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Introduction

Problems in engineering are 
necessary to be tackled for obtaining 
better understandings about what happens 
to a quantity (predictor or dependent 
variable) as other factors and parameters 
change or what the relationship between 
a quantity (normally called predictor) 
and other different factors or variables. 
A mathematical model is necessarily 
�W�R�� �F�U�H�D�W�H�� �W�R�� �J�R�Y�H�U�Q�� �W�K�H�� �S�U�R�E�O�H�P�V���� �L���H�� �D�Q��
investigation on behavior of the quantity 
under consideration in relationship 
with other variables and parameters is 
postulated. Based on prior knowledge 
�D�Q�G�� �U�H�V�H�D�U�F�K���� �G�D�W�D�� �R�U�� �Y�D�U�L�D�E�O�H�V�� �V�K�R�X�O�G�� �E�H��
�V�W�X�G�L�H�G�� �D�Q�D�O�\�W�L�F�D�O�O�\�� �R�U�� �H�[�S�H�U�L�P�H�Q�W�D�O�O�\��
via other mathematical tools or by tests 
�D�S�S�U�R�S�U�L�D�W�H�O�\�����,�Q���V�X�F�K���F�D�V�H�����I�R�U���T�X�D�Q�W�L�I�\�L�Q�J��
�Y�D�O�X�H�V���R�I���Y�D�U�L�D�E�O�H�V�����S�D�U�D�P�H�W�H�U�V�����F�R�H�I�¿�F�L�H�Q�Ws 

�D�Q�G�� �R�W�K�H�U�� �U�H�O�D�W�H�G�� �I�D�F�W�R�U�V���� �L�W�� �L�V��necessary 
to establish some information about the 
relationship between these variables and 
parameters���� �V�R�� �W�K�D�W�� �V�R�P�H�� �H�T�X�D�W�L�R�Q�V�� �R�U��
�H�[�S�H�U�L�P�H�Q�W�V�� �F�D�Q�� �E�H�� �G�R�Q�H�� �W�R�� �Y�H�U�L�I�\�� �W�K�H��
theorem. 

Dimension analysis is a useful method 
among many different approaches to check 
such the relations among parameters using 
their dimensions.

�%�H�V�L�G�H�V���� �L�W�� �L�V�� �W�R�� �G�H�W�H�U�P�L�Q�H�� �Z�K�L�F�K��
variable(s) or parameter(s) affects most on 
predictor and cause the greatest change for 
output results. Sensitivity Analysis then 
�V�K�R�X�O�G�� �E�H�� �F�R�Q�G�X�F�W�H�G�� �W�R�� �¿�Q�G�� �R�X�W�� �Z�K�L�F�K��
variable(s) affect most to predictor or 
dependent variable.

The main idea for this article is 
to tentatively study how to connect the 
method of dimensional analysis and 
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ABSTRACT

This paper represents a method of establishing a mathematical model for determining 
the radius of R-wave propagation during pile driving. It is necessary to point out the 
relation between the pile driving energy, duration of pile driving, soil medium, damping 
�D�Q�G�� �R�W�K�H�U�� �I�D�F�W�R�U�V���� �'�L�P�H�Q�V�L�R�O�� �0�D�W�U�L�[�� �0�H�W�K�R�G�� �K�D�V�� �E�H�H�Q�� �X�V�H�G�� �V�S�H�F�L�¿�F�D�O�O�\�� �W�R�� �F�U�H�D�W�H�� �W�Z�R��
�J�U�R�X�S�V���R�I���G�L�P�H�Q�V�L�R�Q�O�H�V�V���Œ���W�H�U�P�V�����L���H���P�D�W�K�H�P�D�W�L�F�D�O���H�[�S�U�H�V�V�L�R�Q�V���U�H�J�D�U�G�L�Q�J���W�K�H�V�H���Y�D�U�L�D�E�O�H�V��
or factors. Results indicates the radius of R-wave propagation: a) is proportioning to 
the square root of Energy; b) inversely varies to density of soil medium; and c) fastly 
�G�H�F�U�H�D�V�H�� �Z�L�W�K�� �G�L�V�W�D�Q�F�H�� �W�R�� �W�K�H�� �S�R�Z�H�U�� �������������� �R�I�� �G�L�V�W�D�Q�F�H���� �3�R�Z�H�U�� �I�R�U�P�� �R�I�� �G�L�P�H�Q�V�L�R�Q�O�H�V�V��
�S�U�R�G�X�F�W�V�� �Œ���W�H�U�P�V�� �P�D�\�� �E�H�� �V�X�L�W�D�E�O�\�� �V�W�X�G�L�H�G�� �W�R�� �¿�Q�G�� �R�X�W�� �Z�K�L�F�K�� �Y�D�U�L�D�E�O�H�� �D�I�I�H�F�W�V�� �P�R�V�W�� �W�R��
predictor using sensitivity analysis. 

