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Tém tit: Trong bai bado nay, ching t6i xét mat kidu d6 thi ctia mot

ham wu, thiét 1ap cong thic tinh do cong trung binh H ctia mit va xay
Du . IR ; A

va H. Dac biét, ching t6i thu

INGESTE

duge cac tinh chit cie tiéu dien tich dia phuong vi toin phan clia cac

dung mdi quan hé gita div

slice trong cac khong gian tich cong véi mat do (RT x ; R?, e~ ™)) va
RT x; G2

Tu khéa: Da tap véi mat do, khong gian tich cong, mit kiéu do
thi, tinh cuc tiéu dien tich.

1 GIGI THIEU

Da tap v6i mat do la mot da tap Riemann M cung v6i mot ham tron duong, e™%,
goi 13 ham mat do, ducde ding lam trong s6 cho cd phan ti thé tich va chu vi.
Dién tich v6i mat do ctia mot sieu phing ¥ vi thé tich véi mat do clia mot mién
Q trong mot da tap véi mat do (n + 1)-chiéu lan lugt la Area,(X) = [e ¥ dA
va Vol,(Q) = [, e ?dV, trong d6 dA,dV tuong ting la phan tit dién tich Riemann
n-chidu va phan ti thé tich Riemann (n + 1)-chiéu.

Mot vi du quan trong clia da tap véi mat do 14 khong gian Gauss G™*1, d6 1a R+

n+1

7‘2 . . . 2 .
v6i mat do Gauss (27)” 2 e~ 2. Sieu mit ¥ trong R™ duge goi 1a cye tieu voi mat

do hay o-cuc tiéu néu do cong trung binh v6i mat do cia X,
1
H,(S) = H(S) + L (90.3) = 0

trong d6 H(X) va N lan lugt 1a do cong trung binh va vecto phap don vi cia 2.
Gan day, viec nghién citu cac da tap con cuc tidu voi mat do va dac biet 1a cic sieu
mit cye tidu voi mat do di va dang thu hit nhidu nha Toan hoc (xem [1], [2], [3],
[6])-
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Ngoai ra, mot sd van dé dudgc tiép can mot cach rong rai trong nhitng nam lai day do6
la cac van dé lien quan dén cac sieu mat trong cic da tap tich cong dang Rt x ¢ M,
trong d6 RT = [0,400), (M, g) la mot da tap Riemann n-chiéu va f 1a mot ham
tron duong xac dinh tren R*. Chu ¥ réing da tap tich cong R™ x ; M chinh la da tap
tich R™ x M cung véi metric g = 75, (dt?) + (f o mr+)?03,(g), trong d6 mr+ va oy
tuong tGng 1a cac phép chiéu len R va M.

Trong R", goi P 13 mot phan clia mot slice (siéu phang ¢6 phuong trinh x,, = const.),
xem nhur 13 do thi trén mot mién D va ¥ ciing 1a d6 thi cia mot ham v trén D. Khi

do, ré rang ta c6 danh gia
Area(X) = / V1+|Vul2dA > / dA = Area(P).
D D

Tuy nhién, mot cach téng quét, bat ding thitc trén khong ding trong khong gian
v6i mat do. Chéng han, xét R? véi mat do e¥. Goi P = {(z,—Incos ) e R?, —F <
x < I} va ¥ l1a dd thi cia ham y = —Incosz, x € [—%, 5]. D& dang kiém tra duge
Ly(P) = Ly(%).

Do d6, tinh cuc tiéu dién tich ciia céc slice trong da tap v6i mat néi chung va da
tap tich cong v6i mat do noi rieng khong phéi 1a mot van dé tam thuong. Trong
bai bdo nay, véi didu kieén can bing thé tich, ching t6i sé ching minh riing néu
(log f)"(t) < 0, thi slice 1 cyc tiéu dién tich véi mat do mot cach dia phuong trong
khong gian tich cong R* x; R? v6i mat do e, trong d6 ¢(t,x) = p(x) va slice la

cuc tiéu dien tich toan phan trong khong gian tich cong véi mat do R x ; G2.

