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Abstract

This study aims to investigate the static bending behavior of functionally graded material
plates with variable thickness using a new shear deformation theory and the finite element
method. Material and mechanical models are developed to establish the equations
describing mechanical relationships. The calculation program is implemented in MATLAB,
and its accuracy is verified by comparison with results from analytical methods presented in
reputable scientific publications. The error between methods is no more than 1.5%. The
program can calculate plate structures with variable thickness according to different rules
such as linear and nonlinear. The effects of geometric and material parameters on the static
bending of FGM plates with variable thickness are explored. Following this, the thickness
change affects the bending of the plate. These results provide an essential foundation for
addressing more complex problems in the future.
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1. Introduction

Plate structures are widely utilized in engineering applications and have long been
a focal point for scientific investigation, especially when exploring new calculation
methods or theoretical approaches. With the rapid advancements in material science,
cutting-edge materials are being developed and employed across industries such as
defense, aerospace, and automotive engineering. This article analyzes the static bending
response of functionally graded material (FGM) plates with varying thicknesses,
utilizing a novel shear deformation theory alongside the finite element method (FEM).
Before delving into the core analysis, a concise review of related studies is provided.

Most recently, A. Mamandi [1] used the first-order shear deformation theory
(FSDT) to conduct a FEM-based bending analysis of rectangular FGM plates with
variable boundary conditions and transverse stresses. Three distinct FGM models are
under consideration: P-FGM, S-FGM, and E-FGM. S. S. Yadav et al. [2] demonstrated
the bending evaluation of FGM plates using sinusoidal shear and normal deformation
theory. To account for the effect of transverse shear deformation, in-plane displacements
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used sinusoidal functions in the thickness coordinate, whereas transverse displacements
used the cosine function in the thickness coordinate. N. T. H. Van et al. [3] investigated
the static bending and natural oscillation properties of double-layer, non-uniform
thickness functionally graded (FG) plates with shear connections. The fundamental
equations were thoroughly defined and constructed using the FEM in combination with
the widely accepted and simple FSDT. S. R. Li et al. [4] proposed classical and
homogenized formulas for the bending solutions of FGM plates based on the four
variable plate theories. V. N. V. Hoang and P. T. Thanh [5] introduced a novel
trigonometric shear deformation plate theory (TSDPT) for free vibration analysis of FG
plates with two-directional variable thicknesses. L. Hadji et al. [6] developed a
displacement-based high-order shear deformation theory to explain the static response
of functionally graded plates. It did not need the shear correction factor. It caused
transverse shear stress fluctuation, which varied parabolically over the thickness to meet
free surface requirements for shear stress. V. T. Do et al. [7] used one unknown variable
in the displacement formula and an analytical approach based on the Navier solution to
give information about the development of refined plate theory to study the static
bending behavior of FGM plates.

A thorough review of existing literature reveals a considerable gap in studying the
static bending behavior of FGM plates. While various shear deformation theories have
been used to analyze FGM plates, no previous research has specifically investigated the
bending response of variable-thickness FGM plates using the new shear deformation
theory combined with the FEM. This article presents a novel shear deformation method
that enhances accuracy across a wide range of structural thicknesses, from thick to ultra-
thin, without requiring shear correction factors. Compared to traditional models such as
FSDT and TSDPT, this approach yields more precise solutions. However, its primary
drawback lies in the increased computational complexity. This study aims to fill that gap
by introducing a novel theoretical framework and computational approach, offering
improved accuracy in predicting stress distribution and deformation characteristics.

2. Finite element formulation
2.1. Fundamental equations

Consider a variable thickness FG plate as shown in Fig. 1. The geometrical
dimensions are length a, width b, and variable thickness of the plate h (x, y).

The plate is made of FG material with a volume proportion of ceramic (V,) and

metal (V,,) described by a simple power-law distribution [8]:
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1 Z "
Ve _(EJF h(x, y)J with  -0.5h(x,y) <z <0.5h(x,y) (1)
vV, =1-V,
The variable n denotes the index of volume fraction. The variable z indicates the

coordinate of thickness. The subscripts "m" and "c" reflect the metal and ceramic
elements, respectively.

