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A NONEXISTENCE RESULT FOR
DEGENERATE PARABOLIC
EQUATIONS INVOLVING ADVECTION
TERMS AND WEIGHTS
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Abstract
In this paper, we are concerned with the following equation
vy — Ayv+ Vyw - Vv = h(z)o? (x,t) € RY x R.

Here, p is a real number, w is a smooth function, h > 0 is a weight function which is
continuous function satisfying some growth condition at infinity, A is a sub-elliptic operator
which is defined by

N
A=) 0., (ADs,)
1=1

and V, is the corresponding gradient operator associated to A . By using a kind of maximum
principle and the test function method, we establish the nonexistence of positive supersolutions
of the above equation.

Index terms

Nonexistence results, positive supersolutions, degenerate operator, advection terms, A -
Laplace operator, weight functions.

1. Introduction

In this paper, we prove some nonexistence results for the equation
vy — Ayv + Vyw - Vyv = h(z)o? in RY x R, (1)

where A, is a sub-elliptic operator given by

N
A= 0, (X0s,).
=1
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As in the pioneering work [1], we use in this paper the following hypotheses, see also
(21, [3].
(H1) Suppose that there exists a group of dilations (d;);~0

5 RY 5 RY (24, ..., 2x5) = (t524, ..., t¥2y)

where 1 = g < ey < ... < ey, such that \; is d;-homogeneous of degree (¢; — 1), that
is,
Ni(0¢(2)) =t N\i(x), forall z € RVt > 0,i=1,2,...,N.

The homogeneous dimension of RY corresponding to (8;);~¢ is defined by
Q=¢c1+e2+..+en. ()

(H2) The function A; = 1 and for i = 2,..., N, \;(z) = \(|x1], ..., |zi_1|). Moreover,
the functions )\; are supposed to be continuous on R” and are strictly positive and of
class C* on R \ TI, where

N
I1= {(a:l,...,:cN) € RN;Hxi = 0}.
i=1

Naturally, the A,-gradient operator associated to A, given by:
V= (A0uy, A20syy ooy ANOsy ).

We easily see that
Ay = (Vy)2

Define the norm associated to the operator A, by, see [3]

1
N 20
x|\ = (E HV(?J)G?I%P) ,
=1 i#j

with

N
o=1+) (—1).
Jj=1

When v is independent of ¢, (1) becomes:
—Ayv + Vaw - Vyv = h(z)v? in RY, 3)
In the special case where \; = 1, equation (3) is reduced to
—Av + Vw - Vv = h(x)v? in RY. 4)

This equation has received a lot of attention in recent years by mathematicians.
Concerning to the class of stable solutions, the Liouville properties were shown in [2],
[4]-[6] for p > 1. Concerning the positive supersolutions of (4) without weight
(h = 1), some nonexistence result was obtain in [7].
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For the parabolic model (1) in the special case \; =1, h =1 and w = 0, we have

v; — Av =P in RY x R. (5)
The nonexistence of positive solutions is conjectured to be true when the exponent
l<p< N +2
P=N=—2

The answer for this question is confirmed for the low dimension N < 2, see [8]-
[14]. Recently, the existence and nonexistence of positive supersolutions to (5) has been
obtained in [15] where the equation has no supersolution provided that

N + 2]

—oo, 1)U (1, ——
pe ooy (12

In this paper, we defined a positive supersolution of the equation (1) is a function
v € C*HRY x R) such that

vy — Ayv + Vyw - Vo > h(z)oP.

Remark that our model (1) is a natural extension of the models (4) and (5). Therefore,
if we can prove some results for (1), we also obtain the corresponding ones for such
particular equations. Notice also that the techniques used in [7] and [15] are applied
for the Laplace operator only and not for the general operator as A,. Motivated by
recent results on the elliptic and parabolic equations of Lane-Emden type [4], [7], [15],
we prove the nonexistence result for the class of positive supersolutions of (1) in the
general case of operator Ay. As special cases of our result, we recover some previous
results in [7] and [15].

