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Abstract. Based on the DeWitt formula the loop expansion of the effective action is easily
established. Extending to the system with finite density we develop the in-medium DeWitt
formula, which is the starting point for setting up loop expansion of the in-medium effective
action.

I. INTRODUCTION

It is well known that the effective action play a crucial role in quantum field theory,
this is because all complete quantum information of a physical system can be extracted
from its effective action. Morever, the effective action proves to be very powerful in
solving problem relating to the symmetry breaking [1,2] and the symmetry restoration at
high temperature. Basically the effective action method is nonperturbative, therefore it is
very convenient applying to the phase transition and other nonperturbative phenomena.
In this respect, to calculate the effective action of a given quantum system is in the first
priority of all studies. There are so far several methods dealing with loop expansion of
the effective action [3,4]. However, all of them, perhaps, are cumbersome enough and,
therefore, are not very convenient.

In Section 2 of this paper, starting from the old formula of DeWitt [5] we derive
the formula for loop expansion of the effective action. Section 3 is devoted to establishing
the effective action in medium with non-vanishing density of matter. The conclusion and
discussion are given in Section 4.

II. LOOP EXPANSION FORMULAR

For the sake of simplicity let us begin with the scalar field described by the La-
grangian:
L:L0[¢]+Ll[q>]7 q>:{q>17"'7q>N}7

in which Lg is the Lagrangian of free fields and L; corresponds to the interacting fields.
The generating functional for connected Green functions reads

Wl = N/D<I> exp {z’/d:p [L+qu>k]} (1)

where N is the normalisation constant.
The vacuum expectation value of ®; in the presence of the external source J;(x) is

given as
SW[J]

= (®i(x)) ; = @i(x) (2)
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The effective action I'[p], corresponding to ¢(x), is defined to be the Legendre transform
of W[J]:

Lol =W - [ dedia)eita) (3)
In favour of (2) it is clear that
5Tl
= ) (4)

This is the equation of motion for ¢(z), containing only classical quantities (c-number).
Next, let us introduce formally the classical action S;[®] in the presence of external
sourse J(x):
S1[9) = [ d [L[8] + Ji(w) Dy(a)
=S [®]+ [ dxJi(x) Pi(x)

where S[®] is the conventional classical action,

(@] = / dL[®)
From the equation
05:1%] _,
5¢Z(JE) N
it follows that 55 @)

which is the equations of operators (q-number).
Combining (4) and (5) we arrive at

or[g] /oS [P]
Spi(z) <5<I>i(33)> (©)

which is the DeWitt formula, connecting the quantum action with the classical one.

Making use of the formula for vacuum expectation value of an arbitrary operator [6] we
can rewrite (6) as

STl {3§: L 5 } REEICI.
) h n!
n=2

di(T) @rn) §o; (1) -+ 8pi, () [ 7 Sepil()

where Tr denotes the summation over repeated discrete indices and/or the integration
over repeated continuous arguments.

Equation (7) contains two unknown quantities: effective action I' and Green fun-
ctions G. Therefore, we need another equation connecting them. For this end, let us take
derivative of (2) and (4) with respect to Ji and ¢;, respectively. We get

52T [¢] §2W [J]

I S i@ 39,(2) 57,(2) 8.n(9)

= =i 0(z —y)
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or

2
Tr Gij(:E,Z) d F[QD] ) = —0jk 5(:13—11) (8)

dpj(2) dpr(y

Now let us prove the formula for loop expansion of the effective action
Lle] = S [¢] + 5 Tr In Dy + 1, )

in which D;,! = (;‘;is% o and T is the sum of all one-particle-irreducible (1PI)

vacuum graphs, in which internal lines represent the propagator D;i and vertices are
determined by the shifting Lagrangian L[® + ¢].

The proof is carried out as follows. Assume the loop expansions for I' and G have
the general form

I' = To+hly+R°Ty+ - (10)
G = Go+hGi+hGy+--- (11)

Substituting (10) and (11) into (7) and (8), respectively, we receive successively

0Ty 0S8
= 12
dep; dp; (12)
oy 7 o ) 528
= —=Tr G3*(z1, x 13
Soi) — 2l G ) S S )b () (13)
or . i i1 52
égoi(iﬂ) = {_iTT G (21, 22) 8pip (€1)0piy (x2)
11494 53 . 48
%TT G(]l ? 3(:1717 T2, $3) 5@1'1 (ml)égoiz (m2)5g023(m3)} : Jgoi(m) (14)
and 5T
TrGY Ti, Tj 0 = —0;1k0 (x; — Xk 15
. 52F0 . 52F1
Tr { G?(xi, x4 + G§ (z4, 5 }:0 (16)
{ i J)590j($j)590k($k) o j)590j($j)590k($k)
Integrating (12) over ¢; gives immediately
oyl = S a7
which together with (15) provides
Go,it. = Dik (18)