4 Metal

Fig. 1. FGM plate model with variable thickness.
The elastic modulus (E) and Poisson's ratio (v), in this research, are calculated as [8]:
P(2) = B,+ (R.-P)V, )
where P is the mechanical characteristics of the material.

Based on the new shear deformation theory, the displacement field at any point in
the plate is calculated as:

ow,
—u — 280 f
u=u,—z ™ + (z)goX

v=v0—z%+f(z)goy (3)

W=Ww,

0

where u,,V,, W, are the displacements in the horizontal and vertical planes,
respectively, ¢, ¢, are the angular quantities of rotation about the axes Ox, Oy. Let
a\NO

B, = v and g, = % the displacement field is rewritten as follows [9]:



Journal of Science and Technique - Vol. 20, No. 02 (May 2025)

u=u,-z8,+f(2)g,
v=v,-28,+f(2)g,

W=Ww,

The bending strain is calculated as follows:
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Let us divide the strain components as follows:
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Then, we have the bending deformation component in reduced form:

E=g+15,+f(2)g

The shear strain component is calculated as follows:
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The stress field is calculated through the strain field and material properties based
on Hooke's law as follows:

O —C11 C, O 0 0 ||
Oy Cy C O 0 0 1|&w
Tyr=| 0 0 Cx 0 0 17y
7, 0 0 0 C, O ||re
7, | O 0 0 0 Cu,ll\7y
where C,, =C,, = va Cp =%' Coo =Cos =Cyy = 2(5:‘,&)'

The elastic strain potential energy is calculated as follows:

U== j oldv, == j (62C°2 +8yC®y) dxdy (5)
g A B E A B
e
where € =1¢, ,7:{ Sl},cbz B D F ,CS{BS DS},
&
g, *2 E F H

h/2

(A.B;.D;. B Fy Hy )= I(1,2,22,f(z),zf(z),f2(z) 0z

—h/2
where (i, j =1,2,6).

h/2

(A B.D;)= [ (LF'(2), 17 (2))c,dz

-h/2
where (i, j =4,5).
This study employs a four-node quadrilateral element, each node having seven

degrees of freedom. The approximation is based on the Lagrange function Q4 (Ni) as:
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The displacement components are now calculated as follows:

u0 ziuoiNi = Huqe;vo :Z::VoiNi = que;WO :gwoiNi = que;

4

4 4
ﬂx :ZﬂxiHi = Hﬂxqe;ﬁy :ZﬁyiHi = Hﬂyqe;wx :Zq)xiNi = H(/Jqu
i=1 i=1

i=1

4
o, :Z(PyiNi =H"q,
=

where NY,NY,N" H”* H” H?, and H*"¥ are calculated as follows:

H" =[N, zeros(1L6) N, zeros(16) N, zeros(1L,6) N, zeros(L6)];
Hvz[zeros(l,l) N, zeros(1,6) N, zeros(1,6) N, zeros(1,6) N, zeros(1,5)];
HW:[zeros(l,Z) N, zeros(1,6) N, zeros(1,6) N, zeros(1,6) N, zeros(1,4)];
H”* =[zeros(1,3) N, zeros(1,6) N, zeros(1,6) N, zeros(1,6) N, zeros(13)];
H” =[zeros(1,4) N, zeros(1,6) N, zeros(1,6) N, zeros(1,6) N, zeros(1,2)];
H¢X=[zeros(1,5) N, zeros(1,6) N, zeros(1,6) N, zeros(1,6) N, zeros(l,l)];
H? =[zeros(1,6) N, zeros(1,6) N, zeros(1,6) N, zeros(1,6) N,];

The strain components are then calculated through the differential matrices of the

shape functions and the displacement vectors of the elements:

& =By, &, =B,q,, &, =Byq., 64 =Bgyqe &, =Bgyq.,

where
H HZ H
B,=| H, [;B,=| HY [|;By=| HJ |
HY +HY, H™+HZ H +H

The stiffness matrix is now calculated as follows:

K, =LXLy(BTCbB+BSTCSBS)dxdy (6)
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Herein, T denotes the transition matrix and
B
' le
B=|B, |;B,=
BSZ
BZ