2 KHONG GIAN TiCH CONG R x; R2. MAT KIEU PO THI TRONG
KHONG GIAN TICH CONG R x; R

Cho f 1a mot ham tron, duong tren R. Khong gian tich cong R x ; R? 1a khong gian
tich R x R? cuing véi tich vo hudng dude xac dinh nhu sau:

(z,y) = z1.y1+2(p) (T2y2 + 23.y3) . Vo = (21, 22,23),y = (Y1, Y2, Y3) € T(M)RfoQ.
Metric tuong tng:

9(X, X) = da® + fA(p).(dy® + dz*), VX = (2,y,2) € TR x; R%

Trong khong gian tich cong R x; R? cho vecto x = (x1,22,23) VA y = (y1,92, y3)
ciing dit tai diém (p,q). Khi d6, tich trong cia x v y dugce tinh bing dinh thitc
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hinh thtc sau:
f2(P)-€1 €2 €3
TNY = T Ty XT3

Y1 Y2 Y3

Xét mat X ¢6 dang dd thi {(u(y, 2),y,2) : (y,2) € R?} v6i tham s6 héa X(y,z) =

(U’(ya 2)7y7z) ta co:
Xy - (uy’ 170)7 Xz - (UZ707 1))

ny = (uyya 0, 0); Xyz = (uyza 0, 0); X, = (Uzm 0, 0)

(e e es

Xy, NX, = Uy 10 |=(f%—uy, —u.).
U, 0 1
Suy ra
[ XyNX, (P —uy, —us)

X AL Jp g+ )

2.1 Do cong trung binh ctia mat

Ta ¢6 phuong trinh Euler-Lagrange (xem [5]):

2f'f* - f(uyy + u..))(f* + UZ + u?) + f/fZ(UZQ/ + u2) + f(uzuyy + ulu,.) + 2 fuyusuy,

V/EEST R

Hay
— [y (f* +u?) + 2 fuyuuy, — fu(f? +ul) +3f f2(ul +u2) +2f f* 0
(T v -

bat
H— lfuyy(f2 +u2) — 2 fuyusuy, + fu..(f? + UZ) - 3f/f2<u12/ +ul) - 2f'f*

2 PP+ u+u2)?

Khi d6, H duge goi la do cong trung binh cia mit.

=0.
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Du

va H
P+ D

2.2 Mbi quan hé gita div

Ta co

U

div Du :2 2 -l—2 L
SVPRTDP W\ Jris ) 92\ 1+ P +w) )

v6i

)
0 uy o P PG ) =y (/P 20 )
w\Jrrara) ()

Uyy (\/f4 + fA(ul + Ug)f — uy (23 fluy + f U + fPuyuy, + ffuu? + fPusuy.)

(7 Pz )
fruyy + fPulugy — 215 flu — ffluy — f ol — fPuyuauy,.
(\Jrr+ s + ug))3
1

f/
= 3 [fQUyy + uzuyy — UyUsUyz] —

f (VP+TDuP) 72 (VP TDuP)

7(2f*+ | Du [*)uy.

Tuong tu ta co

) .
02\ 1 )

/
- 1 5 [fPu., + uiuzz — UyUyUys) — /

F (VP+TDuP) 72 (V+TDuP)

5(2/*+ | Du [*)ul.
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Suy ra
div Du _2 Uy +2 U,
IVE Dt 00\ ps plva) )0\ F o )

1

p(vEr )

3f'f2|Dul* + 2f' f* — 2f' f*|Dul? — f'| Du|*

[fuyy (f? +ul) = 2fuyuuy. + fu..(f*+u.) —2f f?|Du* — f'|Dul*]

= 2H + -
72 (V7 +1DuP)
_oH [ 12| Dul* +2f'f* - f’\BDUI4
72 (VP +Dup)

= 9H + f, 2f4+2f2’Du|2_f2|Du|2_‘Du|4
B V 2+ [Duf? f2(f? + |Duf?)
) S {2—‘Duq

V 2+ |Dul? f?
Vay

. Du B /! B |DU\2}
dlv—f\/m =2H + T DuP [2 7|

Nhan xét:

1. Néu mit 6 dang slice, tic 1a u = const. thi do cong trung binh ctia mit duge
/

xac dinh cu thé la: H = —f7 = —(log f)" = const..