2. Main result

The main result of this paper is as follows:

Theorem 2.1. Let (H1), (H2) hold true. Suppose that h is a weight function which is
continuous and satisfies

h(x) ~ |z|S, a0 > 0, for |z| sufficiently large

and the advection term w is bounded from below and there is a constant v < 1 + «
such that
Vaw(x)| < O+ |z]]) in RY.
Then, there has no positive supersolution of (1) provided that
Q+2+«
"Q+2—min(2,1—7)

where Q) is the homogeneous dimension of RY.

p € (—o0, 1)U (1

29



Section on Information and Communication Technology - Vol. 12, No. 02 (Dec. 2023)

As mentioned above, our result recovers some results in [7] and [15] due to the general
operator A,. Remark also that our result concerns with a class of advection which is
different with that in [2]. In [2], the advection satisfies the free divergence condion,
where in our paper, we do not require this. In the super critical case, the existence of

positive supersolution of (1) when p > Q+2+ﬁ21_7) has not been solved.

We generalize the idea in [7], which is only applied to the Laplace operator, to the
general case of A,. More precisely, to prove Theorem 2.1, we develop the rescaled
test-function method in the case

2
1<p< Q+'+a )
Q+2—min(2,1 — )

In the case p < 1, we use a kind of the maximum argument, see [15]—[17].

The rest of this paper is to prove Theorem 2.1.

3. Proof of main result

In this section, the proof of Theorem 2.1 is divided into two cases.
Case 1. p < 1.

Assume on the contrary that v is a positive supersolution of (1) with p < 1. Let us
put z = % > (0, then we obtain the following equation

2|Viz|?
-z + Az —Vyw-Vyz > h($)22_p + M (6)
z
We use the following notation
B, ={(z,t) € RY x R; |lzs| < 7%, |t| < r?}.

Let us consider ¢ € C=°(RY x R; [0, 1]) be a cut-off function such that ¢ = 1 in B; and
¢ = 0 outside B,. Let m be a positive number chosen later on, for » > 0, we construct

<b(:mt)=¢>””‘(ﬂ 2oy t)_

Tel’freg" TeN’ﬁ

By the compactness of the support of the function z¢,, there is a point (z,,t,.) € By,
such that

2(@r, tr)¢r (2r, ty) = mAX 2.

In particular,

z2(xp, )b (2, t,) — sup z >0 as r — oo.
RN xR

It follows from the assumption (H2) on \; that
(Z¢r)t(xr7 tr) = O, v)\(ngr)(zm tr) =0

30



Journal of Science and Technique - ISSN 1859-0209

and
Ax(zo) (2, t) < 0.

Hence, we estimate at (z,,t,) as

2( oy AVAX
—z = ﬁr)t, Vaz = —¢—i¢ (7)
and the second derivative
A)\Z S _ZA)\(br o 2V)\Z : V)\(br. (8)

br br

Inserting (7) into (8), we arrive at (x,,t,)

A 2

A)\ZS—

r

Taking into account (6) and (9), we obtain (z,,t,)

V)\w . V)\Zgbr + hv2_p¢r + ZAA¢T S Z(gbr)t' (10)
Replacing (7) into (10), we obtain at (z,,t,)
—V,\w : v)\(brv + hvzip(br + ZA)\(br S Z<¢r>t~ (1 1)

Furthermore, the assumptions (H1), (H2) imply that

n—2

C m—2
\Awr(xr,tr)l < ﬁgbrm (177”751“)7

and

C m
IVadr (2, )] < ?¢Tm (T, 1), [(Dr)e (@, tr)| < _2¢Tm (0, tr).-

Notice that |V w(z,)| < Cr?, then (11) follows:

m—2

. C
h<xr>22 p(xratr)¢r(xr7tr) S mz<<xr7tr)¢rm (xmtr)-
2

We now choose m = yu— which is equivalent to
Clz,|$, we obtain:

m—2

= —p. Then, using h(z,) >

_ _ C
2 p(xratr)¢72" Pz, t,) < m 2(Tr, ) Or (s tr).

