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TOM TAT

Trong bai bao nay chung t6i 4p dung phuong phap dudi dao ham ting cuong dé giai bai toan bat dang
thirc bién phan hai cap BVI (C ,F, G) . Day 1a mot phuong phap méi dé giai bai toan nay. So véi cac
phuong khac thi phuong phap dudi dao ham tang cuong co6 wu viét 1a trong thuat toan chi can mot phép
chiéu trén C, phép chiéu thir hai dugc chicu 1én mdt nira khong gian. Do d6 phuong phéap nay cho két
qua tinh toan nhanh hon. Chung t6i chirng minh dugc sy hdi tu manh cua day 1ap téi nghiém cua bai
toan trén khong gian Hilbert thyc.

Tir khéa: Bat dang thirc bién phan, bat dang thirc bién phan hai cap, don diéu manh , du6i dao ham
tang cuong, lién tuc Lipschitz.

A SUB-EXTRAGRADIENT METHOD FOR BILEVEL VARIATIONAL INEQUALITY PROBLEMS
ABSTRACT

In this paper, we introduce a method for solving bilevel variational inequality problems. With this method,
we need only one projection on C. Therefore, it gives faster calculation results. This is a new iteration

algorithm and we show that these problems can be solved by subgradient extragradient iteration method. We
obtain a strong convergence of iteration sequences generated by this method in a real Hilbert space.

Key words. Variational inequality problem, bilevel variational inequalities problem, strongly monotone,
sub- extragradient, Lipschitz continuous.

1. GIOI THIEU

Cho C1a mét tap con 10i dong khac rdng ctia khong gian Hilbert thuc 7 . Bai toan
bat dang thirc bién phan VI (C v ) c6 dang

Tim x* e C sao cho <F(x*),x—x*> >0 VxeC,

Trong d6 F:Q — H la anh xa ditir QQ vao H goi la anh xa gia, Q2 1a C hoac H.

Trong péi lﬁ)éo nay chl'lrng t61 quan tam toi bai toan bat dang '[hl:IC bién phan hai cép, 1a
bai toan bét’déng thirc bién phéan trén tap nghigf:m cua bai toé? bién phan khac ([1], [5]).
Puogc tom tat nhu sau: Cho C la mét tap con 161 dong khéac rong cua khong gian Hilbert
thue H

Tim x" € Sol(C,G) sao cho (F(x"),y-x")>=0 Vye Sol(C, G), (1.1)
trong d6 F:'H —"H va Sol (C , G) 1a nghiém cua bai toan bat dang thiic bién phan
VI(C,G) voi G cling la 4nh xa tr H vao H va bai toan ndy duoc ky hidu van tit la
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BVI (C, F, G) . Bai toan nay cting nhan duogc sy quan tam cua nhiéu nha toan hoc trong
nudc cling nhu trén the gidi va c6 nhiéu that toan dugce dua ra. Nhitng ban dau chi l1a cac
thuat giai trong cac truong hop riéng cua bai toan nhu truong hop F =Vf;G =Vg voi f,
g la cac cac ham 16i kha vi va khi d6 bai toan BVI (C F, G) chinh 14 bai toan cuc tiéu hai
cap. Mot truomg hop khac 1a F(x)=x khido BVI(C,F,G) tr¢ thanh bai toan tim chuan
nho nhat trén tap nghiém bai toan bat dang thirc bién phan va bai toan nay duoc Yao, Y. sir
dung phuong phap dao ham ting cuong dé giai. Thuét toan duoc tom tit nhu sau:

x"eC,
y =P, (xk - AG(x")—a,x" ) ,
X' =P, (x" —AG(x") + ,u(yk—xk)).

Vi diéu kién ham G don diéu manh nguoc, khi d6 diy {x*} hdoi tu manh vé nghiém
x =Py (0) . Gan day téc gia Anh PN. va cc cong su ([2]) d& xudt mot thuét todn
giai bai toan BVI (C F G) bang sy két hop giita phuong phap dao ham tdng cuong va ly

thuyét diém bat dong ctia anh xa khong gian. Thuat todn bao gdm cac bude sau:
Buée 1.Tinh y* = (x -a,G(x )) va z' = P. (x -a,G(y ))
Buéc 2. Vong lip trong: xéac dinh A"
= - AF (Y,
Y =P (5 -5,G")),
X = X px 4y P (xk’j —5jG(yk’j)).

Néu ” S = Poc.o) (x"’o )“ < g thi dat 2° =x**' va di dén budc 3. Nguoc lai ting
jo=jt+l

Budc 3. Dat x'' =aqu+ B.x" +yh" . Tang k 1én 1 va quay lai bude 1.