Keywords:���'�L�P�H�Q�V�L�R�Q�D�O���D�Q�D�O�\�V�L�V�����5���Z�D�Y�H�����S�L�O�H���G�U�L�Y�L�Q�J���H�Q�H�U�J�\��



72
Mathematical models for determining the radius of

r-wave propagation due to pile driving using dimensional analysis

method of sensitivity analysis making use 
the fast divergence of power function. The 
procedure is to start gaining information 
for mathematical model by dimensional 
�D�Q�D�O�\�V�L�V���¿�U�V�W�����W�K�H�Q���E�\���D�Q�D�O�\�]�L�Q�J���V�H�Q�V�L�W�L�Y�L�W�\��
in order to point out the better information 
about how predictor varies as input data of 
variables change. �$�P�R�Q�J���S�R�S�X�O�D�U���V�S�H�F�L�¿�F��
�S�U�R�E�O�H�P�V�� �L�Q�� �F�R�Q�V�W�U�X�F�W�L�R�Q���� �G�H�W�H�U�P�L�Q�L�Q�J��
the radius of Rayleigh wave propagation 
during pile driving is highly concentrated. 

Problem statement and Procedure

�'�X�U�L�Q�J�� �S�L�O�H�� �G�U�L�Y�L�Q�J���� �H�Q�H�U�J�\�� �L�V��
delivered to pile and makes the pile 
penetrates into soil. Most of the energy 
distributed to the soil around the shaft of 
pile and right under the pile tip makes the 
soil around pile vibrate. 

This paper deals with determining 
the radius of wave propagation in terms of 
as many as possible parameters or factors 
�U�H�O�D�W�H�G���� �L�Q�F�O�X�G�L�Q�J�� �V�R�L�O�� �P�H�G�L�X�P�� ���G�H�Q�V�L�W�\����
�S�K�\�V�L�F�� ���� �P�H�F�K�D�Q�L�F�D�O�� �F�K�D�U�D�F�W�H�U�L�V�W�L�F�V����
�G�D�P�S�L�Q�J�«������ �H�Q�H�U�J�\�� �R�I�� �S�L�O�H�� �G�U�L�Y�L�Q�J���� �D�Q�G��
displacement or distance. 

This is the advanced model as 
compared to previous paper published by 
�D�X�W�K�R�U���� �,�Q�� �W�K�L�V�� �V�W�X�G�\���� �Y�D�U�L�D�E�O�H�� �U�H�O�D�W�L�Q�J�� �W�R��
displacement is added to take the damping 
of medium into account. For a general 
�S�U�R�F�H�G�X�U�H�����H�Q�H�U�J�\���R�I���S�L�O�H���G�U�L�Y�L�Q�J���L�V���V�L�P�S�O�\��
�V�W�X�G�L�H�G���W�R���E�H���H�Q�H�U�J�\���� �R�I���Z�K�L�F�K���G�L�P�H�Q�V�L�R�Q��
�L�V�� �W�D�N�H�Q�� �D�V�� �W�K�D�W�� �R�I�� �Z�R�U�N�� �G�R�Q�H���� �L���H�� �I�R�U�F�H��
multiplied by distance.  

Method 

�'�L�P�H�Q�V�L�R�Q�D�O�� �D�Q�D�O�\�V�L�V���� �G�H�Y�H�O�R�S�H�G�� �E�\��
�%�X�F�N�L�Q�J�K�D�P���L�Q���������������Z�D�V���F�K�R�V�H�Q���W�R���E�H���D��
simple tool for establishing mathematical 
relation between parameters of the problem 
under consideration. 

The relationship between factors and 
physical parameters can be written as 

�5�� � �� �)�X�Q�F�W�L�R�Q�� �R�I�� ���S�D�U�D������ �S�D�U�D���«����
para n�����I�D�F�W�R�U�������I�D�F�W�R�U�����«�I�D�F�W�R�U��m) 

�1�X�P�H�U�L�F�D�O�� �Y�D�O�X�H�V�� �R�I�� �S�D�U�D������ �S�D�U�D���«
are possible measurable; meanwhile 
�I�D�F�W�R�U�������I�D�F�W�R�U�����«���Z�L�O�O���E�H���G�L�P�H�Q�V�L�R�Q�O�H�V�V����
We say R is dependent variable or what 
we want to know its relation with the rest 
�S�D�U�D���«�S�D�U�D��n and/or factors which are 
generally called independent variables or 
�F�R�Q�W�U�R�O���Y�D�U�L�D�E�O�H�V�����,�Q���G�L�P�H�Q�V�L�R�Q�D�O���D�Q�D�O�\�V�L�V����
para1 and others can be dependable 
mutually so that we can write:

[Constant] = [para1]a [para2]b�«
[para n]i

Whereas 

[para1] stands for dimension of 
�S�D�U�D�������D�����E�����«�L���D�U�H���U�H�D�O���Q�X�P�E�H�U��

�,�I�� �H�[�S�U�H�V�V�H�G�� �D�V�� �D�Q�R�W�K�H�U�� �I�R�U�P�� �R�I��
power function in terms of dimensionless 
parameters and variables which called 
�Œ���W�H�U�P�V���D�V���I�R�O�O�R�Z�H�G��

immm paraiparapara
R

...21 21
� �S

This is a dimensionless product 
through which we can come to another 
�I�R�U�P���R�I���H�[�S�U�H�V�V�L�R�Q���D�V���I�R�O�O�R�Z�V��

),...,( 21 kn��� �S�S�S�I�S

Where n is the number of parameters 
�D�Q�G�� �I�D�F�W�R�U�V���� �D�Q�G�� �N�� �L�V�� �W�K�H�� �Q�X�P�E�H�U�� �R�I��
dimension independent variables of both 
the n parameters and factors. We can 
understand hereinafter that k is the number 
of dimensions used.

The correlation between 
dimensionless parameters and factors is 
valid regardless of the system of units 
because this is dimensionless correlation. 
�7�K�H���Œ���W�H�U�P�V���Z�L�O�O���J�L�Y�H���X�V���L�Q�I�R�U�P�D�W�L�R�Q���D�E�R�X�W��
the mathematical relationship between 
�S�D�U�D�P�H�W�H�U�V���D�Q�G���I�D�F�W�R�U�V�����V�R���W�K�D�W���Z�H���Z�L�O�O���E�H���D�E�O�H��
to understand more about the dependent 
�Y�D�U�L�D�E�O�H�� �X�Q�G�H�U�� �F�R�Q�V�L�G�H�U�D�W�L�R�Q���� �%�H�V�L�G�H�V����
�X�V�L�Q�J���W�K�H���P�H�W�K�R�G���R�I���G�L�P�H�Q�V�L�R�Q�D�O���D�Q�D�O�\�V�L�V����
many useful groups of information 
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between parameters (variables) can be 
�H�V�W�D�E�O�L�V�K�H�G�� �L�Q�� �P�D�W�K�H�P�D�W�L�F�D�O�� �H�[�S�U�H�V�V�L�R�Q�V��
(�$�E�G�H�O�D�]�L�]���� �/����et al.���� ��������)���� �%�\�� �W�K�H�� �Z�D�\����
for the relationship between parameters is 
�G�L�P�H�Q�V�L�R�Q�O�H�V�V���� �L���H�� �L�Q�G�H�S�H�Q�G�H�Q�W�� �R�I�� �V�\�V�W�H�P��
�R�I�� �X�Q�L�W�V���� �Z�H�� �F�D�Q�� �F�U�H�D�W�H�� �S�K�\�V�L�F�D�O�� �P�R�G�H�O��
�I�R�U���W�H�V�W�L�Q�J�����U�H�S�O�D�F�L�Q�J���D�Q�G���G�H�W�H�U�P�L�Q�L�Q�J���W�K�H��
values of this parameter in terms of other 
parameter(s) in a pilot plan for a similarity 
�I�U�R�P���G�L�P�H�Q�V�L�R�Q�O�H�V�V���S�U�R�G�X�F�W�V���R�I���Œ���Q�X�P�E�H�U�V����

 Dimension Matrix

�0�H�W�K�R�G���5�D�\�O�H�L�J�K�����Z�K�L�F�K���F�D�Q���E�H���H�D�V�L�O�\��
�D�S�S�O�L�H�G���W�R���F�U�H�D�W�H���D�Q�D�O�\�W�L�F�D�O���H�[�S�U�H�V�V�L�R�Q�V���R�I��
power number gives result of less than 
�I�R�X�U�� �S�D�U�D�P�H�W�H�U�V���� �Z�K�L�O�V�W�� �'�L�P�H�Q�V�L�R�Q�D�O��
�0�D�W�U�L�[�� �0�H�W�K�R�G�� �F�D�Q�� �E�H�� �V�X�L�W�D�E�O�\�� �X�V�H�G�� �I�R�U��
models with more than 4 parameters for 
complicated models with more detailed 
information. The latter have proved to be 
very powerful in data processing using 
computer programming and unlimited 
number of variables. The method is as 
follows:

�9�D�U�L�D�E�O�H�V�� �L�Q�F�O�X�G�L�Q�J�� �S�D�U�D�P�H�W�H�U�V��
with or without dimensions will be listed 
as many as possible. The more number 
�R�I�� �Y�D�U�L�D�E�O�H�V�� �L�V���� �W�K�H�� �E�H�W�W�H�U�� �L�Q�I�R�U�P�D�W�L�R�Q��
about the relationship can be withdrawn. 
Dimensions of these parameters will be 
prescribed in matrice as follows:

�0�����/�����7�����D�U�H���I�X�Q�G�D�P�H�Q�W�D�O���G�L�P�H�Q�V�L�R�Q�V��

�R�I�� �0�D�V�V���� �/�H�Q�J�W�K���� �D�Q�G�� �7�L�P�H�� �U�H�V�S�H�F�W�L�Y�H�O�\����
�%�� �L�V�� �P�D�W�U�L�[�� �R�I�� �L�Q�G�H�S�H�Q�G�H�Q�W�� �Y�D�U�L�D�E�O�H�V��
�D�Q�G�� �$�� �L�V�� �P�D�W�U�L�[�� �R�I�� �G�H�S�H�Q�G�H�Q�W�� �Y�D�U�L�D�E�O�H�V����
Independent variables can be measured 
to verify the variation of dependent 
�Y�D�U�L�D�E�O�H�V�����0�H�D�Q�Z�K�L�O�H�����G�H�S�H�Q�G�H�Q�W���Y�D�U�L�D�E�O�H�V��
�D�U�H�� �F�R�P�P�R�Q�O�\�� �R�I�� �J�H�R�P�H�W�U�L�F�D�O�� �D�W�W�U�L�E�X�W�H�V����
�P�D�W�H�U�L�D�O�� �D�Q�G�� �H�[�W�H�U�Q�D�O�� �O�R�D�G�� �R�U�� �J�U�D�Y�L�W�\��
���%�R�]�L�G�D���6�W�R�M�D�G�L�Q�R�Y�L�F����������������

�)�R�U�� �H�[�D�P�S�O�H���� �Z�H�� �F�R�Q�V�L�G�H�U�� �Z�K�D�W��
information to be provided to model 
�U�H�O�D�W�H�G���W�R���G�L�V�S�O�D�F�H�P�H�Q�W���X���� �W�L�P�H��t���� �P�D�V�V��m 
and span L���«

�:�K�H�U�H�� �L�Q�G�H�S�H�Q�G�H�Q�W�� �Y�D�U�L�D�E�O�H�V�� �D�U�H�� �W����
mass mL���� �O�R�F�D�W�L�R�Q�� �[���� �V�L�]�H�� �R�I�� �V�W�U�X�F�W�X�U�H�� �E����
�W�H�P�S�H�U�D�W�X�U�H�� ���I�R�U�� �H�[�D�P�S�O�H�����T; dependent 
variables are mp�����/�����J�U�D�Y�L�W�\���D�F�F�H�O�H�U�D�W�L�R�Q���J������
There are m=6 and n=3 out of 9 variables.

A notation is that even some constants 
�R�U�� �F�R�H�I�¿�F�L�H�Q�W���V���� �P�D�\�� �E�H�� �L�Q�V�H�U�W�H�G�� �L�Q�W�R��
�G�L�P�H�Q�V�L�R�Q�D�O���P�D�W�U�L�[�����L�Q���J�H�Q�H�U�D�O���L�W���U�H�V�X�O�W�V���L�Q��
more complicate and troublesome matters 
and unwanted errors. 

�0�D�W�U�L�[�� �R�I�� �X�Q�L�W�\�� �,�� �L�V�� �$-1A and a 
diagonal one.

�0�D�W�U�L�[�� �&S = (- A-1B) T will be the 
�¿�Q�D�O���U�H�V�X�O�W�V���0�D�W�U�L�[���R�I���'�L�P�H�Q�V�L�R�Q���K�D�V��m+n 
�F�R�O�X�P�Q�V�� �D�Q�G�� ���� �U�R�Z�V���� �K�H�Q�F�H�� �W�K�H�U�H�� �D�U�H�� �P��
�Œ���W�H�U�P�V���D�Q�G���&S is a nm�u �P�D�W�U�L�[��

���$�I�W�H�U���¿�Q�G�L�Q�J���R�X�W���P�D�W�U�L�[���&S�����Z�H���K�D�Y�H��
m groups of informations as follows:

�D�S fa.1 � ; 
�G�S

g
b

� 2

���«��
�J�S hdm .�  (1)

�7�K�H�V�H�� �P�� �Œ���W�H�U�P�V�� �T�X�D�O�L�W�D�W�L�Y�H�O�\��
stand for the model and because they 
�D�U�H�� �G�L�P�H�Q�V�L�R�Q�O�H�V�V���� �W�K�H�\�� �F�D�Q�� �E�H�� �S�R�Z�H�U�H�G����
�D�G�G�H�G�����V�X�E�W�U�D�F�W�H�G���R�U���P�X�O�W�L�S�O�L�H�G���D�O�W�R�J�H�W�K�H�U����
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�6�R�P�H�� �U�H�V�H�D�U�F�K�H�U�V�� �S�U�H�I�H�U�U�H�G�� �H�[�S�U�H�V�V�L�Q�J��
them in power forms to other forms. The 
reason is that in power form they can be 
scaled. They are dimensionless products. 
They are so useful that many physical 
models in wide ranges of engineering 
�¿�H�O�G�V�� �D�Q�G�� �S�K�\�V�L�F�D�O�� �V�F�L�H�Q�F�H�V�� �Z�H�U�H�� �P�D�G�H��
and tested using similarity between real 
�V�W�U�X�F�W�X�U�H�V�� �D�Q�G�� �P�R�G�H�O���� �R�U�L�J�L�Q�D�W�H�G�� �I�U�R�P��
these dimensionless products.

Parameters taken into account for 
the problem

As described in all lectures of 
�Y�L�E�U�D�W�L�R�Q���� �U�D�G�L�X�V�� �R�I�� �Z�D�Y�H�� �S�U�R�S�D�J�D�W�L�R�Q��
�G�H�S�H�Q�G�V�� �R�Q�� �W�L�P�H�� �R�I�� �S�U�R�S�D�J�D�W�L�R�Q���� �W�K�H��
density of propagating medium and energy 
�V�X�S�S�O�L�H�G�� �I�R�U�� �Y�L�E�U�D�W�L�R�Q�� �H�[�F�L�W�L�Q�J�� �V�R�X�U�F�H����
Damping characteristics is taken into 
account by decayed displacement of points 
in the surface of free domain vibration. So 
we have �D�W���O�H�D�V�W���� predictable parameters; 
those are 

�‡	Radius of wave propagation 
denoted as R (this is a dependent 
�Y�D�U�L�D�E�O�H������

�‡	�7�L�P�H�� �R�I�� �Z�D�Y�H�� �S�U�R�S�D�J�D�W�L�R�Q����
denoted as t 

�‡	Density of the wave propagation 
�P�H�G�L�X�P�����G�H�Q�R�W�H�G���D�V���!����

�‡	Energy compensated for stirring 
�W�K�H���V�R�X�U�F�H�����G�H�Q�R�W�H�G���D�V��E.

�‡	 Displacement of a point on the 
�V�X�U�I�D�F�H���R�I���V�R�L�O���P�H�G�L�X�P�����G�H�Q�R�W�H�G���D�V��u.

Results

�$�V�� �P�H�Q�W�L�R�Q�H�G�� �D�E�R�Y�H���� �W�K�H�� �S�U�R�E�O�H�P��
under consideration has started with the 
�P�L�Q�L�P�X�P���Q�X�P�E�H�U�V���R�I���Y�D�U�L�D�E�O�H�V�����W�K�H�\���D�U�H����

�‡	Dependent variable R: dimension 
is length [R]= [length]

�‡	 �7�L�P�H���R�I���Y�L�E�U�D�W�L�R�Q�����Z�L�W�K���>�W�@��� ���>�W�L�P�H�@��

�‡	�'�H�Q�V�L�W�\�� �!���� �L�W�V�� �G�L�P�H�Q�V�L�R�Q�� �L�V�� �P�D�V�V��
�G�L�Y�L�G�H�G�� �E�\�� �Y�R�O�X�P�H���� �>�!�@� �>�0�D�V�V�@��
[Length]3

�‡	�(�Q�H�U�J�\�� �(���� �R�I�� �Z�K�L�F�K���� �>�(�@� �� �>�0�@
[Length]2 / [time]2

�‡	Displacement of a point on 
�W�K�H�� �V�X�U�I�D�F�H�� �R�I�� �V�R�L�O�� �P�H�G�L�X�P���� �L�W�V��
dimension [u]= [Length]

