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TOM TAT

Mot vanh R duoc goi 1a NQ-vanh néu R théa man phuong trinh QN(R)=N(R). Trong bai bao nay,
ching t6i néu mot sé tinh chét can ban cua I6p vanh NQ va chi ra rang voi R 13 vanh nua giao hoan thi
R 1a NQ-vanh khi va chi khi QN (R) 1a motidéan linh; néu R 1amot NQ-vanh thi R/ J(R) lavanh
ntra nguyén to; néu R 1a mot NQ-vanh va R/ J(R) la nira giao hoan thi R/ J(R) Ia vanh téi gian.
Tuwr khéa: Lay linh, tya ldy linh, can Jacobson, NQ-vanh.

1. GIOI THIEU
Trong bai béo nay, mot vanh R da cho 1a vanh két hop va ¢é don vi. Ching t6i ding ki hiéu
U (R) Ianhém kha nghich cuaR; J(R) 1a cin Jacobson cua R; N(R) Ia tap cac phan tir liy linh va
N.(R), N"(R) Ian Iuot I ciin dusi va cin trén ctia R. CAc tinh chét co ban cia c4c tap trén nguoi doc
c6 thé xem trong ([1]). Theo ([2]), mot phan tir @ thuéc R duogc goi 14 twa iy linh néu 1+ Xa kha
nghich véi moi phan tir x cia R giao hoén véi @. Tap tat ca cac phan tir twa lity linh cia R duogc ky
hi¢u 1a QN (R). R& rang la cac phan tir lity linh va phan tir ctia cin Jacobson 1a tua ldiy linh, diéu ngugc
lai n6i chung khong ding.
Trong nhimg ndm gan ddy, nhiéu tac gia da nghién ciru V& cac I6p vanh c6 lién quan dén tap cac phan
tir lily linh N (R). Chlng ta biét rang, vai R 1a vanh bt ky thi luén c6 cac bao ham thirc co ban nhu sau
N.(R)= N"(R) < J(R),
N.(R) = N"(R) = N(R),
N(R) = QN(R), J(R) = QN(R).

Khi R 1a vanh Artin tréi ta c6 N.(R)=N"(R)=J(R)va khi RIa vanh giao hoan ta c6
N.(R) = N"(R) = N(R). Mot vanh R théaman N..(R) = N(R) duoc goi Ia vanh 2-primal; théa
man N*(R) = N(R) duoc goi la vanh NI; thea man J(R) = N(R) duoc goi la vanh NJ. Ngoai ra,
con mot sd Io‘p vanh khéc ciing dugc xay dung mot cach tuong tu (xem [1]- [3]) Nghlen cau cac I6p
vanh trén glup chiing ta sang t6 nhiéu diéu lién quan dén cac I6p vanh ¢ dién noi riéng va ly thuyét cau
tric vanh néi chung. Tir nhitng diéu noi trén, chiing t6i dinh nghia 16p vanh NQ (hoic NQ-vanh), do 1a
I6p vanh thoa diéu kien QN (R) = N(R). Trong bai bao nay, chung t6i dwa ra mét s6 vi du va dic
trung ciia NQ-vanh 1am tién dé cho nhitng nghién ciru sdu hon vé sau.

2. NQI DUNG
Vidu 2.1. Cho R = R[[X]] 1a vanh gdm cac chudi liy thira lay hé sb trong R. Khi do, R 1a
mot mién nguyén va phan tir 8, +aX+a,X” +--- trong R kha nghich khi va chi khi @, khac 0.
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Xét phan tr X thugc R, rd rang X khong liy linh, nhung phan te 1— SX luén kha nghich véi moi
S thuoc R vico hé sé hang la 1. Do d6, X la tya luy linh.

Vidu 2.2. Djt Z,, latap céc s6 hiu ti sao cho ¢ mau sé la so nguyén le. Dat R =M, (Z ),
11 _
khi d6 ma tran A= 11 Ia tya Ifiy linh nhung khéng Ity linh trong R . That vay, moi ma tran

1-x—-y —Xx-y
~X—y 1-x-y)
Khi d6, det(l — AX)=1-2(x+Yy) =0 trong Zg hay | —AX eU(R). Vay Ala tya

X
X € R giao hoan véi A c6 dang X =(y ){j, va | — AX :(

lity linh trong R. Tuy nhién, A" # 0 v&i moi s6 nguyén dwong N nén A khéng liiy linh.

