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ABSTRACT

This paper presents a numerical procedure for geometrically nonlinear and
dynamic analysis of Euler-Bernoulli beams based on the framework of isogeometric
approach. The method utilizes B-spline as the basis functions for both geometric
UHSUHVHQWDWLRQ DQG DQDO\VLV 2QO\ RQH GHAHFW
freedom) is used for each control point. It allows us to use few degrees of freedom while
retaining high accuracy of solution. Two numerical examples are provided to illustrate
the effectiveness of present method.

Keywords: ,VRJHRPHWULF DQDO\VLV (XOHU %HUQRXO:«
QRQOLQHDU G\QDPLF

Introduction proposed a novel computational method of so-
7KH ¢QLWH HOH P H Q vealigsiisgggomegic Ayqlgsist XIKHV .
is well known as the most powerful The IGA uses basis functions which

and reliable tool for computation andH[DFWO\ GHVFULEH WKH JH
simulation of all engineering problems.DSSUR[LPDWH VROXWLRQV
,Q WKH VWDQGDUG )(0 fonP HaskK flkrt@HsU &f WHeRsPandard
needs to be used to transform the physig 0 EDVHG RQ /DJUDQJH SF
GRPDLQ LQWR DQ DQD O\ ¥bgéometicW &pprQaldh J HtitzZedd \whore

LH D ¢QLWH HOHPHQW dehktvaKbasis \Wikctitnk $diclv asPESIplides
VKDSHYV H J VWUDLJIKW Non:-nHorm WRatioDa® JB $plines
TXDGULODWHUDOV WHWWORBS)GhaDate chkrhjdhKriHCbputer HW
IRU ' ' ' SUREOHPV BHEGBBFWNVYHQ\ &% 3LHJO
6XFK ¢QLWH HOHPHQW )H[DFHW KIHH\R DHOIMWUR QO\WKHUH ||
DQ DSSUR[LPDWLRQ WR WeddaRddtlevkel@DuiScratiz&ien-awdthe

and they lead to the geometrical errare-meshing is performed on this coarsest

with curved domains. To overcome thisevel without any communication with

G LV D G Y BuQhaset aHhave recently CAD geometry. Isogeometric analysis has
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been widely applied to various practicafreedom (without rotational degrees of
problems such as linear and non-linedreedom). It is then applied for nonlinear
HODVWLFLW\ DQG SOD YV vahdrdynarhidearatyBisrdf Ri beathX.H G M

VWUXFWXUDO YLEUDY\EFaSYis oufirRyGYYdHIWS Rine
WKH SODWHBeraooa §KHP YHFWLRQ WKH EHDP IR

9HLJD %HQVRQ onl -s%lﬁ;‘lé)basis function is presented.
7KDL VWUXFWXUDO VKdgibh RSSV\fié\)?)t'eiDW&Rkénchmark

:DOO DQG IXUWIH P HUREEBYH[®PSOHY JHRP
185%6 DSSURDFKHYV 1alwél\y5|§3cc7n§i(§é@1§ von Karman strain
HWF for cantilever beam and dynamic analysis

Beams - the most famous andf simply supported beam undergoing
simplest structures are widely used inciviKk DUPRQLF H[FLWHG IRUFH €
and aerospace engineering. Among variogeme remarking conclusions.

EHDP WKHRULHV (XOHU At QBatOiéihuldibhDoBsed

theory - EBT (also called as engineer'g_gpline basis function

EHDP WKHRUV 2DV ¢ UVWOVHYWREGLVKRG BIHEXS

in 1750 by Leonard Euler and Danie{heor

Bernoulli with assumption that plane
sections remain plane and perpendicular In the Euler- Bernoulli theory of an

WR WKH QHXWUDO D[LVLGXWVYUBPLEHBERBI WKH YRQ
(%7Ct FRQWLQXLW\ RI WKHREYSEVW[RP PR LRIGDO VWUDL
¢HOGV DFURVV HOHPH&®M) ERXQGDULHV LV

needed and cubic Hermitian basis 12 2w "