This shows that
- e
Z (‘Tra )¢ (:Cra ) S rmin(2;1—7)+a '

Since p <1 and v <14+ a, we have 1 —p >0 and 14+ a —~ > 0. Letting r — oo, we
obtain sup z < 0 which is impossible since sup z > 0. 0
RN RN xR
Q+2+a

Case 2. 1< p< .
e s I SPS O 21— )
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Let us choose a test function ¢ € C®°(RY x R; [0, 1]) with the property that ¢ = 1
in By and ¢ = 0 outside B,. For r > 0, let us put

¢<xt)=<z>m(ﬂ o t)

where m is a positive parameter chosen later on. Assume that (1) has a positive
supersolution v. From (1) with the test function ¢,(x,t)exp(—w), one has

/ (v — A\vp,. + Vyw - Vyve,) exp(—w)dxdt > / huP ¢, exp(—w)dxdt.
BZT BQT
Applying an integration by parts, we obtain:
/ v((pr) — Andy) + vV w - Vg, dxdt > / huP ¢, dxdt. (12)
BQT\BT By

As in the first case, by the assumptions on the functions );, we arrive at

C m=2 C m=1
| — Axgy| < ﬁcbrm , |Vagr] < 7@7” ,

and
C m—1
[(r)e] < ﬁcbrm :

In addition, the behavior of the advection terms yields

|Vyw(x)| < Cr” on By, \ B,.

Taking into account these estimates and (12), we receive:

m—2

/ huP o, dadt < % / vorr dadt. (13)
B pmin(21=7) f \B,
27 27 r

We next apply the Holder inequality in the right hand side of (13) to obtain:

P

1
m—2 (m=2)p P P
/ v drdt < ( / hP e, ™ d:cdt> ( / h—p—lldxdt) . (14)
627‘\67‘ B2T\Br BQT\BT‘

We now choose the parameter as m = Z% or equivalently % = 1. Thus, we deduce
from (14) and (13) that
o min(2,1—7)
/ huP o drdt < Crot2— a1~ 0 (15)
827'

When p < QH_Q+;E;I_W the exponent in the right hand side of (13) is negative.

Thus, we obtain from (15) by letting r — oo that

/ huPdzdt = 0.
RN xR

This is impossible since v > 0.

32



Journal of Science and Technique - ISSN 1859-0209

We finally consider the borderline case p = W%M Then (15) gives

/ huPdzdt < C
RN xR

which follows that

hu ¢.dxdt — 0 as r — oo.
B2T‘\B’V‘

Combining this and (13), we conclude that
/ huP¢,.dxdt — 0 as r — oo.
B2r

which is again impossible since v > 0. U

4. Conclusions

In this paper, by using a kind of maximum principle and the test function method,
we establish the nonexistence of positive supersolutions of the following equation

vy — Ayv 4+ Vaw - Vo = h(2)v? (2,t) € RY x R.

As special cases of our result, we recover some previous results in [7] and [15]. Notice
also that the techniques used in [7] and [15] are applied for the Laplace operator only
and not for the general operator as Ay. Remark also that our result concerns with a class
of advection which is different with that in [2]. In [2], the advection satisfies the free
divergence condion, where in our paper, we do not require this. In the super critical
case, the existence of positive supersolution of (1) when p > Q+2+% has not
been solved.
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SU KHONG TON TAI NGHIEM CUA

PHUCONG, TRINH PARABOLIC SUY BIEN
CHUA SO HANG BINH LUU CO TRONG

Pao Trong Quyét, Khudt Quang Thanh, Bui Thi Nga

Tom tat
Trong bai bdo niy, chiing t6i quan tim dén phuong trinh
vy — Azv + Vaw - Vav = h(z)v? (z,t) € RY x R.
O day, p 1a mot sb thuc, w 1a mot ham tron, > 0 13 ham trong, lién tuc thda man mot sb

diéu kién ting trudng & vo cuc, Ay 1a todn ti elliptic dudi dugc dinh nghia bsi

N
=1

va V) la gradient tuong ung véi todn ti Ay. S dung nguyén ly cuc dai va phuong phap
ham thti, ching toi thiét 1ap két qua vé su khong ton tai nghiém trén duong cla bai toan trén.

Tu khoa

Két qua vé su khong ton tai, nghiém trén duong, todn ti suy bién, s6 hang binh luu,
toan ti A-Laplace, ham trong.
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