Pinh nghia 2.3. Mot vanh R duoc goi 1a NQ-vanh néu tap cac phan tir lity linh va tap cac phan
tir tya lity linh bang nhau, tac 1a N(R) = QN (R).

Ménh dé 2.4. Lép cac QN-vanh déng dudi phép dang cdu vanh va tich truc tiép.

Chung minh: Goi f : R — S 1a mot dang cau vanh, va R 1a mot NQ-vanh. Ta s& chitng minh
S ciing 1a mét NQ-vanh. That vy, d& thiy phan tir @ lity linh trong R khi va chi khi (@) liy linh
trong S . Bdi véiphantr @ € QN (R) tacé, vsimoi T (x) € S theaman f(a) f(x) = f(x) f (a),
ta duoc f(ax) = f(xa), dods ax=xa. Vi a € QN(R), ta thu dugc 1—ax kha nghich trong
R, boi vay 1— f(a) f (X) = f (1—ax) ciing kha nghich trong S, hay f(a) € QN(S). Vay lsp
cac QN-vanh déng dudi phép dang cau vanh. Phét biéu cudi cia ménh dé dugc suy ra tir tinh chét

ON(J [R)=] JoN(R) va N(J [R) =] [N(R).

ici ici ici el

Nhan xét 2.5. Cho R lamétvanh va S 13 vanh con cua R. Ta thdy moi phan tu ldy linh cua R
trong S ciing 1a liiy linh trong S, hay N(R) NS = N(S). Béi véi phan tir twa liiy linh, c6 phan tir
tya lily linh trong R nhung khong tuya 1ﬁy linh trong S va nguoc lai. Do vay, néi chung vanh NQ
khong dong dudi vanh con. Sau day, ta thiét 1ap maot diéu kién dé vanh con ctia NQ-vanh la NQ-vanh.

Nhic lai ring, mot ddng cdu vanh f 1S — R duoc goi 1a dia phwong néuvsi mdi X € S khong
kha nghich trong S thi f (X) khéng kha nghich trong R. Mét vanh con S cua vanh R dwoc goi la
vanh con déng hiru tinéu U (S) = S MU (R). Didu nay tvong dwong véi don ciu bao ham S — R
1a mot ddng cAu vanh dia phuong.

Ménh @& 2.6. Cho R 1a mét NQ-vanh va S [a vanh con déng hiw ti cia R théa diéu kién
QN(R) S > QN(S). Khids, S 1a mgt NQ-vanh.

Chung minh: Xét a € QN(R) NS, nghiala a€ S val—ax eU(R) vsimoi X € R thoa
mén Xa = aX. Chiy ring, véimoi X € S thoa Xa =aX tadugc 1—ax € S vi S lavanh con. Do
do,1—axe SNU(R) =U(S) theo gia thiét S 1a vanh con dong hiru ti cua R. Vay @ € QN(S).
cung véi didu kien QN(R) 'S 2 QN(S), ta dugc QN(R) 'S = QN(S). Két hop véi Nhan
X6t 2.5, ta dugc S 12 NQ-vanh.

Nhan xét 2.7. Diéu kien QN (R) NS 2 QN(S) trong Ménh d¢ 2.6 trén Ia khong thé bo qua.
Ching ta xét vi du sau: Pit R =M, (Q),S =M, (Z,), khi d6 R 1a mot NQ-vanh theo Vi du

. 11
2.2,va S lavanh con cua R. Phan tir A= (1 :J 4 tya lity linh trong S = MZ(Z(Z))’ nhung A
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1/4 1/4

khong tuya lity linh trongR =M . That vay, lay ma tran X =
(@) 1/4 1/4

]e R. Khi 49,

1/2 1/2
1/2 1/2
1a diéu kien QN(R) n'S 2 QN(S) khong thoa. Va S khéng thé 1a NQ-vanh do A I tya liiy linh
ma khong lily linh trong S.