2. Viéc tinh toéan, thiét lap cong thic tinh do cong trung binh H & trén chi st
dung cac phép toan vi tich phan thong thudng. Van dé mat cuc tiéu lien quan
triyc tiép dén do cong trung binh ctia mat, vi vay viéc xac dinh duge cong thic
tinh do cong trung binh ctia mit rat c6 ¥ nghia trong viéc gidi quyét duge mot

s6 van dé xung quanh mait cyc tiéu trong khong gian tich cong nay.

3 TINH CUC TIEU DIEN TiCH CUA CAC SLICE TRONG CAC KHONG
GIAN TICH CONG VOI MAT DO (Rt x;R? e ¥®) VA R* x; G?

Xét khong gian tich cong RT x; R? v6i mat do e ?. Goi u € C*(R?), va ¥ =
{(u(x),x) : x € R?} 1a dd thi toan phan xac dinh bdi u. Mot trudng vecto phap don
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vi cua X 1a

1
N = W <at = —2Du) ,
f(u)? + | Duf? fu)
trong d6 Du la gradient ctia u trong R?, va |Du|* = (Du, Du). Him do cong (tuong
ing v6i N) la

1
H = itrace(A),

trong d6 A la toan ti hinh dang. Ta c6

. Du W P
2 =d (f(u)xﬁfmmr?) e )

Vi vay
1 . Du 2f"(u) f(u)
2H (u) = ——div — \
=T ( f(u)2+yDu|2> SR+ [DaP /@R + Dup”
— ! g(Du, Dy).

fw)/ f(u)? + [Dul?
Dé thay rang cac slice ¢6 do cong trung binh ciing nhu do cong trung binh véi mat

do luon hang, 1an lugt 1a:

H(to) == H(to,x) = —(log f)(to) va H,(to) = H,(to,x) = —(log f)'(to) + @ (to, ).

Hon nita, néu ¢ = p(x),x € R? (nghia 1a ham mat do e~¥ khong phu thudc vao tham
s6 t € RT) thi

Hy(to) = —(log f)'(to).

Cho X va N nhu trén. Xét sy md rong tron ctia N bang cich tinh tién doc theo truc
t, ta cling ky hiéu bdi N va 2-dang vi phan duge xac dinh nhu sau

(t,x) = f(t)*w(x),

trong do w(X1, Xo) = det(Xy, X2, N) va X, X5 1a cac truong vecto tron. Dé thay
ring f(t)}w(X1, Xo)| < 1, véi moi trudsng vecto triee chuan X, Xo va f(#)2|w(X1, Xo)| =
1 khi v& chi khi X, X tiép xitic v6i . Do d6, ¢(¢,x) biéu thi phan ti& thé tich véi
mat do cia ¥ trong (RT x; R? e ¥). Ta ¢6

! 2 ! 2
divN = —2H — — 1 (2— | Dyl >+( S1Du

VD TP T b




MOT SO KET QUA VE MAT KIEU DO THI VA SLICE... 11

Cha § rang dw = div N dVig+ g2, Vi vay
dp = d(f*w) = div(f*N) dVi+xre = f2div N dVigs g + 2f (VO N) dVig+ g2

/

— div NdVie o0 + 2f7<vat, N) Vi 2

/D 2 /D 2
:<_2H+ f1Duf? f1Dyl )dv

22+ 1Dul? (2 + [Duf?)
Vi
de ?¢) = d(e % f2w) = e ?f2div NdVi+yr2 + (V(e ?f?),N)) dVi+ xpe
=e ?dop — e ?f(Vp,N) dVi+ yp2
. [1DuP f'|Duf?
PP +IDul - (f2 +|Dul?)