�6�R�����G�L�P�H�Q�V�L�R�Q���P�D�W�U�L�[���L�V��

�7�K�H�� �Q�X�P�E�H�U�� �R�I�� �Y�D�U�L�D�E�O�H�V�� �L�V�� �P���Q� ������
as fundamental dimension is 3. So we 
predict that there is 5-3=2 dimensionless 
�S�U�R�G�X�F�W�V�����Œ�����W�H�U�P�V����

Let matrices A and B be: 
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�$�I�W�H�U���V�H�Y�H�U�D�O���D�O�J�H�E�U�D�L�F���F�D�O�F�X�O�D�W�L�R�Q�V�����Z�L�W�K��

CS= (-A-1.B)T

�Z�H���F�R�P�H���W�R���R�E�W�D�L�Q���W�Z�R���Œ�����W�H�U�P�V���D�V���I�R�O�O�R�Z��

    (ii)  

We can write:
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Based on basic characteristics of 
�G�L�P�H�Q�V�L�R�Q�O�H�V�V���S�U�R�G�X�F�W�V�����D�Q�G���D�I�W�H�U���F�D�U�U�\�L�Q�J��
out some algebraic tricks of calculation 
�R�Y�H�U���W�K�H�V�H���Œ���W�H�U�P�V�����I�R�U���G�R�L�Q�J���W�R���W�K�H���S�R�Z�H�U��
�R�I�� �W�K�H�V�H�� �Œ���W�H�U�P�V���� �D�G�G�� �D�Q�G�� �R�U�� �P�X�O�W�L�S�O�\�� �R�U��
�F�R�P�E�L�Q�H�� �P�D�Q�\�� �R�I�� �W�K�H�P���� �Z�H�� �F�R�P�H�� �W�R�� �D�Q��
�L�Q�W�H�U�H�V�W�L�Q�J�� �H�[�S�U�H�V�V�L�R�Q�� ���������� �7�K�L�V�� �L�V�� �D�Q��
�H�[�S�U�H�V�V�L�R�Q�� �G�H�D�O�L�Q�J�� �Z�L�W�K�� �W�K�H�� �L�Q�W�H�U�U�H�O�D�W�L�R�Q��
between all required quantities in the 
problem under consideration: Energy 
�R�I�� �S�L�O�H�� �G�U�L�Y�L�Q�J���� �V�R�L�O�� �G�H�Q�V�L�W�\�� �R�I�� �P�H�G�L�X�P����
displacement of a point on the surface 
�R�I�� �I�U�H�H�� �G�R�P�D�L�Q�� �Y�L�E�U�D�W�L�R�Q���� �W�L�P�H�� �R�I�� �Z�D�Y�H��
propagation and the radius of propagation. 

�%�H�F�D�X�V�H�� �Œ���W�H�U�P�V�� �F�D�Q�� �E�H�� �F�R�P�S�D�U�H�G��
�W�K�L�V���R�Q�H���W�R���R�W�K�H�U�����V�R���Z�H���K�D�Y�H��

21 �S�S �u� const 	
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or we can empower pi-terms to come to 
more frequent formulae:

2..
1

���v ut
E

R
const

�U                      
(4)

We can compare (3) to result 
postulated by Richard et al������������������

Figure 1. Plot diagram indicates the inverse correlation between displacement and 
distance of wave spreading (Richard et al., 1970)

Note that (3) somehow looks like the 

same formula
 

 	        (5)

�(�[�S�H�U�L�P�H�Q�W�V�� �R�U�� �V�L�W�H�� �W�H�V�W�V�� �F�D�Q�� �E�H��
�G�H�V�L�J�Q�H�G�� �W�R�� �Y�D�O�L�G�D�W�H�� �W�K�H�� �U�H�O�D�W�L�R�Q�V�K�L�S�� ����������
�R�U�� �W�R�� �¿�Q�G�� �R�X�W�� �W�K�H�� �Y�D�O�X�H�V�� �R�I�� �V�R�P�H�� �G�H�¿�Q�L�W�H��
parameters from other measurable 

parameters or factors; results postulated 
�E�\���D�X�W�K�R�U�����7�K�D�P���'�+�����������������D�V���I�R�O�O�R�Z�L�Q�J��

�>�5�@��� ����� �����Z�K�H�Q���Z�K�H�Q���G�L�V�W�D�Q�F�H���H�T�X�D�O�V��
�W�R�� �����P���� �����P�� �U�H�V�S�H�F�W�L�Y�H�O�\���� �)�R�U�� �H�[�D�P�S�O�H��
�S�L�O�H���G�U�L�Y�L�Q�J���H�Q�H�U�J�\���(���H�T�X�D�O�V���W�R�������������N�J�P����
�!��� �������������N�J�I���P3.
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Discussion