Hé qua 2.8. Cho R 1a mgt NQ-vanh va € la mét phan tir liiy dang trong R. Khi d6, vanh con
eRe ciing la mét NQ-vanh.

Chuing minh: Két qua suy ra tir tinh chat QN (R) meRe = QN (eRe) (xem [2], Lemma 3.5).

Nhic lai rang, mot vanh R duoc goi 12 NI néu N*(R) = N(R), diéu nay twong dwong véi tap tat
ca cac phan tir liiy linh N (R) Iap thanh mét idéan cua R. Mot vanh R dwoc goi 1a nira giao hoan néu
véi moi a,b e R,ab =0 suyra aRb =0. Mot vanh R nwa giao hoan khi va chi khi moi tap linh
hoa phai, trai trén R déu 1a mot idéan (xem [4], [5]). Mot vanh nira giao hoan 1a vanh NI (xem [6],

[7D).

AX = XAva | — AX :[ j khong kha nghich. Vay A khong la tua iy linh trong R. Ttc

Pinh Iy 2.9. Cho R 1a vanh nita giao hodn. Khi dé, cdc phdt biéu sau day la twong dwong:

(1) R la mgt NQ-vanh.

(2) QN (R) lamgt idéan linh cia R .

Ching minh: (1) = (2). Vi R la vanh nira giao hoan, suy ra R 1a NlI-vanh, hay N(R) 1a mot
idéan cua R. Mat khac, vi R 12 mot NQ-vanh, N*(R) € J(R) € QN(R) = N(R) € N*(R). Do d6 ta
¢6 QN(R) = N*(R) la mot idéan linh cua R.

(2) = (@. Vi ON(R) 1aidéan linh nén QN(R) S N(R). Piéu nay suy ra QN (R) = N(R).

Pinh Iy 2.10. Néu R 1a mgt NQ-vanh thi R/ J(R) 1a vanh nia nguyén to.

ching minh: Lay A/ J(R) 1a mot idéan cua R/ J(R), véi A la motidéan cia R théa man
A% < J(R). Vi R 1amot NQ-vanh, ta duoc A2 = QN(R) = N(R). Diéu nay c6 nghia A 1a mét
idéan linh cia R vadods A< J(R). vay R/J(R) 1avanh na nguyén té.

Tagoi motvanh R 1at6i gian néu R khdng c6 phan tir lity linh khac khong.

Pinh Iy 2.11. Néu R 1a mgt NQ-vanh va R/ J(R) 1a vanh nia giao hoan thi R/ J(R) 1a
vanh tgi gian.

Chting minh: Dbat R= R/J(R). Gia su x> eR. Vi R/J(R) ntra giao hoan, ta dugc
XRXR = 0. Didu d6 suy ra XRXR<J(R). Theo gia thiét R 1a mot NQ-vanh, ta duoc
XRXR = N(R). Tir d6 suy ra xR 1a mot idéan phai linh ciaR . Nhu vay, XR < J(R) va do do
xe J(R).

Pinh Iy 2.12. Cho R 1a mgt vanh. Néu moi phan tiz khong kha nghich cia R la iy linh thi R 1a
mgt NQ-vanh.

Chimng minh: Theo gia thiét, ta dugc R\U(R) = N(R). Véi moi a thuoc R ma a ¢ N(R),
suyra a € U (R). Khido tdntai r € R sao cho ar =ra =1. pidunay suy ra a ¢ QN (R). Vay
ta dugc QN (R) < N(R), hay QN(R) = N(R).

Nhic lai, mot vanh R duogc goi 12 UU néu R thoa man déng thac U (R) = N(R) +1.vanh R
duoc goi 1a vanh UU yéu néu thoa dang thic U (R) = N(R) £1.

Ménh d& 2.13. Moi vanh UU yéu la NQ-vanh.
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Ching minh: Xét X € QN(R) va x ¢ N(R). Vil+xeU(R)=N(R)x1 nén1l+x=q-1
véi g e N(R) nao d6. Bsi vay 2+ X e N(R). Mot cich twong ty, vi 1+ x> €eU(R) ta duoc
2+ x% e N(R). Dodétaco 2+ %> —(2+X) =x* —x=xX(1—X) € N(R). Nmmg 1-x € U(R)
vsi X € N(R), diéu nay 1a mau thuan. Vay QN (R) < N(R).

