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Abstract

This article examines the dynamics of a micromechanical gyroscope with a ring resonator,
used in navigation and motion control systems. The gyroscope’s sensitive element consists
of a thin elastic ring resonator supported by an elastic suspension, detecting small bending
vibrations to measure angular motion. The study investigates the impact of external
vibrations on the resonator’s mechanical design. A mathematical model is developed using
the Hamilton-Ostrogradsky variational principle and the Bubnov-Galerkin projection method
to analyze the system’s multimodal oscillations. Results show that vibrations mainly affect
the first vibrational mode, with maximum deformation of the resonator is proportional to the
magnitude of the peak impact acceleration and inversely proportional to the square of the
lowest natural frequency in the first natural mode of oscillation. The second vibrational mode
remains unaffected under normal conditions. Additionally, manufacturing errors can cause
symmetry violations, impacting measurement accuracy. This study provides insights into
improving ring resonator micromechanical gyroscope design for enhanced reliability under
dynamic external vibrations.
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1. Introduction

This research focuses on the micromechanical gyroscope with a ring resonator
(RMMG), a crucial component in modern navigation and motion control systems. The
RMMG's sensitive element is modeled as an elastic ring resonator supported by an elastic
suspension. Its function relies on measuring minute bending vibrations of the ring
resonator, which in turn determines the angular motion of the gyroscope's base around its
sensitivity axis, perpendicular to the ring's plane. The primary objective of this study is
to investigate the RMMG's dynamics under vibration conditions to assess the reliability
of its mechanical design.

The reliability of mechanical systems is influenced by a combination of factors:
random external loads, the intrinsic properties of the system and its components, the
nature of element interactions, and specific design and technological features [1], [2].
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Previous foundational research [3]-[5] has established fundamental models and analyses
of gyroscopic physical processes and imperfections that contribute to drift, providing a
crucial basis for accurate mathematical modeling. Specifically, the impact of vibrations
on the resonant wave pattern of ring resonators has been addressed [6], which is critical
for understanding micromechanical gyroscope behavior under dynamic loads.
Comprehensive studies on the dynamics of micromechanical and solid-state gyroscopes
support multimode dynamic modeling [7], while asymptotic methods and computational
mechanics tools [8], [9] aid in effective simulation and analytical solutions for flexible
structures like RMMG resonators. Furthermore, research on the design and vibration
sensitivity of MEMS ring gyroscopes [10]-[12] offers important insights into structural
and functional optimization.

Recent advancements, particularly in studies by Maslov et al. [13]-[17], have
extensively explored nonlinear effects in electrostatic control systems and proposed
methods to mitigate them. These findings are vital for enhancing micromechanical
gyroscope accuracy and stability when subjected to external disturbances. Expanding on
this, other works [18]-[20] delve into real-time correction methods and advanced modeling
of microshell and flat-electrode resonator gyroscopes. The examination of nonlinear
vibration phenomena using uncertainty analysis [21] and the study of critical parameters
influencing micromechanical gyroscope behavior under electrostatic forces [22] further
contribute to a deeper understanding of RMMG dynamics. Finally, the practical integration
of advanced gyroscopic models into navigation systems [23] underscores the paramount
importance of reliability and dynamic precision in real-world applications.

Recent research has increasingly focused on nonlinear resonance and stability
phenomena in vibrating and gyroscopic systems. Amer et al. [24] investigated the
stability of autoparametric dynamical systems in the vicinity of resonance, revealing
bifurcation behaviors that are particularly relevant to MEMS resonators. Bek et al. [25]
extended this line of inquiry by conducting an asymptotic analysis of three-degree-of-
freedom systems near resonance, providing analytical tools for a deeper understanding of
coupled oscillations in micromechanical gyroscopes. Furthermore, Amer [26] explored
the rotational dynamics of gyrostats with asymmetric mass distribution, demonstrating
how structural imbalance can introduce nonlinear perturbations. More recently, Amer and
co-authors [27], [28] examined the combined influence of external torques, gyrostatic
moments, and energy dissipation on the stability of rigid bodies and spacecraft, drawing

91



Journal of Science and Technique - Vol. 21, No. 1 (Jan. 2026)

important parallels with control challenges in MEMS gyroscopes. Complementing these
studies, their investigations of Euler’s equations with time-dependent gyrostatic torques
[29] and the modeling of Euler-Poisson equations under gyrostatic effects [30] introduced
innovative methodologies for analyzing nonlinear gyroscopic dynamics.

