lower area of the graphs to the zero-crossing with the trapz
command in MATLAB. The integral length L approximates the largest vortex size at the
chosen points. We investigate the L/b ratio between integral length scale and shear layer
thickness to evaluate vortex size relative to shear layer thickness. Figure 5 shows the L/b
ratios at different locations according to the flow direction. The results show that the
integral length scale at the beginning of the interaction region is highly different. This
difference decreases along the flow, at the PT4 position corresponding to the
homomorphic region with the slightest difference. This shows that the anisotropy is
evident at the beginning of the mixing layer, but with the flow, the inevitability decreases
and almost reaches an isotropic state in the self-similar region of the mixing layer.
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Fig. 4. One-dimensional spatial velocity correlation coefficients

(a) Longitudinal correlation coefficient for u-u; (b) Transverse correlation coefficient for u-u,
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Fig. 5. Ratios of integral length scale and shear layer thickness along streams.
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3.3. Two-dimensional spatial velocity correlation

A square box survey area measuring 30 mm x 30 mm and taking the survey point
as the center of the square is selected. With the survey area size and experimental data
characteristics divided into 4 partitions, the reason for the authors to choose the survey
sites is as mentioned. Figure 6 shows the two-dimensional correlation coefficient value
distribution of the u-u variable pair at the survey sites. An isovalent line equal to 0.3
black is added to figures for easily observing the trends of shapes. Figure 6 shows that
the area of correlation regions with selected points has increased downstream but still
maintains their shape.
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Fig. 6. Distribution of two-dimensional velocity correlation coefficients for u-u at positions

with a black 0.3 isovalent line

Figure 7 shows the two-dimensional correlation coefficient value distribution of
variable pairs v-v at the selected points. A black 0.3 isovalent line is also added to the
figures. Excluding the PT1 case when the correlation region (Fig. 6a) is overstretched
methodically, the PT2-PT4 points have a fairly similar core. The trend of deviation of
the distribution of Cy, and Cw according to Kim is the mechanism of creating vortex
structures on the interaction zone.

T o 06 T 06 T 0.6

H £ o » £ o » £ o .

o = { 04 > 04 > 1104
-10 02 .10 02 .10 02

0 7 0 7 T 0
-10 0 10 -10 0 10 -10 0 10
x (mm) x (mm) x (mm) x (mm)
(a) PT1 (b) PT2 () PT3 (d) PT4

Fig. 7. Distribution of two-dimensional velocity correlation coefficients for v-v
at positions with a black 0.3 isovalent line.
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3.4. Energy spectra

In this section, the longitudinal energy spectra (x-direction) are determined by the
formula (6) - (8). With discrete data grids, the smallest vortex size can be determined by
the grid distance. That is, the smallest wavelength Amin = 2AX, and the maximum
wavenumber is xmax = 27/Amin = w/AX, While the smallest number of waves corresponds
to the integral length scale.

Note that, following equation (8) longitudinal energy spectra Euux are obtained by
performing the Fast Fourie Transform of correlation function Ruux(X). Therefore, it is first
necessary to determine the discrete values of the correlation function Ruux(X). The steps for
calculating discrete Ruux(x) are similar to calculating Cuux and Cwy in Section 3.3. After
that, use the FFT tool on MATLAB to obtain the longitudinal energy spectra Eyux.

Figure 8 shows the results of the energy spectrum Euu(x) at selected points. The
dashed orange line shows the (-5/3) slope. Notice that the graphs show the existence of an
inertial region consistent with Kolmogorov's entanglement energy propagation theory.
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Fig. 8. One-dimensional energy spectra at selected positions.
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4. Conclusions

For turbulent mixing layers with Mc = 0.185, the results of the article show that
the statistical theory of two-point spatial correlation is effective in analyzing the
relationship between two components of velocity fluctuation over the turbulent
interaction zone. At the beginning of the mixing layer, the vortices are small in size with
high anisotropy, showing large structures stretched in irregular directions. Downstream,
the vortex size tends to increase in directions accompanied by a decrease in the
anisotropy level. In the self-similar region, the interaction zone almost reaches an
isotropic state. The displacement trend of Cuu and Cy ensures the mechanism of creating
vortex structures on the interaction zone. The one-dimensional energy spectrum based
on the two-point correlation function is analyzed. The according of energy spectrum
with the (-5/3) law is supported by Kolmogorov’s Turbulent Theory. This
computational procedure is useful for further investigation of turbulent interaction flows
with different Mc values. The MATLAB program developed by the authors provides
strong support for this research and future studies.
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NGHIEN CUU CAC CAU TRUC LON TRONG VUNG TUONG TAC
CHAY ROI BANG PHUONG PHAP TUONG QUAN HAI PIEM

Nguyén Trung Diing', Nguyén Anh Tuan®, Tran Thé Hung®
'Khoa Hang khéng vii tru, Truong Pai hoc Ky thudt Lé Quy Pén

Tém tit: Sy hinh thanh va phat trién cua cac cdu triic xody kich thudc 16n 1a mot trong
céc ddi tuong nghién ctru chinh vé dong chay rdi trén ving twong tac. Muc tiéu chinh cia bai
bao nay 1a truc quan hoa cac cdu trac nay tir dir lidu thuc nghiém da dugc cong bd giup nang
cao hiéu biét vé cac hanh vi dong chay phirc tap. Trong bai bao nay, nhom tac gia sir dung
phuong phap twong quan thong ké hai diém dé danh gia kich thudc cac ciu trac xoay 16n doc
theo dong chay. Bai bao ciing trinh bay huéng din phan tich phd ning lwong rdi tai cac diém cb
dinh d3 chon. Céc tinh toan dugc thuc hién trén phdn mém MATLAB. Két qua thu dugc cho
thiy tai khu vuc bit diu ving tuong tic, cac xody c6 kich thude nho véi do bit ding hudng cao,
cac cAu trac 16n c6 xu hudng bi kéo cing theo cac hudng khong déu. Xudi theo dong chay, kich
thudc cac xody co xu hudng ting 1én theo cac hudng, dong thoi mirc do bat dang hudng co xu
huéng giam. Trong ving dong dang, trang thai dang huéng gan nhu dat dugc. Cac phét hién vé
phéan tich phd ning lugng cho thiy bang ching phu hop voi thuyét truyén ning luong trong
dong chay rdi cua Kolmogorov. Phuong phép tuong quan thong ké hai diém thuc sy hiéu qua dé

phan tich vé cac cdu trac trong dong chay ri.
Tir khéa: Tuwong quan hai diém; phé nang lwong réi; cdu triic xody Ién; ving twong tdc
chay roi.
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