Inserting (18) into (13), we obtain

. D.
5F1 :zT’r’D._kl ) ik
dp; 2 TE 0y
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which leads to .
1
Iy ] = ETT’ In Djy, (19)

Next let us prove that I'y determined by (14) is the sum of two-loop vacuum graphs
with internal lines defined by D and vertices defined by S[® + ¢].
Indeed, it is easily seen that Gﬁk and Géj ¥ can be expressed in terms of Go ;x(=Djx).
From (16) it follows that
6Ty

G = -G ———Gp* (20)
1 0 5(;0j5(;0m 0
On the other hand,
g 5 02w 5 0 i 5T
ijk - — _ij — Gzl Gjm Gkn 21
¢ 0J; 5Jj5Jk J=0 0J; J=0 590l590m590n ( )
Inserting (10) and (11) into (21) we get
. o 53T
Gk = gilgimgk ——% 22
0 R (22)

Finally, substituting (20) and (22) into (14) we arrive at an expression containing only D;,
which represents internal lines, and variational differentials of S[p], which corresponds to
vertices.

The similiar discussion can be further applied, respectively, to I's, I'4y and so on. We
completed the proof of (9).

As an illustration, let us apply the formula (9) to calculation of the effective action
for the linear sigma model in two-loop approximation.

The Lagrangian of this model reads

2

2 2
L= 5 [@u0) + @] - & [0 +7) - X [0+ 7 (25)

The positivity of the Hamiltonian corresponding to (23) demands that A2 > 0. We shall
choose A > 0.

Let v be the vacuum expectation value of o: (o) = v # 0 and (7) = 0. The field o is
shifted o = s + v so that (s) = 0.

We shall now rewrite (23) in terms of s

L=L,+ Ly

1 -2 222 1 2 2.2 42 2 | =2 _/\_2 2 | 22\2 (24)
La—2 (OuT)" — psm@ +3 (Ous)” — pgs Nus (s° + 7°) 1 (s*+7)7,
Ly = —vpu2s

We have dropped an inessential c-number constant in the expression given above. We
have also used the abbreviations

pz =+ A
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pz = p? + 3\%?

The propagators of free o and 7 fields, corresponding to (24), are given respectively

by
1 1
ik A(p) )

Din(p) = ——— b
it(P) p?— 2 p?— p2

in momentum space.
It is known that for v = const, the effective action is reduced to the effective poten-
tial:

o] = —V o] / dz (25)

Then, taking into account (25), it follows from (9) that

2 2 : 4 : 4
Beog ATy d’k 2 2 Z/ d’k 2 2
=— — = In (k* — — | ——In (k" —
V [v] gVt v +2/(27r)4 n ( ,uw)—l—2 2n? n ( La) + Va,

where V5 is the sum of all 1PI vacuum graphs, which are depicted in Fig. 1. in the two-loop

approximation,
-~ -~ 27N
| I, \/, \ / \
_ +§ \ ) 1 +Z | ;
/ /
S
+1 + ! 4 -\4
J— _— '———
12 \ 7
~_"

Fig. 1. Two-loop vacuum graphs contribute to Vs. The solid line corresponds to Dy,
the dotted line — A. The m*-vertex corresponds to —2iA? (8;x01m + 6:i10km + dimOx),
the o%-vertex —6i\2, the o’m2-vertex —2iA20;, the om?-vertex —2iA\%vd;; and the

o3-vertex —6iA2v.

3 dip 1% o7 dp 1% 9 dt dk
Vo = 2iN2 / _EP b2l / P Zin? / P /

4 p? =y 4 p? — p 2 p?—pz ) k*—p

Lgiy? / d*p / d¢ 1 1 1
4 4.2 _ 2 2 _ 2 2_ 9
@emt) @en)irr—pr @ —ur (pt+q)” —pd

+3)%2 d'p dgq 1 1 1
emt) @o)'r? - @ —ud (p4q)®—p2
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II1. IN-MEDIUM EFFECTIVE ACTION

Now let us generalize the result obtained above to the system with non-vanishing
density of matter. For convenience, let us start from the nuclear matter, described by the
Walecka model, whose Lagrangian reads

L= _\Ij h/#al‘ + {\4] - % [a_ﬂqaﬂa + mgaz] - %FHVFHV (26)
—%m%Ai +9s VoV +1ig, VAV

where F,,, = 0,A, —0,A, ; ¥, 0 and A, are the fields operators of nucleon, sigma and
vector mesons, respectively; g; and g, are coupling constants; M, m, and m, are physical

masses of nucleon and mesons, respectively; v, satisfy

VY TNV = Ouw

A 4-vector is defined as A, = (Ay,A4) = (Ag,iAg), k = 1, 2, 3; a scalar product of 4-vectors
is A B, = A;B; + A4By = A;B; - AgBp . Let p be the nuclear density, the in-medium
propagator of non-interacting nucleon is