Assessing the reliability of such a mechanical system typically involves several key
stages. Initially, the mechanical system's design scheme is chosen, and a mathematical
model is constructed, accounting for its operational characteristics. Given that the RMMG
Is a system with distributed parameters, the Hamilton-Ostrogradsky variational principle
and the Bubnov-Galerkin projection method are employed to formulate a mathematical
model describing the motion of the micromechanical gyroscope resonator. The resulting
differential equations, which describe the oscillations of the elastic system in a multimode
approximation, are then analyzed using asymptotic methods of mechanics [31] and
statistical dynamics [32]-[35]. The ultimate goal of this problem-solving process is to
determine the maximum deformations and stresses within the RMMG, which serve as the
basis for evaluating the reliability of its mechanical structure. This study specifically aims
to develop a mathematical model of the micromechanical gyroscope resonator to analyze
its dynamic behavior under vibration and subsequently assess the system's structural
reliability based on calculated stress and deformation responses.

2. Dynamics of the ring resonator micromechanical gyroscope
2.1. Mathematical model of the ring resonator

The RMMG is a thin elastic ring 2 connected to the base 1 by lamellas 3 which are
elastic suspension elements (Fig. 1). The thickness of the resonator h, and the axial line in
the undeformed state is a circle with a radius R . Resonator 1 is manufactured by plasma-
chemical etching together with elastic suspension elements. The oscillations of the resonator
are excited and recorded by a system of control and measuring circuits. Each circuit is
formed by two nearest lamellas and a resonator section with circumferential size /4.

The right Cartesian coordinate system Ox,x,X, is defined with respect to the base
of the gyroscope, with the Ox x, plane containing the elastic ring. To describe the
deformations of the resonator, the orthogonal coordinate system y,y, Y, is introduced, in
which the elastic displacement vector of the ring resonator element is defined as
u= v,w,0 , where v=v(t,p) and w=w(t,) represent deformations in the

circumferential and radial directions, respectively, as functions of time t and angular
coordinate .
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(1) b)

Fig. 1. Ring resonator micromechanical gyroscope (a) and coordinate systems (b).

Assuming that the resonator mounting axis rotates around the axis with a slowly
varying angular velocity Q(t), which is considered small in comparison to the main
resonator oscillation frequency . To obtain a mathematical model of a ring resonator in
an elastic suspension, the Winkler foundation model [7], [9] is employed. To account for
the influence of base vibrations, the masses of eight supporting lamellas in the elastic
suspension connected to the elastic ring are additionally considered.

Considering the motion of the resonator in the plane Ox,Xx,, the absolute velocities
of point O projected onto the X, x, axes are defined as V,(t),V,(t), respectively. In this

case, the specific kinetic energy of the thin elastic ring, referred to the unit length of the
resonator axial line, is expressed in Eq. (1) as:

1 _PRS(1+(9))
2
+(W—Qv+V, cosp+V,sin 40)2]

[(\'/+ Q(w+R)-V,sinp+V, cos (p)2 + 0

where p,R are the material density and resonator radius, respectively; S =Dbh is the
cross-sectional area of the resonator, h is the thickness of the resonator, b is the height
of the cross-section and suspension torsion bars; .. is the relative attached mass of the

elastic suspension of the resonator, presented as an expansion in a Fourier series along
the circumferential coordinate ¢ :

N
Mo ((0) =Hy+ Z(:uk coske + g4 sin k¢),
k=1
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where g, , 1, are the expansion coefficients. In the case of an ideally manufactured
symmetric elastic system, the coefficients with numbers 1, 2,..., 7 are equal to zero. In
Eg. (1) and below, the dot denotes the time derivative t.

The elastic properties of a single-crystal resonator obey the generalized Hooke's
law [35]. The technique to calculate the elastic properties of the resonator material and
obtaining differential equations of motion of an elastic system is described in [7].

Taking into account the uniaxial stress state of the ring resonator, the relationship
between the stress & and the hoop deformation e is expressed as follows:

oc=Ee, (2)
where E is Young's modulus, which generally depends on the direction cosines of the
direction of the axis y, (Fig. 1) in the principal axes of the crystal. According to the

technology, the resonator is made from a single-crystal silicon wafer L -cut, i.e. in the
plane, while the Young's modulus in the plane of the crystal does not depend on the
direction of the axis y,.

