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AP DUNG CONG THUC VEC TO'CUONG BO TU TRUONG H
BE LIEN KET CAC TRUONG CUC BO VOI MACH BIEN NGOAI
BANG PHUONG PHAP BAI TOAN NHO

APPLICATION OF H-FORMULATIONS FOR COUPLING OF LOCAL FIELDS
AND EXTERNAL CIRCUITS VIA A SUBPROBLEM APPROACH

TOM TAT

Cdng thitc véc to crong dg tir trudng véi md hinh bai toan tir tir tinh va tr
dong duoc phat trién thong qua phirong phap bai toan nho dé lién két cac truong
cuc b véi mach dién ngoai (dong dién va dién ap). Phuong phéap cho phép thyc
hién lién két gitta cac treong/dai luong cuc bd va cac dai lrgng toan cuc (dong
dién va dién ap) trong cac mién nhd hitu han thdng qua phuong trinh yéu nhan
v0i véc to crong do tlr truong h. Trinh ty cla phwong phap duge thuc hién nhy
sau; chia mot bai toan/mé hinh hoan chinh bao gom cAc truong/dai lvong cuc bd
va toan cyc (Mot trong céc mién d6 1a céc viing mong) thanh chudi cac bai toan
nha vdi cac mién va déc tinh vat liéu khac nhau. Nghiém tim dugc cla bai toan
hoan chinh 12 sir xép chdng nghiém clia c4c bai toan nho. Moi mot bai toan nhd
duoc giai trén mién va ludi riéng ctia nd ma khong anh hudng téi mién khac, diéu
nay gilp cho viéc chia ludi diroc dé dang hon va giam duoc thoi gian tinh toan
clia may tinh.

Tir khoa: Phrong phap bai todn nhd, phuong phap phan ti hitu han, bai
toan tir tinh, bai toan tr dong, lién két cac bai toan, viing/mién méng, tir truong.

ABSTRACT

A magnetic field conforming formulation (h-formulation)  with
magnetostatic and magnetodynamic problems is developed via a subproblem
methodfor coupling of local fields and exteral circuits(currents and voltages). This
method allows performing a natural coupling between local and global
fields/quantities (currents and voltages) in finite element domains presented in a
magnetic field weakformulation with vector h of magnetic field intensity. The
strategy of the method is to split a complete problem/model composed of local and
global fields (some of these being thin regions) into a series of subproblems with
different regions materials’ characteristics. The obtained solution of a complete
problem is a superpostion of subproblem solutions. Each subproblem is
independently solved on its own domain and mesh without relating to others, which
easily facilitates meshing and may decrease computational time of computers.

Keywords: Finite element method (FEM), magnetostatics,magnetodynamics,
subproblem method (SPM), coupled problems, thin region, magnetic fields.
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1. TONG QUAN

Trong nhirng ndm gan day, phwvong phap bai toan nhé
(SPM) da dwoc mot sb tac gid phat trién dé phan tich, tinh
toan va mo phéng céc hién twgng vat ly clia cac bai toan tir
tinh va tlr déng c6 cau trac vé mong (dwgc mo ta béi hé
phuong trinh Maxwell) [2-7]. Tuy nhién, phvong phap SPM
ma cac tac gia da dé xudt chu yéu tap trung giai bai toan
voi sy anh huwéng cla cac truong cuc bd “local
fields/quantities” v&i nhau ma khong xét dén su lieén két/két
néi gilra cac truong cuc bd véi cac dai lvgng “global
fields/quantities” ctia mach dién ngoai.