/D2 /D2
O O 1 Y 1271

A —
/Pt | Dup? <f2+|Du|2>%]

=e ¥ |-2H

5 — (Vo,N) | dVeeyr2

nén ta co

/D 2 /D 2
d@gzﬁ:e@d(e_‘p(b):(—QH(p%— S \Du] el >dVR+XfR2.

P2+ 1Dl (2 4 |Dul?)2

Dac biét, khi > 14 mot slice, ta c6

dpd = —2H, dVigs 52,

Tiép theo, trong cac tidu muc sau chiing ta thu dugc cac tinh chat cuc tidu dien
tich dia phuong va toan phan cia slice trong cac khong gian tich cong v6i mat do
(Rt x;R? e7?) vi RT x; G? v6i didu kién can bing thé tich.

3.1 Tinh cuc tiéu dién tich dia phudng cta slice trong khéng
gian tich cong véi mat do (R* x; R? e~ #0))

Xét khong gian tich cong R* x ; R? v6i mat do e=#™)| trong d6 x € R2. Gia sit ring
D 13 mot mién trong R? sao cho bao déng ctia D, D, 1a compact. Goi Pp = {tg} x D
va ¥p 1a do thi cia ham ¢ = u(x),x € D, sao cho Pp vad Xp ciing bién, nghia 1a
OPp = 0%p.

Goi By = {(t,x) e RT x D : t <wu(x)}, Es = {(t,x) € R" x D : t < ty}. Dinh Iy sau

chi ra ring Pp c6 dién tich v6i mat do bé nhat trong 16p cac mit cliing bién véi no.
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Dinh 1y 3.1.1. Néu Vol,(E;) = Vol,(E») va (log f)"(t) <0 thi
Area,(Pp) < Area,(Xp).

Ching minh. Goi ¢ la dang thé tich cta R Ap dung dinh 1§ Stokes va sy dinh
huéng phit hop cho cac ddi tugng (xem Hinh 1), ta c6

Area, (D) — Area,(Xp) < / e PP — e P = e’
D

>p D-%p
:/ e ¥dip = e“"dwb%—/ e %d,0,
FEq El\EQ FE1NE>
va

Area,(Pp) — Area, (D) < / e %o —/ e o= e %o
Pp D Pp—

D

= —/ e Ydy,¢ = —/ e Ydy¢ — e “dyo.
E> EQ\El E1NE>

Do dé6

Area,(Pp) — Area,(Xp) < / e Pdy¢p — e ¥dy¢
E1\E2 E2\E1

- / e H (1) dV + 2 / e CH (1) dV.
Ei1\ Eo E2\Ey
Diéu kien (log f)"(t) < 0 nghia la H, khong gidm doc theo truc ¢t. Do d6, ta ¢6
Hcp(t[)) S Hw(t), V(t,x) € E1 \ EQ va HSD(t> S Hgo<t0)7 V(t,X) € EQ \ El-
Nén
Area,(Pp) — Area,(Xp) < —2H,(to) (/ e ?dV — / e’ dV)
El\Ez E2\E1
= _2Htp<t0)(VOLp(E1 \ EQ) — VOLP(EQ \ El)) = 0,
bdi vi Vol,(E}) = Vol,(Es). Vi vay, ta thu duge két qua Area,(Pp) < Area,(Xp).

Néi cach khéac, Pp cuyc tidu dien tich trong 16p cac mit ciing bién véi né. O]

3.2 Tinh cuc tiéu dién tich toan phan cia slice trong khong

gian tich cong véi mat do R™ x; G

Xét khong gian tich cong véi mat do R x; G?, nghia 1a RT x; R? v6i mat do
«|2
e ¥ = %e’%, trong d6 x € R2. Trong khong gian nay, cac slice duge chitng minh

1a cuc tieu dién tich toan phan véi mat do.
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E\E N2
F,\E, Py
D

Hinh 1: Mot phan cia slice va do thi cting bién

Dinh 1y 3.2.1. Néu (log f)"(t) < 0 thi slice la cuc ticu dién tich vdi mat do trong
lop cac do thi toan phan théa man dieu kién Vol,(E;) = Vol,(E»).