Note that due to instrumental errors in the manufacture of the resonator, the orientation
of the single-crystal plate may differ from the calculated one, which will lead to a small
change in the Young's modulus with a change in the circumferential coordinate ¢ along the

direction y,. The magnitude of the splitting frequency of the resonator oscillations, caused

by instrumental manufacturing errors, as a rule, does not exceed 1-3 Hz, which is
significantly by four orders of magnitude less than the main natural frequency of the
resonator oscillations.

To study the reliability of the mechanical structure, the reliability indicator is
calculated based on the maximum stress value in the cross section of the ring resonator
and the elastic suspension lamellas. The condition of failure-free operation of the
resonator will be characterized by the absence of plastic deformations of the structural
elements. The strain energy per unit volume of the resonator, taking into account, the
Eqg. (2) has the form [7]:

[ 1
P=|ode==Ee’ 3
Jode=3 ®)
The expression for the circumferential deformation is determined by the relation [7]:
1 ! g ! "
e=—(V+wW)——=(v —-w"), 4
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where ¢ is the coordinate measured from the median line of the resonator in the direction
of the outer normal (—h/2<¢ <h/2). In Eq. (4) and below, the prime denotes the partial
derivative with respect to the circumferential coordinate ¢.

After substitution and integration over the cross-sectional area of the resonator S,

the specific potential energy is obtained:
1| ES 2 EI 1

P==| —(V+W) +—= (' -W")* [+=c(p) (V' +W )+q(t,o)Rw, 5

Z{R( )+ )}2(@( )+at, ) (5)

where | is the moment of inertia of the resonator cross section (for a rectangular cross
section 1 =bh®/12), q(t,go) is the specific strength of the electromagnetic system of

excitation of the resonator oscillations, c(¢) is the rigidity of the elastic suspension of
the ring resonator, which is set as follows:

c(p)=C,, %(m—l)<(p£%(m—l)+%, (m=12,...,8), (6)

where C_ is the stiffness coefficient of the m -th lamella of the elastic suspension, h; is

the nominal thickness of the lamella. Due to instrumental manufacturing errors, the
rigidity and geometrical parameters of the elastic suspension may differ from the nominal
values, but the splitting of the resonator oscillation frequencies caused by the indicated
errors is significantly (by four orders of magnitude) less than the main natural oscillation
frequency of the resonator.

To account for the non-uniform rigidity of the elastic suspension of the ring resonator,
the Eq. (6) is represented as a Fourier series with respect to the circumferential angle ¢ :

c(p)= co( +i (¢, coskep+s, smk(pj ( ZCJ %)

where ¢,,s, (k=12,...,N) are the dimensionless expansion coefficients characterizing
the instrumental error in the manufacture of an elastic suspension. Note that in the design
case of an equally rigid elastic suspension, the coefficients ¢, =s, =0 (k =1, 2,...,7).

To obtain the equations of motion of the resonator, the variational principle of
Hamilton-Ostrogradsky [7], [9] is applied. For this purpose, the specific Lagrangian

L=T —P is formulated, by taking into account expressions (1), (5), and normalization,
takes the following form (8):
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L= %[(V+Q(w+ R)-V,sing+V, COS(/))Z +(W—QV+V, cos g +V,sin 40)1—

8
—152(v’+w)2—£1c2(v'—w”)2—lg”/cz(vz+W2) ©
2 2 2 ’
parameters entered here:
PSR (L+ 145) PSR(L+ 14) h? =

are characterizing the elastic properties of the system and having the dimension of the
squared frequency.

In contrast to the established mathematical model describing the motion of a
resonator with an inextensible median line [7], a more comprehensive model is
constructed to represent the independent displacements of the elastic system denoted by

V,W . An integral with fixed limits is introduced:

(23]
H= ”L(v,w,\'/,v'v,v’,w’,w”)dtdgo,
ah
called the Hamiltonian action. In accordance with the variational Hamilton-Ostrogradsky
principle, the first variation of the Hamiltonian action 6H on the direct path of the
system is equal to zero:
oH =0.
Variation of the action according to Hamilton yields the following result:

Pt
SH = H —5 + L 504 L s
ov oW

(10)

i5' 8_L5 +a—5w” dtde =0.

ov' ow' ow"

Considering that the generalized coordinates of the system are elastic displacements
v and w, whose variations ov and ow are both independent and arbitrary, the

equations of motion of an elastic system take the form:

do. doa oL _ .