Trong bai bdo nay, phuong phap SPM dugc ké thira va
phat trién cho cong thiic véc to cwong do tir treong, khdng
chi d€ lién két “coupling” cac truong/dai lvgng cuc bd (hiéu
(rng b& mat, hiéu ('ng gan, cac truong phan (rng) voi nhau
ma con dé lién két gitra cac trvong cuc bd voi mach dién
ngoai (external circuit) Ia trwong/dai lwvgng toan cuc nhw
dong dién va dién &p (hinh 1). Vi cach ti€p can cla phwrong
phap, c&c dai lwvgng toan cuc nhv dong dién I; va dién ap V;
clia mach dién ngoai cé thé dugc két nGi voi mé hinh 2D va
3D clia bai toan nghién cru thyc té€ (gom cudn day, mién
dan, mach tir, man chan dién tiv...). Phvong phap SPM duoc
thuc hién theo kich ban: chia mét bai toan Ién (gém céac
cudn day, mach tlr, mién dan, mang chan dién ti, khe hé va
vo...) thanh chudi cac bai toan nhd nhu trén hinh 2.

/=
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Hinh 1. M0 hinh ©; lién két véi céc dai lrong toan cuc dong dién I; va
diénédp V..
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Hinh 2. M hinh chia bai toan day di thanh cac bai toan nhd

Sau do6, trng bai toan nho duoc gidi trén mién va lugi
riéng ctia né ma khéng phu thudc vao lu¢i cda mién/bai
toan khac. Piéu nay thuan lgi cho viéc chia lwdi va co thé
lam tang hiéu qua tinh toan. Cac bai toan nhé duogc rang
budc véi nhau thong qua cac diéu kién tiép xuc, diéu kién
bién, diéu kién bd ma dwoc thé hién qua cac ngudn mat
(SSs) va cac ngudn khai (VSs). Trong d6: cac ngudn SSs thé
hién si thay doi tai vi tri tiép xUc cla cac bai toan nhd
thong qua cac bé mét, cac ngudn VSs thé hién sv thay doi
cac tinh chat vat liéu q]a cac mién con (tlr mién/ving dan
nay sang mién/vung dan khac).

2. PHUONG PHAP BAI TOAN NHO
2.1. M6 hinh bai toan tir dong téng quat

Xét mot bai toan tir ddng SP. véi mé hinh 2D hodc 3D
ma c6 nghiém day du la tap hgp nghiém cla cac bai toan
nhé twong (ng véi cac gia tri cla i = 1,2.... Bai toan xac
dinh trong mién Qj, voi bién 0Q; =T; =T}; U T,;. Mién
nghién ctu Q; dugc xac dinh ©; = Q_, U Qf;. Trong do
Q; la ving dan dién/tr va QF; 1a vang khong dan. Céc
phuong trinh, cac luat trang thai, cac diéu kién bién va diéu
kién bo cla cac bai toan nhd SB. duoc xac dinh théng qua
hé phuong trinh Maxwell nhw sau [1 - 11]:

curl p=j;, divb=0, curl e=-9.b;, (la-b-c)

b; = uh;+b,; e =a;'j; +teg, (2a-b)
trong do, h; la cwdng dod tir tredng, b; 1a mat do tir cAm, e;
la cwong do dién tredng, j; 1a mat dd dong dién, y; la do tir
thdm va o; la do dan dién. Phrong trinh (1c) chi duwoc xéc
dinh trong mién Q_;, trong khi d6 phuong trinh (1b) dwoc
xac dinh trong mién Q¢ ;.

Cac diéu kién bién cla bai toan dugc xac dinh trén cac
biénT}; va I, ;, do la:

nxe;=jr;, nXbr, = fr (3a-b)

trong d6 n la véc to don vi phap tuyén hwéng ra ngoai
cha mién ;. Cac truong jr; va f;; trong (3a) va (3b) la cac
ngudén mat SSs duoc xac dinh tr nghiém cua cac bai toan
nhé [2-7].
2.2. Dang budc gilra cac bai todn nhé théng qua cac
nguon mat SSs va nguon khoi VSs