Mot vanh R dugc goi 1a vanh tét mgnh néu moi phan tir T € R ¢6 thé dwoc biéu dién thanh
r=a+u,ae N(R),ueU(R) va au =ua.

Ménh dé 2.14. Moi vanh tét mgnh la NQ-vanh.

Chang minh: Ldy X € QN(R) va X #0.Khi d6, X=a+U véi ae N(R),u eU(R) va
au =ua. Piéu d6 suy ra a=X—U. Chd y rang au =Ua, va do d6 XU =UX. Tir d6 suy ra
aeU(R),boivay @ =0. Do do, tadugc X =U e U (R), diéu ndy mau thuan. Vay QN (R) =0,
hay R la mgt NQ-vanh.

~ Nhic lai ring, mot vanh R duogc goi la "strongly weakly nil-clean” néu moi phan tir cia R 1a
tong hoac hiéu cia mot phan tir Ity linh va mét phan tir lity dang giao hoan véi nhau.

Ménh dé 2.15. Moi vanh strongly weakly nil-clean 1a NQ-vanh.

Chang minh: Véi mdi qeQN(R), ta c6 q=b+e hoic q=b—e vsi be=eb,
e’ =ecR vabeR laliylinh. Giast b" =0, taduoc (€—0)" =0 hoic (€+Q)" =0. Chu
y ring e =eq, diéu nay suy ra € =€" € QN(R). Vay ta dugc € =0, do d6 q =b 12 liiy linh.
Nhu vay, R 1a mot NQ-vanh.

Bé a& 2.16. ([8], Lemma 4.1). Cho R la métvanh, | 1a mét idéan cia R sao cho | <J(R).
Néu véi moi 0 € QN(R/ 1) thi g € QN(R).

Ménh dé 2.17. Cho | 1a mér idéan ciia R sao cho | < J(R). Néu R 1a mgt NQ-vanh thi
R/ cing la mgt NQ-vanh.

Ching minh: Lay 0 € QN (R / J(R)). Khi dé,tacé q € QN(R). Vi R 1a mot NQ-vanh, ta
dugc QN(R) = N(R) va do d6 ( 14 lity linh.

Nhic lai ring, mot phan te @ trong vanh R dwoc goi 13 77 -chinh quy trai néu day chuyén
Ra > Ra? o--- lading, va @ duoc goi 1a 7 -chinh quy phai néu day chuyén aR D a’R o---
dirng. Phan tir @ dwoc goi la 77 -chinh quy mgnh néu @ vira ca phai va tréi 77 -chinh quy. Mot vanh
R dwoc goi la 77 -chinh quy mgnh néu tat ca cac phan tir cia R 1a 77 -chinh quy manh.

Bo6 dé 2.18. ([3], Lemma 2.1) Cho R la mét vanh va @ € R. Céac phét biéu sau day la twong
dwong:

1) a la 7 -chinh quy manh;

2) Tontai b € R vamot sé nguyén N >1 saocho a" = a™'b va ab =ba;

3) Ton tai mot sé nguyén N >1 sao cho a" =eu = ue vsi 2 =e va u U (R).

Ménh dé 2.19. Mgt vanh 77 -chinh quy manh 12 QN-vanh.

Chang minh: Cho R 1a mét vanh 77 -chinh quy manh. Ching ta s& chira QN (R) < N(R).
Gia st @ € QN(R), theo Bb d& 2.18 tén tai s6 nguyén K =1 va X € R sao cho a* =a*"x va
ax=xa. Vi aeQN(R), ta dugc 1—ax Ila kha nghich trong R. Hon nira, ta co
a*(l-ax) =a" —a“'a=0. Do (1—ax) kha nghich, nénsuy ra 8 =0. Vay a € N(R), hay
QN(R) = N(R).

Hé qua 2.20. Mgt vanh chinh quy khéng chia phan tit liiy linh khéc khéng la mgt NQ-vanh.
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Vidu 2.21. Vanh R cac ma tran vudng cap N trén mot vanh chia 1a NQ-vanh. That vay, R 1a
vanh don Atin, nén ddy day chuyén giam AR D A?R O--- Ia diung. Theo B d& 2.18 va Ménh d&
2.19 ta duoc R 1a NQ-vanh.