Let us examine an external distribution load q(x,y) applied to the plate’s upper
surface. By employing the law of virtual work, therefore, the energy performed by an
external load can be expressed as:

W, = [ {w}' pds, ©)
SE
in which p is the vector of nodal load that is determined as:

p={0 0 0 0 qg(xy) 0 0 0 O} (8)
The result of substituting Eq. (8) for Eq. (7) is:

W, =q/ ( G pdxdszq: F, ©)
S,

Consequently, the vector of element nodal force is acquired as:

{Fh=[[H"] pdxdy (10)

28x1 28x1

The global matrix of stiffness K and the global vector of force F are generated
by combining the element matrix of stiffness K, and the element vector of force F,.

The equation utilized for the static issue is as:
F=K.Q (12)
where Q is the vector of global displacements.
2.2. Boundary conditions
When an element node has a simple support: U, =W, =/, =¢, at x = 0, a and
Vo=W, =5, =¢p,aty=0,b.
When an element node has a clamped support: u, =w, = 8, =, =V, =, = ¢, at

all edges.

Therefore, some types of boundary conditions used in this article are as follows:
CCCC, SSSS, CSCS, CCSS, CFFF, and CFCF (where C denotes a clamped edge, Sis a
simply supported edge, and F is a free edge).
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3. Numerical results and discussions

MATLAB software is employed to develop algorithms for calculating the static
bending of FGM plates with varying thicknesses using the existing equations and the
finite element approach. The precision of this program set is validated through
numerical comparison with credible publications, thus examining and discussing the
impact of input parameters on the plate's static bending capacity.

3.1. Accuracy of the calculation program

Consider an isotropic plate with a thickness that varies and material properties
E =2-10° Pa, v=0.3, as illustrated in Fig. 2 and [10]. The plate is subjected to a short-
edge clamping connection, resulting from a uniformly distributed force on the plate
surface with an intensity of p = 2000 (N/m?). The error is calculated by the formula

‘[10]— present‘ _ _
€= T-lOO% with data taken from [10] and this work. In Tab. 1, the
displacements at specific locations of the plate are compared to [10]. It is evident that the
results proposed in the article and the published results are identical, with an error of no
more than 1.5%. This illustrates the accuracy of the model and methodology established

in the article.

y
0.1
L
| free
¢
1\\ e,
1.0
free
AR
B
0.2 clamped
z

Fig. 2. FGM plate model with variable thickness [10].
12



Tap chi Khoa hoc va Ky thudt - ISSN 1859-0209

Tab. 1. Deflection (um) at some points of the plate with varying thickness

Along the y-axis at x = 0.25 Along the x-axisaty =1
Coordinate | This [10] Error Coordinate This [10] Error
(y) work (%) (x) work (%)
0.000 0.000 0.000 0 0.000 1.144 1.140 0.35
0.125 0.049 0.050 1.04 0.0625 1.159 1.155 0.35
0250 | 0139 | 0137 | 144 0.125 1173 | 1171 0.17
0.038 0.266 0.269 1.13 0.1875 1.188 1.185 0.25
0.500 0.423 0.426 0.71 0.250 1.203 1.200 0.25
0.625 0.603 0.601 0.33 0.313 1.218 1.213 0.41
0.750 0.798 0.800 0.25 0.375 1.232 1.230 0.16
0.875 1.000 0.990 1.00 0.438 1.246 1.243 0.24
1.000 1.203 1.200 0.25 0.500 1.259 1.260 0.08

3.2. Parameter study

Tab. 2. Convergence of dimensionless vertical displacements of square isotropic plates
concerning the number of plate elements

Boundary Number of meshes (1]
conditions | g g 10 x 10 12 x 12 16 x 16 20 x 20
SSSS 4.2455 4.2630 4.2660 4.2690 4.2704 4.2702
CCcCC 1.4865 1.4983 1.5002 1.5022 1.5030 1.5026

First, the convergence of the dimensionless vertical displacement results at the
center point of the isotropic square plate concerning the number of plate elements is
verified. The input parameters and the vertical displacement results at the center point of
the plate can be found in [11]. The results show that, with the number of 16 x 16
elements, the displacement values converge with high accuracy for both considered
boundary conditions. Therefore, the number of 16 x 16 meshes will be used for all
subsequent studies.