Nhu dé trinh bay trong muc 2.1, cac truong bg; va e;
trong (2a) va (2b) la cac ngudn khéi VSs. Trong dé, ngudn
khéi b, ; dwoc xem nhu 1a ngudn tir du ton tai trong bai toan
nghién ctru. Nguon e;; 1a dai lvong toan cuc dugc xac dinh
thong qua dong dién hodac dién ap tir mach dién ngoai két
néi véi cudn day nhv hinh 1. Trong pham vi clia phuong
phap SPM, cac ngudn khéi b, ; va e;; md ta su thay ddi clia
dac tinh vat liéu tr mién nghién clru clia bai toan nhé nay
sang mién nghién cru nhd ctia bai toan khac [2 - 7]. Su thay
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d6i clia dac tinh vat liéu trong mién nghién cttu, tir bai toan
nhd SP, (i = u) toi bai toan nhd SP, (i = p) duoc thé hién

thdng qua cac nguon khéi VSs b, ,, va e ,,, d6 la:

bs,p = (.up —H u)hu' es,p = (O-p_l _0-1:1)].11' (4a'b)

M®i bai toan nho duoc rang budc théng qua cac ngudn
mat SSs va cac nguon khéi VSs da dugc xac dinh tir nghiém
cla cac bai toan nho truéc do.

Cac truong j; and f; trong (3a-b) duoc xac dinh nhu
la cac ngudn mat SSs tai vi tri ti€p giadp/xdc gitra bién cla
céc bai toan nho va dwoc thé hién thong qua su khong lién
tuc trén bién y; va y; ([2 - 7]) khi c6 sv bién déi cla cac
treong tr mién nay sang mién khac. bay la truong hgp khi
ma cac truong cla bai toan nhd SP, dugc xem nhu la
khong lién tuc tai bién y;. Sy khong lién tuc nay s& dan dén
sai s6 cla nghiém tim dwoc tir bai toan nhé SP,,, sai s6 sau
do duoc hiéu chinh thong qua bai toan nho tiép theo SP,,.

Ngoai ra, cac diéu kién cla cac trvong toan cuc (dong
dién va dién 4p) dat vao cudn day nhu hinh 1 cling duoc
xem xét. Mot cudn day dién hinh dwgc chi ra trong hinh 1,
noi ma nguoén strc dién dong e dugc dat vao gitta hai dién
cuc Qg; rat gan nhau va dugc két hop voi dién ap V; va

dong dién I; thdng qua bé mat I, ;, do la:

r, N
$oe-dl=Yyva $9n-jds=j (5a-b)
gi gi
trong do, y; la duong két néi tr T,; dén T[,; trong mién
Q- BEMALTy; ciing c6 thé xem nhw [a mot phan cda bién
I,; clla mién nghién ctru duoc biéu dién trong diéu kién
bién doéi xting [2 - 7].
3. PHUONG TRINH YEU NHAN VG'1 CONG THUC VEC TO
CUONG BO TU TRUONG

Xudt phat tr phwong trinh “Ampere - Faraday” trong
(1a-b) va céc luat trang thai (2a-b), phwong trinh yéu nhan
cho véc to cuong do tir trvdng h; clia bai toan nhoé SP; (i=u,
pork...) duwgc viét[2 - 7]

0 (pihy, h)g, + (o7 curl peurl P, +

("{Ijs,i'curl @Q + <nxe g;h; > =Tt

<[nxes. hi>r,=0Yhi€ F Q) (6)

trong do F,;(Q;) la khdng gian ham duoc xac dinh trong
mién nghién ctu Q; (bao gdm Q. ; va Qf;), va bao gdbm cac
ham ndi suy cho treong h; va ham tht “test funciton” h;
(tai mién roi rac, khdng gian ham nay duogc xac dinh thong
qua cac phan ti hiru han canh [6]). (- , )o, va < , - ¥ lan
lvot la cac ky hiéu clia tich phan khéi dwgc xac dinh trong
mién Q; va tich phan mat dugc xac dinh trén bién 0Q; =T;
(V6i I; = T,; U T;). Trong d6, tich phan mat trén biénl}, ké
dén diéu kién bién (3a), duoc xac dinh bang khong.