So(p) = (p— M) ™" +2ixs(p° — Er)0(pr — | 7'|)(p+ M) /2E(p) (27)

in which
P = NCNf4p/(37T)2

B(p) = (¢ + M%)

Then the generating functional for in-medium connecting Green functions is defined

as
eWelimn, JJul = N [ DUDWDoDA,, x

expi [ [da [L(p) + 7P + Un + Jo + J,A,]] 8

where L(p) is the Lagrangian of system at density p, obtained by substituting (27) into

(26), i.c.
Lip) =V [So_l(:n) + gso(z) + igv/q U + meson part,

So(x) is the Fourier transform of Sy(p). (28) gives immediately the expectation values of
field operators in presence of external sources and at finite density,

Wo _ 1wt Wo _ vt
W, sW,

5 = gy T ) =
The effective action at density p is defined to be the Legendre transform of W:

r, [<\IJ> A0) v, Wu] =W, [0,n,J,Ju) — /d:n [77 (U) + <\If> n+J o)+ J, <A“>] (29)
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From (29) it follows that

oL, oy 0
Ty o o,
Sv(z) (@); dwy () Tu(2)

71

(30)

The ground state is corresponding to (30) with vanishing external sources 77 = n =

J = J, =0. In this case it is clear that (¥) = (V) =0, v # 0 and w,, = fouw, w # 0.

Next let us establish formally the classical action at finite density in the presence of

external sources

SJ[p7 @7 \Pv g, A,u] = S[p7 \Tj’ \Pv g, A,u] + /d:E [’F}\Ij + \If’l’]—|— Jo + J,uA,u] ’

Slpi 0.0, , 4, = [ daL (o)

It is easily seen that from 0S5; = 0 we get

5S[p7 \ij’ \Pv g, AH] _
5F(:E) - _E(:E)v

F:{\If,\P,U,A“}, E:{ﬁvnvjv‘],u}'

Confronting (32) with (30) we arrive at the DeWitt formula at density p:

T, <5S [p; ¥, 0,0, A, >

SF(z) SF (z)

F={U,¥0A,}, F={{U) (¥, (0),(A,)}.

Basing on (33) we derive the loop expansion for in-medium effective action I, :

- 1 _ 1 _
Ty =8 [pi () (), (0}, (A)] + 5TrInC™ (@) + 5TrIn D) (@)
— TrInG(z;v,w,) + T2

where _
_ 525 [p7 \Pv \Pv g, AH]

_ 82S [p; U, W, 0, A
001($) — _ [ H]

DL
So@po) ° Dow@) 3A, (2)6 A, (0)
525 [p7 \ij \Pv g, AH]

ST (z)60(0) |o=v,
Ay = Opnw

Gal(l’;vvwﬂ) =

(31)

(32)

(34)

I’y is the sum of all 1PI vacuum graphs which, in two-loop approximation, are given in

Fig. 2.
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gs s igVyM ingv

Fig. 2. Solid line represents the nucleon propagator G, wavy line-propagator of sigma
meson C and dotted line-propagator of vector meson D, .

Because v and w are not dependent on space-time coordinates, the theory is invariant
with respect to translations. So, instead of (3.9) we can write the effective potential V/,

Fp:—Vp/d:E,

m?2 m?2 1 d*k
Vlow] = ="t = ot [ (1 md)

in momentum space,

d*k d*k

i dp d*k
g / G / T EPEHECm )

i 4 4
~59% [ Gt [ Gt GG Dy ) (3)

where
Co(k) = — (K2 +m?) ",
1 k. k.
Do, (k) = — (kz + m%) <5w7 + #) )

Go(k) = GY(k) + Gy (k),
-1
k** + M*

6 (kG — B* (k)0 (k)0 (ke — |R])

G (k) = [~inuks + M*]

T

E*(k)

G ) = [~y + 07

- 1/2
and kf = ky, kf = ko + gow, M* = M — goor, E*(k) = (k:*2 n M*2> .
The expression (35) for in-medium effective potential V), is useful for study of nuclear
matter.

IV. CONCLUSION AND DISCUSSION

In the preceeding sections we developed a new approach for loop expansion of the
effective action in vacuum and in medium. It would be noticed that this is Jackiw [3],
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who is the first to establish the formula (9) long ago, but his proof is too lengthy and
cumbersome. Basing on the well known formula of DeWitt we obtain (9) rather simply.
Generalizing to the in-medium case we get the in-medium DeWitt formula (33), which is
the starting point for receiving the loop expansion of the in-medium effective action (35).
These are our major results, which are very useful for the study of many non-perturbative
phenomena occurred in vacuum as well as in medium such as the spontaneuos breakdown
of symmetry in vacuum and in nuclear matter.
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