Trong d6 F don di¢u manh, lién tuc Lipschitz; G gia don diéu va lién tuc Lipschitz
trén C cung voi cac tham s6 duge chon thich hop. Khi d6 cac diy {x*} va {z'} ciung
hoi tu vé nghiém cua bai toan BVI (C JF, G) . Tuy nhién tai mdi bude 1ap ta chi tim dugc
nghiém xap xi cua bai toan.

Ta co6 cac dinh nghia ([3], [4])

VAnhxa F : H — H duoc goila B - don diéumanh trén H, néu ton tai B> 0 sao cho

<F(x)—F(y),x—y> > ﬁ”x—y”2 Vx,y € H.

Y Anh xa F:H — H dwoc goi la L - lién tuc Lipschitz trén H, néu ton tai L >0
sao cho

||F(x) —F(y)” < L||x—y|| Vx,yeH.

Y Anh xa G:H — H dwoc goi la n- don diéu manh nguoc trén H, néu ton tai
n >0 sao cho
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2
<G(x)— G(y),x—y> > 77||G(x) —G(y)” Vx,y e H.
Ta gia thiét cac dnh xa F,G:H — H ciia bai todn bt dang thire bién phdn hai
cap (1.1)  théa man cdac diéu kién:
(A1) :F la B - don diéu manh va L - lién tuc Lipschitz trén H.
(Az) :G la n - don diéu manh nguoc trén H.
II. THUAT TOAN VA KET QUA HOI TU
Thuat toan 2.1. 5
Buéc 0. Chon x° e H,0< <~

2’

cac day {a, } = (0,1) va {4} sao cho

lime, =0, Zak_oo

k—0

{lk} C[a,b]c(O;n).

Buée 1. Tinh y* = P. (xk —/IkG(xk)), z* =B (Xk —ftG(yk)),

k=0,1,2,
grongdo T) {a)eH <x —2G(x*) - Y, o-y >SO}
k+1 _ _ k
Budrc 2. Tmh =z akyF(z )
Néu x*™' = x* thi dirng thudt todn va khi d6 x* la nghiém cia bai todn BVI(C F G)

Nguoc lai, k := k + 1 va quay lai Buocl.

Nhan xét 2.1. O thudt todn 2.1, ta c6 thé chon, chang han, a, = L Khi do dé
dang thdy rang {ak} (0,1), hmak =0 va Z a, =o. k+3

Dé ching minh sy hdi tu ctia Thuat toan 2. 1 ta can sir dung mot sd bo dé sau:

Po dé 2.1. (7)) Gidasir G:H—> H la n - don diéu manh nguwoc trén 'H. Khi do G
la — - lién tuc Lipschitz va tap nghiém Sol (C, G) cia bai todn bdt dang thirc bién phan
VIUC,G) la l6i va dong.

B6 dé 2.2 ([9)) Gia %F :H—>H la B -don diéu manh, L - lién tuc Lipschitz trén
H,0<a<l,0<u<—-.

Khi do L

”x —auF (x)-[y- a,uF(y)]” <(l-ar)|x-y| vx,yeH,

trong do

—1-J1-u(28-ur?) €(0,1].

B6 dé 2. 3 ([6]) Cho { } la day sé thiee khong am. Gid,sd’ rang véi moi sé tir nhién
m, ton tai s6 tw nhién p > m sao cho a, < a,,,. Goi n, laso twnhiénsaocho a, <a,
va xde dinh t(n) véi moi n > n, boi

t(n)=max{keN:n <k<n,a <a,,}.
Khi do {T(”)}n>n la day khong giam théa man diéu kién limt(n) = o va cdc bat

n—»0

p+l°

ddng thirc sau théa man
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ar(n) < a‘r(n)+1’ an < ar(n)+l Vn 2 nO'
B0 dé 2.4 ([8]) Gid sir {a,} la day cdc s6 thuc khong am théa man diéu kién
a,, <(1-a,)a, +a,&, Yn=0,

trong do {an} la day trong (0,1) va {fn} la déy s6 thuc sao cho
()3 a, =
n=0

(ii)limsup &, <0.

Khi do lima, = 0.

Két qug_fl%i tu

Dinh Iy 2.1. Gid st cc diéu kién (A4,), (A4,) dugc théa man va Sol(C,G)# D. Khi
do day {xk} trong thugt todn 2.1 héi tu manh dén nghiém duy nhdt ciia bai todn bdt ding
thirc bien phan hai cap (1.1).