Mat khac khi két n6i véi mach dién ngoai, tr phuong
trinh (6), cwdng do tir trwong h; dugc xac dinh thdng qua
bi€u thirc [2]:

h;=h,; + Zjeﬂg,i lg;- R, hi € Fr;(Q)) (@)
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trong do h,; la trvong phan tng va dugc xac dinh [6].
Trong mién Q“, curl p; =0, trwong h,; duoc xac dinh
thong qua mot dién thé vo huéng ¢, d6 lah,; = —grad ¢
Dong dién I,; la dong dién dugc dat vao trong cudn day
hoc thanh dan. Do d6, mat dé dong dién trong cudn day
hodc trong thanh dan dwoc xac dinh théng qua biéu th&c
Jsi = 1Igi- ki = Iy (VGi jg; 1aham thir, duoc xac dinh bang
1 khi lién két véi mach dién ngoai va bang 0 khi khéng két
néi véi mach dién ngoai).

Thay biéu thtc jg; =1,; va phvwong trinh (7) vao
phuong trinh (6) ta dwgc phuong trinh yéu nhan két ni véi
mach dién ngoai nhu sau [6]:

at(uihr,i'h;)ni—}_at(#izjeﬂgl hguh) _+
(a7 curl fy,curl @
(ai_lcurlzjeﬂ Iy, gl,curl ]99

-1
(o711, curl B
¢ Q Thi=Te,i

re ! hi >r, =0,V hi € Fp;(Q) 8)

t<nxeg; h;>
C,i ’
< [nx es,i]

Tir phuong trinh (8), dé dang suy ra phrong trinh yéu
nhan cho cac bai toan nhd SP; (rng véi cac truong hop (i=u,
p or k...). CAc ngudn mat SSs va ngudn khdi VSs dé lién két
cac bai toan nho dwgc xac dinh tir cac phuong trinh (3a-b)
va cac phuong trinh (4a-b). Tai md hinh roi rac, nghiém ctia
bai toan truéc sé la nguén mat SS hoac ngudn khéi VS duoc
anh xa cho céac bai toan ké tiép thong qua phwong phap
xép chong[2, 3].

4. BAI TOAN UNG DUNG
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Hinh 3.M6 hinh cudn day - I6i tir - man chan tlr véi céc kich thuoc hinh hoc:
,=1,=25mm, h;=1,=100mm[12]

Xét mot bai toan nhu hinh 3, bao gdm mot I6i tir duoc
bao quanh béi cudn day, bén ngoai dugc bao boc béi mot
man chan dién tir c6 do tir thdm twong d6i va dd dan dién
lan lwot 1a 4 = 1000, o = 2.10° S/m. Bai toan da duoc tién
hanh thiyc nghiém béi nhém nghién ctu tai Vién Ky thuat
dién Nhat Ban [12]. Bai toan dugc gidi voi hai trvdng hop:

Truong hop th nhat: khi kich thich dat vao cudn day
(1000 vong) tvong tng vai 0,001A (stre tir dong tuong (rng
la 1A), d6 dan dién cta cudn day o,y = 1,475.10” S/m. Md
hinh ludi 3D (cat 1/8) ctia cudn day, I3 tir, man chan dién tir
cla bai toan duoc chi ra trong hinh 4 (trai). Su phan bo cla
tlr treong trong 18i tir, man chan va xung quanh khong khi
(&ng vGi bai toan nho SP,) do dong dién chay trong cudn
day (irng voi bai toan nhé SP,)) sinh ra duoc biéu dién trén
“cut-plan” trong hinh 4 (phai).
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Hinh 4. M6 hinh lui 3D (cAt 1/8) (trai) va sir phan b6 clia tir truong h (phéi)
do dong diéntaora (csEore =2.10°S/m, p, = 1000, f =50Hz)
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Hinh 5. Sw phan b6 clia mat do tir cdm cla phan thuc va phan do doc theo
man chan dién tir {y = 0, z = 110mm (tréi), z = 110mm (phéi)} (f = 50Hz,
Giore =2.10°5/m, p, = 1000)