—+— =Q,,
dtov deov v
doL d> oL d oL oL .

: 2 ”+_ r__=QW’
dtow de? aw’ dpow  ow

(11)
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where Q;, Q; are the dissipative forces:

oW

The resulting equations are called the Lagrange equations for systems with
distributed parameters.
2.2. Dynamics of a balanced resonator on a moving base

The design case of an equally rigid elastic suspension of a ring resonator is
considered next. By applying the variational principle of Hamilton-Ostrogradsky, the
equations of motion of the ring are obtained, accounting for dissipative forces:

\'/’+2§2v'v—(\/'1 —sz)sin go+(\/2 +QV1)COS(p—

=07 (V' -w)+K? (W“' —V"+ §V)+e,J<2 (v’v”' —\'/”) =0,

: . (12)
W= 200 +(V, + QV, )sin p+(V, —QV, ) cos p—
0% (V' —-w)+k? (W'V —v" 4 §W)+6*K2 (v’v"’ —y" )z 0,
where e, , (. are the damping coefficients:
E. G _rex? (13)

=—)
E' PSR+ )

The Egs. (12) omit small terms proportional to the angular acceleration €2 and the
square of the base angular velocity Q°. The solution of the Egs. (12) in the multi-mode

approximation using the Bubnov-Galerkin method for the elastic displacement function
in the form:

V= i(rk (t)coskg+s, (t)sinke),
= (14)

W= i( f () coskg +g, (t)sinkg),

here r,s,, f., g, are the desired functions of time, k is the number of the oscillation
mode of the elastic system, N is the number of modes.
As a result of substituting functions (14) into the Egs. (12) and equating the

coefficients of coske and sinke to zero, the Bubnov-Galerkin method yields a system

of N ordinary differential equations, with N — oo equivalent to the original Egs. (12).
In the calculated case, the system of ordinary differential equations consists of unrelated
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subsystems with the state vector x, =( f,,g,, k.S, )T describing the oscillations of the

resonator in a mode with a given number k. The resonator oscillation equations are
written in the first mode in vector-matrix form:

%, +(2Q3+D. )%, +D, %, =w, (15)
where D, is the matrix of positional forces; D., is the matrix of dissipative forces, which

coincides in structure with D, in accordance with the Kelvin-Voigt method; J is the block
skew-symmetric matrix of gyroscopic forces; w is the vector of disturbing external influences:

5+ (¢ +1)x? 0 0 O +xK°
o _ 0 S+ (C+)k? -5k 0
' 0 5% —Kk* 5P+ (C+D)K? 0 ’
5 +«? 0 0 0%+ (& +1)k?
00 -1 0
j_|00 0 1 | (16)
100 0
01 0 O

W= -V, +QV,, -V, ~QV,, -V, ~ QV, V, - QV, ) .
Note that the dynamics of the resonator in the first mode of oscillation is affected

by the absolute linear acceleration of the base of the gyroscope \/1 -QV,, \/2 +QV,.

The vibration frequencies of a conservative elastic system can be determined from
the first mode of vibration on a fixed base from the frequency equation:

(¢r* ~@?) (R (( +2)x* ~? )+ 2457RE ) =0,
whose roots are the squares of the natural frequencies of the elastic system have the form:
o} =Ck°, o) =({+2)k*+25°,

Considering that the resonator thickness h is much smaller than the radius of the ring
resonator R, strongly separated characteristic values of the frequency squares are obtained,

since 0% =x°(12R*/h?*). The lowest oscillation frequencies can be determined
experimentally by constructing the amplitude-frequency characteristics of a prototype RMMG.

Differential equations describing free vibrations of a conservative system on a
movable vibrating foundation in vibration modes with the number k look like (Fig. 2):
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f —2Qr +k(52+1<2k2)sk +(52+K2(§+k4)) f, =0,
G — 208, —k (6% + &K1, +(5% + 7 (¢ +k*)) g, =0,

17
b, +20f, —k (8% +x°K?) g + (0% + (£ +K*)) 5 =0, 7

5, +2§2gk+k(52+1<2k2) f, +(52k2+1c2(§+k2))sk =0, (k=23,..).