This subsection examines and discusses the impact of various geometrical and

13
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material factors of the plate on its displacement response. The parameters of the plate
are specified as follows: FGM plate exhibiting variable thickness (Fig. 1) with
dimensions a = b =1 m; ho=0.3 m; hy = h, = 0.2 m. In this article, four types of
boundary conditions are taken into calculation. The substance comprises two elements:
The ceramic material (Al,O3) possesses an elastic modulus Ec of 380-10° Pa and a
Poisson's ratio vc of 0.3. The metal material (Al) has an elastic modulus En, of 70-10° Pa,
a Poisson's ratio vm 0f 0.3, and a volume fraction exponent n of 1. The plate is subjected
to an evenly distributed load of p = 1000 Pa perpendicular to its plane.

Figure 3 and Table 2 illustrate that the FGM plate, with a uniform thickness, is
subjected to a four-sided simple support configuration. Upon application of an evenly
distributed force on the plate surface, the displacement field exhibits a symmetrical
configuration with the highest displacement occurring in the center of the plate (Fig. 3a).
However, when the plate thickness varies uniformly along the x and y axes, the
displacement field is altered. The displacement center relocates toward the plate with
reduced thickness (Fig. 3b). The maximum displacement of the plate with a linearly
varying thickness along the x and y axes is less than that of the plate with a uniform
thickness (h = 0.3 m).

1 0

09 il 01

08 02

07 g L 03

06 1 04

05 05

0.4 06

03 i 07

0.2 08

01 . 09

1
DU 01 02 03 04 05 06 07 08 089 1 0 01 02 03 04 05 06 07 08 09 il

(@) (b)
Fig. 3. The displacement field of the plate
a) Plate with variable thickness; b) Plate with constant thickness.

Tab. 2. Dimensionless maximum displacement

Dimensionless Plate with variable Plate with constant
maximum displacement thickness thickness
3
w, = 20wh Ec 3.49 1.12
Pa
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3.3. Effect of thickness change rule

Let us consider an FGM with geometrical and material properties as presented in
Section 3.2. The plate is under an SSSS boundary condition. The plate has a thickness
variation in the x and y directions.

Consider four cases:
- Case 1: Thickness varies linearly along one edge:

h,=h,=0.1 h =0.2; h=h(x)=h0(1+xmj (m).

a

- Case 2: Thickness varies linearly along the x- and y-axes:

h(x) :(1+ xﬂj
a

h(y){lwhzgh(’j

h, =0.1 h, =h, =0.2; h=hh(x)h(y); (m).

- Case 3: Quadratic thickness variation along one edge:
X2
h, =0.1, h(x)=h, [1—Ej (m).

- Case 4: Quadratic thickness variation along 2 edges:

h,=0.1 h(x):ho(l—)g}[ _ygzj (m).

The displacement field of the plate is shown in Fig. 4. The maximum
dimensionless displacement is shown in Table 3. From Fig. 4, we can see that, in the
case where the thickness changes in one direction (x direction) (case 1, case 3), the
displacement center moves in the x direction, deviating towards the side with the
smaller thickness, the y direction does not change. In case 2, the thickness changes in
both the x and y directions, so the displacement center is deviated towards the side
with the smaller thickness. In case 4, the plate has a constant thickness, and the
displacement center is at the center of the plate. With the boundary condition:
clamping one edge, the deflection of the plate along the y-axis at x = 0.5 and the x-axis
with y = 1 changes, but for the plate with a constant thickness, the displacement at all
points along the x-axis at y = 1 remains constant. This proves that the thickness
change affects the bending of the plate.
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Tab. 3. Dimensionless maximum displacement

D|mens_|onless maximum Case 1l Case 2 Case 3 Case 4
displacement
3
w, = 20w Ec 0.72 0.63 112 1.25
Pa

1 1
09 09
08 08 g
07 07
06 06
05 05
0.4 04
03 03
02 02
01 o o 01

DD 0.1 02 03 0.4 05 086 07 08 08 1 Un 0.1 02 03 0.4 05 0.6 07 0.8 08 1

(a) Case 1 (b) Case 2

1 1
09 08
08 08
07 07 -
06 06
05 05
04 0.4
03 0.3 -
02 02
0.1 0.1

DD 0.1 02 03 0.4 05 06 07 08 08 1 nu 0.1 0.2 03 0.4 05 06 07 0.8 09 il

3.4. Influence of material volume exponential coefficient

the midpoint displacement of the plate w, =

(c) Case 3

(d) Case 4

Fig. 4. The displacement field of FGM plate with variable thickness.