Su phan bd ctia mat do tlr cdm cla phan thuc (real part)
va phan &o (imaginary part) doc theo man chan dién tir tai
vitriy =0, z=110mm va z = 160mm duoc chi ra trong hinh
5. Nghiém xép chong cla bai toan (SP, + SP,) dat duvoc
tr phuong phap SPM duwgc so sanh voi két qua dat dwoc tir
phuong phap phan t& hitu han (FEM) [1, 8]. Sai s0 gitra hai
phuong phap nhd hon 10% déi véi mat do tir cdm phan
thuc va nhé hon 15% d6i voi mat do tir cdm phan 4o tng
v6i hai vi tri khac nhau z = 110mm va z = 160mm. Biéu nay
c6 s& s& dé khang dinh sy phu hop va tinh ding dén cla
phuong phap nghién ctu.

Truong hop thi hai: twvong ty nhu tredng hop thi nhat,
dé chirng minh duogc tinh dung dén cta phuong phap SPM
cling nhu dé cd co s& so sanh véi két qua thre nghiém clia
nhom tac gid da cong bo két qua trong [12], cudn day duoc
xem nhu la mot “massive inductor” (véi do tir thdm twong
ddi cha 16i tlr 14 o) = 1000) va duoc két ndi voi mach dién
ngoai cé dong dién kich thich | = 3000A.

Bang 1. So sanh két qua tinh toan clia mat dg tl cam B (T) gilta cc phuong
phap Iy thuy&t SPM, FEM va phuong phap thuc nghiém [12]

Phuwong phép thyc hién Vitri {x,y,z} (mm)
{0,0,110} | {40,0,110} | {40,40,110}
SPM 0,02491 0,0301 0,03495
FEM 0,02350 0,02850 0,03470
Két qua do thue nghiém [12] | 0,02400 0,02981 0,03550

Gia tri tinh toan ctia mat do tir cdm B (T) tai cac vi tri
khac nhau {x = 0, y = 0, z = 110mm}, {x = 40,y = 0,
z=110mmj} va{x =40,y =40, z= 110mm} ctia phvong phap
SPM dugc so sanh véi phvong phap FEM va phueong phap
thuc nghiém va duoc chi ra trong bang 1. K&t qua cho thay
sai s6 lon nhat gilta phuvong phap SPM va phuong phap
FEM nhoé hon 5% va gilta phwong phap SPM va phuong
phap thwc nghiém [12] nhé thyc nghiém nhé hon 2%.
Ciling gidng nhu treong hgp th nhat, gia tri dat dwgc cla
treong hop thiv 2 gilra cac phurong phap ly thuyét va thuc
nghiém la kha gan nhau.

5. KET LUAN

Phuong phap SPM da dugc phat trién dé lien két
“coupling” cac trudong cuc bd “local fields” véi cac trudng
toan cuc “global fields” clia mach dién ngoai. Thong qua bai
toan thuc té [12], két qua dat duoc tir phwong phap SPM da
dugc so sanh va kiém chitng vai két qua dat dugc tlr phrrong
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phap FEM va dac biét la d& duoc so sanh voi két qua thuc
nghiém [12]. Phuong phap SPM ciing dé chi ra dugc st &nh
huwdng va thay déi clia tir trwong doi véi méi treong xung
quanh khi k& dén man chén dién tir. Bidu nay sé gidp ich cho
cac nha nghién clru/san xudt trong viéc lap dat va ché tao
cac man chan dién tir dé han ché ti da si dnh hudng cla tir
trieong doi voi khu vuc/cac thiét bi dién/dién tir xung quanh.
Bai b4o duoc thuc hién dwa trén hai phan mém méa ngudn
m& Gmsh (https://geuz.org/svn/gmsh/) va GetDP
(http://geuz.org/getdp/) duoc viét bdi hai gido sw Patrick
Dular va Christophe Geuzaine, Pai hoc Liege, Vong Qudc Bi.
Source code cla phuong phap SPM da TS. bang Qudc
Vuwong va gido su Patrick Dular phét trién tlr ngm 2009 nhw
da thé hién trong mot s6 tai liéu tham khao.
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