Ta chiing minh dinh 1y trén theo cac budc sau:

Buée 1. Ching minh: Véi moi x* € Sol (C,G), ta c6
=2 == (@3)

n n

s

”Zk -z < ”xk —-X
Thdt vdy. Tir dinh nghia »* va tinh chét ctia phép chiéu
<xk—/1kG(xk)—yk,z—yk>£O. VzeC. (2.6)
Sir dung (2.6) va cach xac dinh T}, ta thu duge C = 7,
Vi G 1a 77 - don diéu manh nguoc trén H va x* € Sol(C,G) nén
(G(). 0" =22 (G ()" =5 ) +n|G (1) - G(x)
> <G(x*),yk —x*>
>0,

(2.7)

Theo tinhzchét cua phép chiéu va (2.7), ta dugc
| -x| = HPTk (x* = 2,G(") —x'

<|w* - 2G0M x| |+ - 2605 -2

St dung bét déng thirc Cauchy-Schwarz va cht ¥ rang G 1a l - lién tuc Lipschitz trén
H, tacod
2(GOM -G -yt ) <2|Gh -GN | -
2
< =l =

<olle Tt -2)
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Tur dinh nghia cia T, va z* € T, , taco
<xk - 2,G(x*)-y", 2 —yk> <0.
Két hop bat ding thue trén voi (2.8) va (2.9), ta duoc

[ = <t = [ = w2 26 (00)

Buée 2. Chimg minh: Cic day {x} {F(x)}, va 12} 1a bi chan. Wi

2

:||xk—x*||2+2/1< -z G > “x -

o[l = 2 (o 26 () - | y"lb-ZH
—2< -z, % y>
p it e e I v |
+2< -z* AG( ) xk+y">
g e I e I e |
+2<x"—/IkG(yk)—yk,zk—yk>+21k<G(xk)—G(yk),xk—yk>
S I e I

e ot =T

n
TSR UAT) s WU e I
¢ =
n n

A e [a,b] = (0;77) nén tir (2.5), taco
||Z -X ” ”x -X ” VkeN
Thdt vdy. Tt (2.10) va Bb @& 2.2

k+1

X=X ||= z —ak,uF(z )—x" H

=|z* —ak,uF(Zk)—[x* _ak:uF(Zk)]_akﬂF(X*)H

F(x)”

<

Z—a uF (") - [x* —a, uF(Z* )]H +a,u
F(x*)“

<(1-ao)t - | e F ()

< (l—akr)sz —x*H+ak,u

(e

=(1- akr)ka —x*H +ta,r
T

trong do

rzl—\/l—,u(2,8—,uL2) e(0,1]..
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T (2.11), ta nhan duge

)
X=X ” < max {”xk - x*” i
T

Bang quy nap, ta chimg minh dugc

ka - x*H < max {on IUHF H}

Do d6 day {x*} 1a bi chédn va do do6 cac day {F(xk )} ,{yk} va 1z} cling bi chan.
Bu6e 3. Tu chitng minh déy x* héi tu manh dén x*, trong dé x* la nghiém duy nhdt

cua (2.1).

SO

Thdt vdy. St dung B6 dé 2.2, (2.10) va bat dang thic
be=21" < l=2(yx- ) vy e
Ta duoc

Hx —X H = sz —ak,uF(Zk)—x

2

(2.12)

2

=|z* —ak,uF(zk)—[x*—ak,uF(x*)]—ak,uF(x*)

Ta xét hai truong hop.

Truong hop 1: Tong tai k, sao cho diy ﬂxk - x*”} 1a giam vé6i k > k,. Khi d6 day
”xk —x*”} hoi tu. Do do tir (2.10) va (2.12), ta duoc

ot =+ Y
< —akr“zk —x*H2 —Zaky<F(x*) X —x*>

e |

Vi day {”xk —x*”} hoi ty, hmak =0, {x*}va {z"} 1a bi chan, tr (2.12) ta c6

LR R e

Tir (2.5) va {4} <[a,b]<(0,7), taCO <[ - —Hz -

(2.15)
Do dé tir (2.14) va (2.15), ta thu duoc

lim ' -] =0
Ta chtrng minh
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(2.16)
1imsup<F(x*),x* —xk+l> <0.

k—o
Chon day con {x" } cua day {xk} sao cho
limsup<F(x* x" —xk+]>S}i_>r2<F(x*),x* —xk">.

k—o
Vi day {xk" } 12 bi chin nén ta c6 thé gia thiét rang x" hoi ty yéu dén ¥ € H.

Do do lir]?_)sllp<F(x*),x*—xk+1>=}ijg<F(x*)’x*_xki> (2.17)

=<F(x*) x*—f>

Vi hme -y H = 0 va x — X nén ta suy ra day " hoi tu yéu dén ¥. Vi tap C la
16 dong nén n6 dong yéu, va do do x € C.