Some key points can be withdrawn 
from results of mathematical model built 
by dimensional analysis:

By replacing particle velocity of a 
�V�X�U�I�D�F�H���S�R�L�Q�W���Y��� ���X���W�����Z�H���K�D�Y�H

5.0.
1

..1 ��� u
R

E
constv

�U

2/3..2 ��� R
E

constv
�U

This formula indicates a more general 
�H�[�S�U�H�V�V�L�R�Q�� �D�V�� �F�R�P�S�D�U�H�G�� �W�R�� �H�P�S�L�U�L�F�D�O��
formula described herefafter in code of 
practice “Quytrinh dong coc trong vung 
�[�D�\���F�K�H�Q�����%�R���;�D�\���'�X�Q�J������������)”:

�‡	Through the mathematical 
�H�[�S�U�H�V�V�L�R�Q�� �R�I�� �U�D�G�L�X�V�� �R�I�� �5���� �Z�D�Y�H��
�S�U�R�S�D�J�D�W�L�R�Q�� �I�R�X�Q�G�� �L�Q�� ���������� �L�W�� �L�V��
easy to come to conclusion that: 
the more rigid the soil medium 
�R�I���S�U�R�S�D�J�D�W�L�R�Q�����K�L�J�K���Y�D�O�X�H���R�I���!������
the smaller the radius of wave 
�S�U�R�S�D�J�D�W�L�R�Q���� �L���H���5���Z�D�Y�H���Z�L�O�O���U�X�Q��
farther (not faster) through soft 
soil (smaller value of density) than 
through harder soil. This result is 
�S�U�R�S�H�U�O�\�� �U�H�O�H�Y�D�Q�W�� �W�R�� �W�K�H�� �5���Z�D�Y�H����
which stores large part of total 
energy of pile driving (more than 
67 percentage) and causes in more 

�9�H�O�R�F�L�W�\���R�I���I�U�H�H���G�R�P�D�L�Q���S�R�L�Q�W

Pile driving Energy

R 1800 2500 3500 5000

10 13.817 17.678 22.752 29.73

15 9.2116 11.785 15.168 19.82

20 6.9087 8.8388 11.376 14.87

30 4.6058 5.8926 7.584 9.91

40 3.4543 4.4194 5.688 7.433

Results from this mathematical model:

  R\E 1800 2500 3500 5000

10 0.0346 0.0408 0.0483 0.058

15 0.0189 0.0222 0.0263 0.031

20 0.0122 0.0144 0.0171 0.02

30 0.0067 0.0079 0.0093 0.011

40 0.0043 0.0051 0.006 0.007

Figure 2. Trend of decrease of the estimated velocity which was manipulated from (3) to 
�L�Q�F�U�H�D�V�L�Q�J���R�I���G�L�V�W�D�Q�F�H���D�W���W�K�H���G�H�¿�Q�L�W�H���W�L�P�H�����V�H�U�L�H�V�������L�V���W�K�H���O�R�Z�H�V�W���H�Q�H�U�J�\�����V�H�U�L�H�V�������L�V���W�K�H���K�L�J�K�H�V�W��
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serious damages of construction 
�Z�R�U�N�V���L�Q���L�W�V���Y�L�F�L�Q�L�W�\�����%�H�V�L�G�H�V�����W�K�H��
radius of wave propagation will 
be proportioned to squared root 
of energy supplied to vibration.

�‡	The more complicated model in 
which damping characteristic 
of soil medium and frequency 
of source will be postulated by 
considering periods (its dimension 
�L�V���W�L�P�H�����L�Q�W�R���G�L�P�H�Q�V�L�R�Q���P�D�W�U�L�[����

�‡	�$�F�F�R�U�G�L�Q�J�� �W�R�� �P�H�W�K�R�G���� �L�I�� �Z�H��
change the position of u and 
�5�� �L�Q�� �G�L�P�H�Q�V�L�R�Q�� �P�D�W�U�L�[�� ���L������ �W�K�H��
�U�H�V�X�O�W���Z�L�O�O���Q�R�W���F�K�D�Q�J�H�����L�L�������V�R���Z�H��
can predict that the amplitude 
of displacement will decrease to 
power (-3/2) of distance R. So 
we can conclude that at distance 
more than 10 meters from the pile 
�G�U�L�Y�L�Q�J���V�L�W�H�����W�K�H���D�P�S�O�L�W�X�G�H���Z�L�O�O���E�H��
negligeable.