Chitng minh. Goi P 1a slice {to} x G? va ¥ 1a do thi cta ham ¢t = u(x) trén toan bo
G?. Goi Sj 1a duong tron tam O béan kinh R trong G? va Cr = R x S} 1a mit tru
tuong ing. Goi By = {(t,x) € R"xG? : t <wu(x)} va By = {(t,x) € R"xG* : t < tp}.
Goi A= FE;\ Ey U Ey\ Ey. Cac phan clia P, X, E, va Fy, bi chiin bdi Cg, lan lugt
duge k¢ hicu béi Pr, Sr, Er,, v Es,.

Ky hieu ¢ 1a dang thé tich cia G2. Goi R la s6 duong di 16n sao cho Cp cit ca
Ey\ Ey va Ey \ By (xem Hinh 2). Tuong tu nhu chiing minh Dinh 1y 3.1.1, ta c6

e Yo — e o+ / e %o
Xr CrNEy

:/ e dp = 6_@d¢¢+/ e “d,o,
E E

1r E1p\Eap 1NE2p

Area,(G%) — Area,(Xg) + / e PP < /
CrNE; G

2
R

va

Area,(Pg) — Area,(G%) —1—/ e ¥p < / e ¥p— e Yo +/ e Yo
CRrNE> Pr G% CrNE>

=)

e Pd,¢ = —/ e “dy,¢ — e ?dyo.

2R EQR\ElR EzRﬂElR

Do do6
Area,(Pr) — Area,(Xg) + / e ¢ < / e Pdy¢ — e ¥d,0
CrNA ElR\EQR E2R\E1R

= 2/ e YH,(t)dV — 2/ e YH,(t)dV.
E E

2 \E1p 1\ E2p
(1)
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Cr

™

A
=
s

v}

Hinh 2: Slice P, d6 thi toan phan ¥ va G* trong R* x; G?

Vi (log f)"(t) <0, nén ta co6
Hso(tO) S Hcp(t), V(t,X) € ElR \ EQR va Hgo(t) S Hw(to), V(t,X) S EQR \ ElR~
Vi vay

Area,(Pp) — Areay(Sr) + /C €O 2 (10) (Voly (B \ Fiy) = Vol, (B \ By
| (2)

Hon ntta, dé thay rang: limpeo [, 4 € 70 = limp,o o—cR? Jirya®=0.
Ma VOLP(EI) = VOLP(EQ), nén hmRHOO VOL,D(EIR \ EQR) = hmR%oo VOlcp(EQR \ Elg)-

Do d6, 1ay gidi han ca hai vé ctia (2) khi R dan ra vo cung, ta thu duge két qua
Area,(P) < Area,(X).

Vay, Dinh 1y da dugc chitng minh xong. ]

4 KBET LUAN

Bai bao di thiét lap cong thic tinh do cong trung binh H ctia mot mit kidu do

thi cia mot ham u khong gian tich cong R x; R?) va xay dung m6i quan he gitta

Du 2 .2 .
div——-— va H. Dac biet, bai bao da thu dugc cac tinh chat cuyc tiéu dién

N

tich dia phuong va toan phan clia cic slice trong cdc khong gian tich cong véi mat
do (R+ X f RQ, G_W(X)) va RT X G2.
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Title: SOME RESULTS ON GRAPHS OF FUNCTIONS AND SLICES IN THE WEIGHTED
WARPED PRODUCT SPACES (R* x; R?,e7#()) AND R x; G2

Abstract: In this paper, we consider a surface which is the graph of a function u in the

warped product space R X R?, give a formula for calculating the mean curvature H of

the surface and show a relation between div———— and H. In particular, we obtain

£+ i

the local and global area-minimizing properties of slices in the weighted product spaces
(R* x; R%, e7%(®) and R* x; G2,
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