Figure 5 illustrates the effect of the material volume exponential coefficient on

3
% . The exponent n ranges from 0

to 10. The results indicate that as n transitions from 0 to 2, the displacement value

16
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increases the fastest, due to the strong shift from the harsher ceramic material to the

softer metal material; From 2 to 10, the displacement value w, =—1OVF\)121EC rises more
slowly, because the metal component has now become significant. The observed rise
in n results in a decrease in structural rigidity, attributed to the heightened metal
concentration at this juncture. Figure 5 shows that under the CCCC boundary
condition, a stiffer structure reduces displacement. Conversely, under the SSSS
boundary condition, the structure is more flexible, leading to a greater displacement.
The displacement difference at n = 0 for case (c) is approximately 1.7 times.
Similarly, for cases (a), (b), and (d), the difference ranges from 1.7 to 1.8 times.
Moreover, it is evident that varying boundary conditions substantially influence the

displacement value of the plate.

1.4

12

1

0.8

06 F

0.4

(a) Case 1 (b) Case 2

(c) Case 3 (d) Case 4

Fig. 5. Change of displacement response due to change of material exponential coefficient.
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4. Conclusion

This article presents a finite element method based on high-order shear
deformation theory for static bending analysis of FGM plates with variable thickness.
A quadrilateral element with 4 nodes, each node with 7 degrees of freedom, is
approximated based on the Lagrange Q4 function to establish the stiffness matrix
components and force vector of the element. The program is capable of calculating plate
structures with variable thickness according to different rules such as linear and
nonlinear. The accuracy of the method has been verified through numerical comparison
with reliable publications. A set of bending results calculated due to the influence of
geometric parameters and plate materials is discovered. These results can be used as
reference documents for researchers, designing structures with variable thickness in
practice. Future studies such as natural vibration problems, stability, and dynamics of
structures with variable thickness may benefit from the results of this study.
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PHAN TICH UON TiINH CUA TAM FGM CO PO DAY BIEN DPOI
SU DUNG LY THUYET BIEN DANG CAT KIEU MOI

Nguyén Thi Cam Nhung?, Truong Thi Huong Huyén?
YKhoa Co khi, Truong Pai hoc K3 thudt Lé Quy Pén

Tém tit: Bai bo sir dung 1y thuyét bién dang cat kiéu moi va phuong phap phan tir hitu
han dé nghién curu udn tinh cua tim FGM c6 do day thay d6i. M6 hinh vat liéu va co hoc duoc
thiét 1ap dé xay dung cac phuong trinh quan hé vé co hoc. Chuong trinh tinh toan dwoc 1ap trinh
trong moi truong MATLAB va duoc xac minh tinh chinh xéc thong qua so sanh véi cac két qua
tir phuong phap giai tich & cac cong trinh khoa hoc uy tin. Sai sb giita cac phwong phap khong
qua 1,5%. Sau do, anh hudng cia cac thong s6 hinh hoc va vat liéu dén ubn tinh cia tim FGM
¢6 chidu day thay dbi dugc khao sat. Chuwong trinh c6 kha nang tinh toan cac tAm véi do day
thay doi theo cac quy tic tuyén tinh va phi tuyén. Tac dong cua cac thong sé hinh hoc va vat
lidu 1én udn tinh cia tim FGM c6 d6 day thay doi ciing dugc kham pha, giup 1am rd cach thay
d6i do day anh huong dén do udn ciia tim. Cac két qua tinh todn 14 co s& quan trong cho viéc

phat trién cac bai toan phirc tap hon trong twong lai.

Tir khoa: B day thay doi; FGM; udn tinh; Iy thuyét bién dang cdt kiéu méi; FEM.
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