�‡	It is possible to recognize from 
(3) that radius R depends on 
�(�Q�H�U�J�\���� �W�L�P�H�� ���Y�H�O�R�F�L�W�\�� �R�I�� �Z�D�Y�H��
�V�S�U�H�D�G�L�Q�J������ �G�D�P�S�L�Q�J�� �D�Q�G�� �G�H�Q�V�L�W�\��
of soil medium. Site test using 
accelerometers to pick up 
displacement and time of wave 
propagation can be recorded 
to calculate the wavelength of 
R-wave.

�‡	Power form of radius of wave 
propagation in terms of Energy 
�L�P�S�D�U�W�H�G�� �W�R�� �S�L�O�L�Q�J�� �(���� �G�H�Q�V�L�W�\�� �R�I��
�V�R�L�O�� �P�H�G�L�X�P�� �!���� �G�L�V�S�O�D�F�H�� �X�� �D�Q�G��
time of pile driving t as in (3) is 
convenient for sensitivity analysis. 
�$�W�� �¿�U�V�W�� �J�O�D�Q�F�H���� �Z�H�� �F�D�Q�� �V�H�H�� �W�K�D�W��
energy and density is sensitive to 
radius of wave spreading.

�‡	Formulae (3) points out damping 
consequence on amplitude 
relevant as previously postulated 
by Richard et al (1970).

�‡	Frequency and velocity of wave 
spreading was taken into account 
by time variable and distance 
variables (R and u).

�‡	Results from this study may be 
developed referring previous 
researches to give a better 
understanding about the effect 
of pile driving to surrounding 
construction works.

Conclusion

�8�V�L�Q�J�� �G�L�P�H�Q�V�L�R�Q�D�O�� �D�Q�D�O�\�V�L�V���� �P�D�Q�\��
problems can be solved qualitatively 
and supply many useful information 
about the mathematical relationship 
between parameters involved. Results 
�D�U�H�� �G�L�P�H�Q�V�L�R�Q�O�H�V�V�� �Œ���W�H�U�P�V�� �Z�K�L�F�K�� �D�U�H��
independent of system units.

Results taken by applying this 
�P�H�W�K�R�G�� �L���H�� �G�L�P�H�Q�V�L�R�Q�D�O�� �D�Q�D�O�\�V�L�V���� �L�Q�G�L�F�D�W�H��
�W�K�D�W���D�W���W�K�H���V�D�P�H���W�L�P�H���R�I���Z�D�Y�H���W�U�D�Q�V�I�H�U�U�L�Q�J����
�W�K�H�� �P�R�U�H�� �U�L�J�L�G�� �W�K�H�� �V�R�L�O�� �I�R�X�Q�G�D�W�L�R�Q���� �W�K�H��
�V�P�D�O�O�H�U�� �W�K�H�� �U�D�G�L�X�V�� �R�I�� �S�U�R�S�D�J�D�W�L�R�Q���� �D�Q�G�� �L�W��
depends upon the energy supplied to the 
�Y�L�E�U�D�W�L�R�Q�����E�\���W�K�H���Z�D�\�����D�P�S�O�L�W�X�G�H���R�U���Y�H�U�W�L�F�D�O��
displacement at points on the surface of soil 
�P�H�G�L�X�P���Z�L�O�O���G�H�F�D�\���H�[�S�R�Q�H�Q�W�L�D�O�O�\�����L���H���Y�H�U�\��
fast to power of (-3/2) of distance from 
the source of vibration. Power function of 
�U�H�V�X�O�W�V���L�V���K�H�O�S�I�X�O���W�R���¿�J�X�U�H���R�X�W���D�Q���D�S�S�U�R�D�F�K��
of sensitivity analysis.

Although we can upgrade this method 
with a more detailed relationship and 
many invisible factors can be taken into 
�D�F�F�R�X�Q�W�����L�W���L�V���Q�H�F�H�V�V�D�U�\���W�R���F�D�U�U�\���R�X�W���I�X�U�W�K�H�U��
�H�[�S�H�U�L�P�H�Q�W�D�O�� �D�Q�G�� �W�K�H�R�U�H�W�L�F�D�O�� �U�H�V�H�D�U�F�K�� �W�R��
come closer to a more rigorous solution(s) 
for the problem under consideration.

This method proved to be an 
�H�I�¿�F�L�H�Q�W�� �W�R�R�O�� �I�R�U�� �S�U�R�Y�L�G�L�Q�J�� �L�Q�I�R�U�P�D�W�L�R�Q��
about relationship between factors and 
�S�D�U�D�P�H�W�H�U�V���L�Q���P�D�Q�\���H�Q�J�L�Q�H�H�U�L�Q�J���S�U�R�E�O�H�P�V����
and served as an important step before 
bringing piling and construction activities 
in reality. 
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