X, X5

e

a) b)

Fig. 2. First (a) and second (b) mode shapes of elastic oscillations of the ring resonator.

For the subsequent analysis of the dynamics of an unbalanced resonator, the
resonator oscillation Eqgs. (17) are written in vector-matrix form, taking into account
dissipative forces:

%, +(2Q3+ D, )X +D, %, =0, (k=23,..), (18)
5%+ (& +kHi? 0 0 k(6% +x7%?)
0 87 +(S kK k(8% +x7K?) 0
P 0 k(57 +xK?) 5P (¢ +KR? 0
k(6% +x°k?) 0 0 5%+ (& +k*)K?

Note that the damping coefficients D., can be determined experimentally. An
analysis of the Eqgs. (17) shows that shocks and vibrations of the base do not affect the
dynamics of a balanced resonator in the second main form of oscillation [7].

3. Effect of vibrations
3.1. Influence of impact actions on the mechanical design of a balanced gyroscope
Within the time interval of the maximum shock acceleration, the losses due to

vibrations of the elastic system can be neglected. An analysis of the initial data on external
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influencing factors shows that when the gyroscope is exposed to vibroshocks, the
frequency content of external vibrations is significantly lower than the lowest natural
frequency of bending vibrations of the elastic system, so that the process of loading the
elastic system can be considered as quasi-static [7].

To calculate the maximum deformations of the structure, a particular solution of the
Egs. (17) is written out:

X =D"w,
vV, _ vV, _  V, _ V\
fl:__lz’ 91:__22’ "1:__22' 51:_12'
gK gK gk gk

An analysis of the obtained particular solution of the Egs. (17) shows that the
maximum deformation of the resonator is proportional to the magnitude of the peak
impact acceleration and inversely proportional to the square of the lowest natural
frequency in the first natural mode of oscillation.

Numeric example: A numerical estimation is performed for the parameters of the ring
resonator model (from [7]) with a radius of R =3 mm, a rectangular cross section with a
thickness h=120 pym, a height b=100 pm, with a resonator material density of
p = 2328 kg/m® and Young's modulus E =168.9 GPa. The calculated value of the lowest
natural frequency of oscillations of the resonator according to the first form of oscillations

a)l‘l) =\/E x will be taken equal to »® =14 kHz. For a peak impact acceleration of

V, =800 m/s? directed in the plane of the ring resonator along the axis x, , the following holds:

Gl:Fl:_szz_ 800 2:—0-1Um, f_l:§l:0
Ck 214000
In accordance with the single-mode representation Eqs. (14) the maximum

displacement of the elastic system will occur in the first form:

V=T CoSp, W={,Sing.

By differentiating the obtained functions in accordance with Eqg. (4), an expression
for the circumferential deformation of the ring is obtained: e=0, given that
V+w=0, vV-w'=0.

An analysis of the results obtained shows that when the ring resonator moves along

the first form, the ring as a whole is displaced, while additional stresses do not arise in
the ring cross section. The main load is distributed on the elastic suspension, the
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maximum displacement of which is g, =7, =—0.1 um, comparable to the nominal

values of the structure deformations in the design shock-free operation mode. With
uniaxial tensile-compressive strain, the maximum value of the stress in the lamella cross
section is o = E e =16.89kPam, which is significantly less than the limit values.

3.2. Influence of random vibrations of the base on the mechanical design of a balanced
gyroscope

Next, the effect of random vibrations of the RMMG base on the dynamics of the
elastic system is considered in terms of the first form of vibrations. The equations of
motion of the system Eqs. (15) are written in the first form in the Cauchy form:

y=Ay+w, (19)

. T
where y= f,0,,1,s, f,,0,,5,S isthe system state vector, w is the vector of random

actions on the system, A is the matrix of the system.
The system is assumed to be affected by a stationary random process of the white

noise type with zero mathematical expectation M w(t) =0, a given intensity G, and a
correlation function:
M[wtw' (r) |=Ga(t-7), (20)
where &(t—7) is the delta function.
The mathematical expectations of the output variables M[y]=m_ of the system

under consideration can be obtained if, in the system of differential equations, Eq. (19)
the input signals and the initial conditions of the state vector are replaced by their
mathematical expectations M[y,]=m, .