Tiép theo ta ching minh X € Sol(C,G).
That vay, ldy x e C Tu (2.6) ta co

<xk" —ﬂkiG(xk")—yk", x—yk"> <0 VielN.
Vi G 14 77- don diéu manh nguoc trén H va bat dang thic Cauchy-Shwarz, ta du
<G(x),xk" —x> < <G(x),xk" —x>+ UHG(xk" ) — G(x) ’

x’ —/"tle(xk")—yk",x—yk"> (2.18)

200 [ P M
S O | T M [

LAy gi¢i han & (2.18) khi i — oo, sir dung tinh bj chin ¢ cac diy{G(xkf )}, {y"f }

va chu ¥ ring llme -y H—)O X" — X, taduoc <G(x),f—x>£0 va do do

1—>0
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(G(x),x-X)20 VxeC. (2.19)

bat x[::(l t)f+ xeCte[O 1] T (2.19), taco
0£<G(xt),x—f>

Do g vo1 moi <1l _ _ _
S A

< g Pillbs ) FAC ). <)

ﬁ‘l(xf))'x +tx> x” ||x—f||+<G(f), x—f>
+(G(X), x—¥).

Cho t — 0", ta duoc <G(Y), x—)_c> >0 hay x € Sol(C,G).
Vi x"1a nghiém cua bai toan (2.1) va X € Sol(C,G), ta co

<F(xx),f—x*>2 0

Két hop véi (2.17), ta thu duogc limsup<F(x*),x* —xk+l> <0.

k—o0

Il
S =

=
=

Sk

Bt déng thie (2.12) ¢6 thé dugce viét lai nhu sau

e dh{r(x) e

2 2
X —x*” <(1- akr)”xk —x*” +a,7&,,

T

Tur (2.16), ta co limsup&, <0. Theo bd dé 2.4, ta dugc hm”x —x*”2 =0, hay
x* = x" khi k > o0, *® o
Truong hop 2: Ton tai ddy con {xkj } cua day {xk} sao cho

i+l

X" —x*H VjeN.

X —x*H <

Theo B6 dé 2.3, ton tai ddy khong giam {z‘(k)} < N sao cho I{im T(k) =00 va cac
bat dang thuc sau dung véi moi k € N (du 16n). o

] < et

Do d6 tr (2.11) va (2.20) ta duoc

b

|xk —x*” < er(k)” —x*H. (2.20)
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e H < er(k)H _X*H (2.21)

< (1 - ar(k)r)

T (2.10) va (2.21), taco
N R s S B

z®_ xH + 1 HF(x )H

Tu lim ¢, =0, tinh bi chan cua {Zk } va (2.22), ta thu duge

k—o0

lim( 0 xH _ Hzru«) _ xH) 0. (2.23)
k—o

Vi {xk}, {Zk} bi chan va (2.23), taco
llcim( (k) () s 2)20 (2.24)

-2 -b
Tu (77 k) > (77 ) >0, (2.5) va (2.24), tasuyra
n
(k) (k) 7(k)

2

x x| =z™ —x

(2.25)

lim|x™ — yl =0, lim y O _ W=,

k—o0

Theo bat dang thirc tam giac

k) _ B < |7 (k) _ yf(k) () (k)

T
—Z

yT

+

X —Z .

Két hop véi (2.25), ta duoc
k) _ (k)

limxf( Wl =0,
Theo B6 dé 2.2

7(k)+1 (k)| _ || _7(k (k r(k)
R () _Z<>_ar(k)ﬂF(Z<>)_x _

< Hzruc) _ W

F(xr(k)) :

‘+ar(k),u

Két hop voi (2.26), lima, =0 va tinh chin cta diy {F(xr(k) )} , ta duoc

k—o
xr(k)+l T(k)

=0.

lim
k—o0

—X

Bang chtg minh twong ty nhu Truong hop 1, ta thu dugc
limsup<F(x*),x* —x’(k)”> - 1imsup<F(x*),x* _ xf(k)> <0. (2.27)

X—>0 X—>
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T (2.12) va (2.20), ta duoc

‘xr(k)ﬂ —xr(k) 2 < (1 B a,(k)T)HxT(k) —

’ + ar(k)lu<F(x*)’x* _xf(k)+‘> (2.28)

2 N ar(k),u<F(X*)’x* _ xr(k)+1>_

< (1 - ar(k)r) fo(k)“ —x"

Do do, tir (2.20), ta duoc

||xk —x*||2 S‘xr(k)ﬂ e 2 < 27’u<F(x*),x* _xr(k)+1>' (2.28)

LAy gi6i han khi £ — o0 & (2.28) va st dung (2.27), ta dugc

. 2
hmsup”xk —x° ” <0.

k—0

Do d6 x* — x"khi k — co. Dinh Iy hoan toan duoc chimg minh. o

1. KET LUAN
Bai bao di dwa ra dugc mot thuat giai moi cho bai toan bat dang thic bién phan hai

cap va chirng minh dugc sy hdi tu manh cua thudt toan vé nghiém cuia bai toan trén mot
khong gian Hilbert thuc. V61 phuong phap dudi dao ham tang cuong, trong thuat toan chi
can mot phép chi€u trén tap rang budc C, do d6 viéc tinh toan dugc gidm nhe di rat nhieu.
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