Chung toi két thic bai béo bang két qua lién quan dén tinh chat vanh NQ trén mot sé vanh ma tran
dac biét.

Cho ¢ 1a mot ty dong cau caavanh R va N 1a mot s6 nguyén duong, vanh T (R, @) duge dinh

nghia nhu sau

8 & - Ay
TRa)=1|° a:" a”;z a R},
o o ... a,

véi phép cong theo thanh phan va phép nhan dinh nghia boi:
& & - By bo bl t bn—l G G - Gy
0 & A 0 bo o bn—2 _ 0 Co

o

n-2

0 0 - a )0 0 - by 0 0 - ¢
voi ¢ =3’ (b)+aat(b,)+--+aa'(bhy),0<i<n-1.Dé don gian, ching ta ky
hiéu cac phan tir cua T, (R, ) 1a (8y,8,,-++,8, ;). Néu ¢ 1a ddng chu ddng nhat thi T, (R, ) 1a
vanh con ctia vanh ma tran tam giac trén T, (R) . Chiing ta c6 két qua sau

pinh ly 2.22. Néu T_ (R, ) 1a NQ-vanh thi R 1a NQ-vanh.
Chung minh: Bat

0 a, - &,
=110 % g cris)

Khi do, taco thé kiémtraring 1" =0va T (R,a)/ 1 =R .Nhuvay, | <J(T, (R, )) vatheo
Ménh dé 2.17, taduoc T, (R, @)/ 1 1aNQ-vanh. Vay R 1a NQ-vanh theo Ménh dé 2.4.

Cho & 1a mot tw dong cdu cua vanh R . Taky hiéu R[X;a] cho vanh chia cac da thic bién X,
hé sb trén R vai phép cong da thirc thong thuong va phép nhan dugc dinh nghia thong qua tac dong
ciia @ nhusau Xr = (r)X, véi moi I € R . Khido,dong cauvanh ¢ R[X;a]/ (X") > T, (R, @)

xéc dinh boi ¢(a0 +aix+...an71x”’1+(x“)):(a0,a1,---,an71), véi & €R,0<i<n-1 1a mot
ding céu vanh. Bai vay T, (R, a) = R[x; ]/ (X").
Vay ta c6 hé qua sau
Hé qua 2.23. Cho R 1a mot vanh. Néu R[X; ]/ (X") 1a NQ-vanh thi R la NQ-vanh.
3. KET LUAN

Bai béo da khao sat mot cach co ban cac tinh chat cua I6p vanh c6 tap phan ti liiy linh tring voi
tap cac phan tir tua ldiy linh. Cu thé, bai bdo da chi ra cac vi du ton tai I1é6p NQ-vanh; khao sat cac thudc
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tinh dong cua I6p vanh nay qua dang cau vanh, tich truc tiép ho vanh va dong dbi véi vanh con. Bai bao
ciing da chang minh cac moi quan hé cua lop NQ-vanh véi cac I16p vanh khac nhu 1a NI-vanh, UU-
vanh, vanh m -chinh quy manh, vanh nira giao hoén... Qua d6 lam sang t6 hon nhiéu méi quan hé trong
ly thuyét cau trdc vanh, va mé ra nhiing tiém nang ap dung céc I6p vanh nay cho cac dai s6 khac, nhur
Dai s6 Banach ching han.
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ABSTRACT
SOME PROPERTIES OF NQ-RINGS

Nguyen Quoc Tien, Dao Thi Trang”
Ho Chi Minh City University of Industry and Trade
“Email: trangdt@huit.edu.vn
A ring R is called NQ-ring if R satisfies the equation QN(R)=N(R). In this paper, we give
some basic properties of the class of NQ-rings and show that, if R be a semicommutative ring, then

R is an NQ-ring iff QN(R) is a nil ideal; if R is an NQ-ring, then R/J(R) is a semiprime ring; if R
is a NQ-ring and R/J(R) is semicommutative, then R/J(R) is a reduced ring.

Keywords: Nilpotent, quasinilpotent, Jacobson radical, NQ-rings.
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