Integration of the system of differential equations for the mathematical expectations
of the output variables m = Am,_ presents no practical difficulties. Given that there are

signals with zero mathematical expectation at the input of the system, the steady-state
values of the variables m, are equal to zero.

To determine the dispersions and correlation moments of the output signals of the
system, the matrix is introduced:

M{y®)y" ®)|=R, ), (21)
and the differential equation is written:
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R,=AR,+R A" +G, (22)
obtained by differentiation Eq. (21) due to the Egs. (19) and properties of the solution of
the differential equation and the delta function [33]-[34]. The diagonal elements of R (t)
the differential equation solution matrix (22) give the values of the variances of the output

signals of the system, and the off-diagonal elements determine the corresponding
correlation moments.

Given the symmetry of the system and the dimension of the original differential
equations equal to eight, it is required to solve a system of differential equations of order
36 (8 equations for determining dispersions and 28 equations for correlation moments).

Note that the above method is also suitable in the case when the input signals of the
system are not white noise, but can be represented as a white noise transformation by a
shaping filter described by a finite-order differential equation. In this case, the equations
of the shaping filter are added to the differential equations describing the original system.

For a stationary random function with zero mathematical expectation, spectral
density s, (@) and correlation function r, (7):

(@)= s n@=0e

the shaping filter is an aperiodic link with a transfer function ®(p) =% with a time
p+

constant T =1/« and gain K :afZD/a.
In this case, the spectral density can be represented as:

s, (@) :%@(ia})r.

The aperiodic link has the property of a filter and significantly reduces the amplitude
of harmonic effects with frequencies greater than the cutoff frequency 1/T = .

In the case of a stationary random signal at the system input, the moments of the
system output signals in the steady state are determined by a particular solution of the
Egs. (22), i.e. solution of the algebraic matrix equation:

ARerRyAT +G =0. (23)
Next, consider an example of calculating the elastic displacements of an oscillatory

system under the influence of random vibrations of the base in the plane of the ring resonator.
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Numeric example: Taking into account the significantly different motion scales of
the initial elastic system and the numerical estimates of the oscillation frequencies in the
first mode along with the damping coefficient + of the oscillatory circuit, the system
equations describing the low-frequency oscillations in the first mode and the shaping filter
equation are formulated as follows:

fryf+a®f=W,
TW +W =KV,
The input action of the shaping filter is a stationary random process V of the type

of white noise of unit intensity. The output signal of the shaping filter and the input action
on the oscillatory system is the absolute acceleration of the base W in the form of a

(24)

stationary random process with a given spectral density.

. T
In accordance with Egs. (24), the state vector y= f, f,W s introduced, and the

matrices of system Eqs. (22) are expressed as follows:

0 1 0 00 0 n, h, I
A=l-w -y 1 |,G=|00 0 | R,=|n, n, n|
0 0 -UT 0 0 KZ/T? [y Ny T

where r;, is the dispersion of the output vibration displacement of the elastic oscillatory
system; r,, is the dispersion of the output linear velocity of the vibration displacement of
the system; r,, is the dispersion of vibration acceleration of the base; the off-diagonal
elements of the symmetric matrix R, are the correlation moments of the components of

the state vector and the shaping filter.

The solution of the dispersion Eqg. (23) has the form:
B D(a+y) B . D

11_7/a)12(a(a+7/)+a)12), remoowe
aD aD
:y(a(a+7/)+a)f)' r23:a(a+7)+a)12’

ala+y)+a’’

r, =D.

An analysis of the obtained solution shows that the dispersion of the output
vibration displacement r, = &> of the elastic system is proportional to the dispersion of

the vibration acceleration of the base D =o7 and depends nonlinearly on the damping
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coefficient y, the cutoff frequency of the shaping filter « and the natural frequency of
the first mode of vibration a, .

At the cutoff frequency of the shaping filter, defined as « = @, /3, and the damping
coefficient » =@, /Q where Q is the quality factor of the oscillatory circuit, the dispersion

o . o D
of the output vibration displacement of the elastic system is given by: 1, = fo—?
2]
Thus, the standard deviation for broadband random vibration can be estimated by
the formula: o, = ga—g.
0 &

For a quality factor Q=2000, an oscillation frequency in the first form
@, =14 kHz, and a standard deviation of external vibration o, =40 m/s*> with zero

mathematical expectation, the resulting standard deviation is o; =0.1 pm.