IXQFWLRQV DUH WKHUHIRUH XV H 6™ $V D UHV’Q)OW

WKH FRQIRUPLQJ )( DSSERILPPWWKH KD EYYHUVH G

general two degr‘ees of freedom per ea id-plan of the beam; and all other strains
QRGH GHAHFWLRQ DQG aYe 50%H ,Q WKLV SDSHU

we study numerically Euler—Bernoulli '
beams using B-spline-based isogeometric XH WR WKH DV V XPSWLRQ
approach combined with a rotation-fred€® Cauchy stress tensor will be used

technique & RWWUH OO _ o}aq_li? §thEf virtual strain energy can be
7KH PHWKRG XVHV RooO\HRRHEWTRPEHIUHHY

A a
®, , GHV 3 (Gw)Gw, D & wg dl 2)

ZKHUH PDWHULDO FRPSRQHQWY DUH GH¢{QHG DV

h/2

M D' 3 EA, 7 dz (3)

7KH YLUWXDO ZRUN GRQH E\ WKH H[WHUQDOO\ DSt
W 3@vdl (4)

whereq is the distributed transverse load (measured per unit length).
Kinetic energy is given as:

& om@EdvY 3 S oivdsl
v L (5)
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where ¢/sare the mass density and.- And the second one is a knot vector

DUHD RI FURVV VHFWLRCE={&.4...&,,.) wwhidh ofs  a non-
I o decreasing sequence of parameter values
The Hamilton’s principle for an

HODVWLF ERG\ 5HGG\ / Wik gpny p. Where [ -Rcalledi®
knot lies in the parametric space. If the

§ Kou, wat 0 G (6) ;UVW DQG WKH ODVWINQRW
WLPHVY WKH NQRW YHFWRU

Integratmg by parts of Eq. (6) yieldsg_gpjine basis function i€ continuous

3 wadG U, @wdt o (7) inside a knot span ar@* continuous at

' a single knot.

B-spline basis function The B-spline basis functions

7R EXLOG D % VSOLQHNI(Q ROHH LPHOQYHKBQUHFXUVL
ZH QHHG WR GH¢{QH W Zeorrggpohding Wnot Téectdr siet Withh order
one is two positive integers: a polynomigh = 0 as follows:
degreep and number of control point

4

10t /d [
No / e
0 otherwise
/ I 2 l ipl l 1
and forp t1: N Nip./ , —N 8
P P ip [i e [ ip1l il 1}0 ' ( )
Figure 1 illustrates a set of one- X UHVSHFW

GLPHQVLRQDO OLQHDU T X¥kiedd havthe basisXfEriconDaes

quartic B-spline basisfunctionsaccordingtql:RQV\/LQXvaptz? KXWKHDSBUHVH
RSHQ XQLIRUP NQRW YHFWREVRDFK DO ZbreyuildDantliny ¢ HV
DSSUR[LPDWH IRUPXODWLRQV

Figure 1. Some B-spline basis functions: linear, quadratic, cubic and quartic functions.
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B-spline based approximate 6XEVWLWXWLQJ (TV
formulation Eq.(7) and noting thai® is arbitrary for

,Q WKH LVRIJHRPHWUdnkt.B,0DWOKXW WWIKHDPLOWRQ
B-spline basis functions are used to descrilzan be rewritten as:

WKH JHRPHWU\ DQG WKH GHHFWLRY ¢HOG (10

w iNA[ Wy (9) wherew is the vector of nodal degrees of
IUHHGRP DQG VWLIIQHVYV PD\
where w, LV WKH GHAHFWLR@G GRIUBHH HFIWRU DUH GHyg
freedom associated to control point A.

ixx 'Y jxx

| nl A
Ki D NuNjdl K w3 NNdI,

M, & NNdl F & Ndl (11)
Numerical results RI WLPH WKH LQHUWLD IRU
Elastostatic analysis +tHQFH (T UHGXFHV WR

| nl
/JHW FRQVLGHU cuvwo\*pX ¥plowLoHyYHUl2)

EHDP VKRZQ LQ )LJXUH DW WMXEMMHAWH®@ WKDW WK
to uniformly distributed load. In this LQ (T DVVRFLDWHG ZLWK

H[DPSOH WKH SDUDPH B\\‘,ﬁ, FF?LHVWTIP |£§J-|H \i(/?\\JNQLV:
El PR

WKH OHQJI¥K aftlg=b.H UH EHQH¢W IRU VROYLQJ
Because the beam involves no motioproblem through the Newton-Raphson

and the applied forces are independet WHUDWLRQ SURFHGXUH 5H(

Figure 2. Cantilever beam: (a) model; (b) meshing.