Analysis of the obtained results shows that multiple vibroshocks, broadband
vibration in the frequency range up to 4 kHz does not affect the mechanical strength of
the structure. Thus, the stresses arising in the mechanical structure under shock and
vibration effects do not exceed the permissible limit values.

4. Conclusions

The study has developed a mathematical model describing the motion of the MEMS
gyroscope sensing element in the form of a thin elastic ring within an elastic suspension
system. Based on this model, the vibration of the elastic system under shock and vibration
excitation was simulated using the multi-order approximation method. The model
determines the elastic deformations and stresses arising in the mechanical structure
mounted on a movable base when subjected to external dynamic loading. The analysis
reveals that the primary destructive impact of base-induced shocks and vibrations is
concentrated in the first mode of resonator oscillations. In this mode, the maximum
deformation of the resonator under quasi-stationary loading conditions is shown to be
directly proportional to the peak impact acceleration and inversely proportional to the
square of the fundamental natural frequency. During oscillations in the first mode, the
entire ring undergoes displacement, resulting in the elastic suspension bearing the
majority of the load, with its maximum displacement remaining within the nominal
deformation range specified for shock-free operation. Under uniaxial tensile-compressive
stress conditions, the peak stress in the elastic suspension does not exceed permissible
limits. Moreover, the dynamics of the balanced resonator in the second principal vibration
mode are largely unaffected by shocks and vibrations, consistent with the baseline
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operational mode of the RMMG. However, manufacturing imperfections can disturb
resonator symmetry, introducing coupling between vibration modes. In the second
vibration mode, shocks and vibrations influence only the accuracy of wave pattern
measurements, without significantly altering system dynamics. The results confirm the
adequacy of the developed mathematical model for analyzing the dynamic behavior of
micromechanical ring resonators under external mechanical disturbances. Future research
will focus on refining the model by incorporating material properties. Experimental
validation of the theoretical findings under controlled shock and vibration conditions will
also be pursued to enhance the model's applicability in practical RMMG design.
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ANH HUONG CUA RUNG CHAN PEN BONG LUC HOC
CON QUAY HOI CHUYEN VI CO DANG VONG NHAN

Vii Thé Trung Giap*
'Khoa Hang khong Vii tru, Truong Pai hoc Ky thudt Lé Quy Poén
Tém tit: Bai bao trinh bay vé dong luc hoc ciia con quay hdi chuyén vi co voi bo cong
huong vong nhan (RMMG), duoc sir dung trong cac hé théng dinh vi va diéu khién chuyén dong.
Phén tir cam g cia RMMG 12 mot vong nhan mong dan hdi duge giit boi mot hé thong treo dan
hdi, giup phat hién cac dao dong udn nhé dé do chuyén dong goc. Nghién ciru phan tich anh
hudng cta rung séc bén ngoai dén thiét ké co hoc cta bd cong hudng vong nhan. Mot mé hinh
toan hoc dugc xay dung dua trén nguyén 1y bién phan Hamilton-Ostrogradsky va phwong phap
chiéu Bubnov-Galerkin dé phan tich cac dao dong ciia co hé. Két qua cho thdy rung sbc chu yéu
anh huong dén ché do dao dong tho nhét, voi do bién dang cuc dai cia bo cong huodng ti 1¢ thuan
v6i do 16n cua gia tbc va cham cuc dai va ti 18 nghich v6i binh phuwong tan s6 riéng thap nhat
trong ché d6 dao dong riéng thir nhat. Dang dao dong co ban thtr hai ciia bo cong hudng vong
nhan khong bi anh hudng trong diu kién binh thuong. Ngoai ra, cac sai sd gia cong co thé gy
ra sy mat doi xtng, 1am anh hudng dén do chinh xéac cta phép do. Két qua ciia nghién ctru nay
cung cép nhitng hiéu biét gop phan cai thién md hinh thiét k& nham néng cao d6 chinh xac cua
RMMG khi chiu tic dong ciia cac rung chan bén ngoai.

Tir khéa: Con quay vi co;, bg cong hieong vong nhan; phi tuyén.
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