(@) q

ET

(b)

Figure 2b illustrates quadraticH[FHOOHQW DJUHHPHQW Z
elements with each DOF per each controhe. As considering the nonlinear strain
point (in circle). The displacement of FRPSRQHQW LQ (T WKH V
the cantilever beam is plotted in Figurés stiffer with the additional Kterm. It

$V VHHQ WKH REWDL QDA HWH WKHW HIR W) WKMH\GHAL
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J)LIXUH 7KH GHAHFWLRQ RI FDQWLOHYHU E
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Figure 4 shows the variation ofbeam compared with the linear results.
W KH G H A tatFthe lfrBeQend of beamThe stiHU EHKDYLRU LV H[SOD
according to level of load. It can beadditionally induced membrane stresses
recognized thatthe geometricallynonlineaQ HDU WKH FODPSLQJ SRLQW
results produce a ster reaction of the predicted by any linear theory.

Figure 4. The relationship between displacement at=L and applied load
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Force vibration analysis %\ UH P.RYLQ_J WKH QRQOITQ HD
Q WKLV VHFWLRQ zf° WhpRie paystian, ob Rpgr-Bernoull

pined thin beam (see Figure 5a) with thgeam can be written as:
SDUDPHWHUYV JLYHQ LQ WiKHKS UFH YISR XV H[DPSOH
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Figure 5. Pinned-pinned beam: (a) model; (b) meshing

P=sin(wt)
EI l
(a)
S 7 B, %
(b) 1 2 3 4 5 6 7 8

, I WKH H[WHUQDO IR Urkdfie lattulatd) $olutioh than that of the
EHFRPHY HLJHQYDOXH Sdu&lEatcHdterdeikitl BIKIGAQdaRY worse
the natural frequency- R satisfying the than that of the cubic element with 7
general free-vibration equation form subdivisions depicted as Figure 5b. (2)

K' 2m| o (14) the present method can provide accurately

high frequencies while using only coarse

7KH ¢UVW VL[ IUHT X tesh wih/fevk DOF$. @ipu@ 7 plots the
pined thin beam are revealed in Figurg UVW VL[ PRGH VKDSHV W
6. The general observations are: (1) witthe shapes of mode described through
WKH VDPH RI GHJUHH Rthel codtIGoRIMS inXjrele and are very
the Hermitian element using cubic shapgmoothing.
IXQFWLRQV <RXQJ JDLQV VOLJKWO\

JLIXUH  7KH ¢UVW ¥ affthelpidetpidel EninHhdam
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J)LIXUH 7KH ¢UVW VL[ PRGH VKDSHV RI WKH SLQ

<0 A . )
14 y 15 Py " \

1RZ OHW XV FRQVLGHW DHK® N RIRE)NE FhE pibedipined

H [ F L WD $W2d) @pplied at the middle thin beam. It is seen that solution of the
of the beam. This problem is solved usingubic element is a good competitor to the
WKH 1HZPDUN PHWKRG +WWRBSWDDQ ¢QLWH HOHPHQW

with time stept 10°s. Figure 8 reveals

JLIXUH 'H A KEEIY bf Bh€ piDad-pined beam subjected harmonic force
H[FLWDWLRQ
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Conclusion WKH +HUPLWLDQ HOHPHQW W
,Q WKLV ZRUN ZH XVHREWOVGOLOQHUEODMEMOOHQW L
functions to analyze the Euler—Bernoullwithout increase of computational cost. In
beam problems. The control variablelDGGLWLRQ WKH GHVFULEHG P
of the isogeometric element is onlysmoothing even though a few control points

GHAHFWLRQ GHJUHHYV R lateusdd.@ R Ehus:\ew promisikdt@rhodel
reduction of total of DOFs compared witimore complicated structures in practice.
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