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TOM TAT

Véi sb thue x thi day {x"} hoi tu néu va chi néu | X |< 1 hoic x =1. Ta c6 két qua tuong tu khi
X 1a s6 phic, va | X | 1a médun ctia X . Ta s& chi ra két qua twong tu cho diy cac ma tran {A4"}, &
day A la ma tran cdp 2 trén truong sb thue R.V6i A # [,, 6 day 1, 1a ma tran don vi cap 2, day
{A"} hoi tu téi ma tran khong O néu va chinéu |det A|< 1 va |1+ det A4 [>| trace(A)|. Két qua
nay duogc Gmg dung dé chimg minh dinh 1i ndi tiéng trong quy tic Markov d6i v6i ma trdn ngau nhién
chinh quy cdp 2 va thu dugc cong thire chi tiét dbi v6i ma tran dimg va gia tri riéng.

Tir khéa: hoi ty, quy tic Markov, ma trn ngau nhién chinh quy.

CONVERGENCE OF THE POWER SEQUENCE OF A 2X2 MATRIX

ABSTRACT

The sequence {x”} , X real, is convergent if, and only if, | X |< 1 or x =1. The same statement is
true when X is a complex number, and | X | is the modulus of X . We show an analogus result for the
convergence of the sequence {A"}, where A isa 2x 2 matrix over R.For 4 # [ 5 where 1, is
the identity matrix, the sequence {A"} converges to the zero matrix O if, and only if, | det A |< 1
and |1+ det A |>| tr(A)l. This result is then applied to prove a well-known theorem in Markov

chains for 2 X 2 regular stochastic matrices and to obtain an explicit formula for the stationary matrix

and eigenvector.

Keywords: convergence, Markov chains, regular stochastic matrix.

1. MA TRAN LUY THUA

96

Goi a, B 1a cac gié tri riéng ctia ma tran phirc cap 2:
a b\
A=
c d
Da thirc dac trung cua ma tran A4 la:
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P, (x)=det(A—xI,)=(x—a)x-pB)=x"—(a+p)x+ap .
Theo dinh li Cayley-Hamilton thi P,(4) = O, tuc la:

1
W~ (X +RQ)N+9RY = 0. M
Cacmatran X,Y,Z duoc xac dinh boi:
x=AZPL y_Azal i g
a-pf p-«a
Z=A-al, khi a=p
, X =X; XY=YX=0;Y*=Y khi a=p
Ta co
7*=0 khi a=8
Tir dy suy ra, v6i s6 nguyén thi
XE=2;Y"'=Y khi a=zp
z"=0 khi a=p
Do d6 véi s6 nguyén duong 7, ta ¢
@YX PY) = X Y = X4 Y ki a#f
(al,+Z2)' =a"l,+na""'Z khi a=p,
hay
(@ -pra-apa L) ki axp 2)
An =< —ﬂ s

na""'A—(n-1a"l, khi a=p
2.SUHOQITY CUA Dy A"
Ménh dé 1. Cho A 1 ma trgn vudng cap 2 rén Juong 56 phirc C va a.pB cdc gid tri
riéng ciia A. Khi d@o {4} hoi tu vé ma tran O néu va chi néu lal<1,| fl<1.
Chimgminh. Trudnghep 1.Neu @ # B.Khido néu| o< 1| f|<1 thi lima” = lim 5" =0

, SUY I [im(a” — ") =0, do do tir cong thire (2), ta co:

limA" =0 3)
Nguoc lai, gia su ré‘mg lim4” =0. Vi A c6 hai gia tri riéng phan biét nén chéo hoa
dugc, tirc ton tai ma tran phtic P cap 2 kha nghich sao cho 4=pPJp™', & day

J:{a O}:Jn:[a” 0]
0 g 0 g
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Suyra A" =PJ"P'. Vi limA4" = O nén limJ" =0, do d6

Nn—>00 n—x0
lime" =lim 8" =0 =|a|<1,| fl<1.
n—»o0 n—>0

Trwong hop 2. Néu o = B va | |<1, khi d6 diy {4"} hoi tu vé ma tran O vi ca hai
diy {na""} va {(n—1)a"} déu hoi tu vé 0 boi quy tic L’Hospital.

Nguoc lai néu diy {4"} hoitu vé ma tran O . Ta co:

e a"'(n(a—a)+a) na"'b
na"c a"'(n(d-a)+a)|
Vi {4"} hoituvé O nén limna"™ =0, do d6 phai c6 |a |< 1.0
Nhan xét. Ménh dé trén cﬁngna)ffng trong trudng hop téng quat voi ma tran phirc 4 cép
n bat ki. St dung dang chuan tic Jordan ta c6 thé chi ra rang diy {4"} hoi tu vé ma tran

(0] né'p va chi néu max{| A|: A 1a gia tri riéng ctia ma tran A4} <1. Chimg minh cu thé
co thé xem ¢ [1].
Sau day ta s€ nghién ctru di€u kién can va du d€ mdt ma tran thuc cap 2 hoi tu vé ma

tran O . Ki hiéu det 4,tr(A) theo thi tu 1a dinh thirc va vét cia A.

B0 dé 1. Cho a va B la cdc 56 thuc hodc cdc sé phire lién hop. Khidé |a|<1va | B <1
néuva chinéu |af <1 va |1+af > a+ B|.

Chimg minh. Gia st a, B 1a cac s6 thuc. Néu| ar |<1 va | B|<1 thi| afB|<1 va

t-a 70 L e 1= )50 1+ a2 > o +
1-5°>0
S1+2af+a’f >a’ +2aB+ < (1+af)’ >(a+p)

Sll+af >la+p].

Nguoc lai, néu B <1 va [1+af > a+ L. Tu |[1+af |>|a+ B suyra

(1-a*)(1-p*)>0.

Diéu nay dan dén 1-o? > 0;1- 5> >0 hodc 1-a® <0;1— > <0.

T 1< a’ val< B° dindén 1 < af |, diéu nay 1a khong thé, do d6 ta co thé két luan
ring 1>a’ val> f7 tacla|al<lva|Bl<].

Bay gio néu a = r(cos@+isin@) va f=a =r(cos@—isin@) 1a hai s6 phic lién hop
v6i nhau voi | @ |=| £ |= r. Khi d6 ta ludn co:

|a+ B = 2rcos@<2r <1471 =[1+af].
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Néu |r|<1 thi |afB|=r" <1.
Nguogc lainéu | |<1.Vi r* =|aff|<1=r<]1,dindén |a|d Bl=r<1.0
Pinh li 1. Cho A la ma trdn vuéng thuc cap 2. Khi @6 day {A"} héi tu vé ma trdn O

néu va chinéu |det A|<1 va |1+det A|>|tr(A4)].
Chirng minh. Da thirc déac trung cua ma tran A la:

p(x)=det(A-xl,)=x"—(a+d)x+ad —bc,
=x" —tr(4)x+det 4,
=x"—(a+B)x+ap,
voi a, f la cac gia tri riéng cua ma tran 4.

Vi p(x) 1a da thirc v6i hé s6 thyc nén «, B 1a céc so thuc hodc 1 cc s6 phire lién hop
v6inhau. Tu Ménh de 1 va Bo dé 1, ta c¢6 di€u phai chirmg minh.
Chii y. B6 dé 1 khong dung trong truong hop véi o, B 1a cac sd phirc bat ki.
. . , 1
Viduvéia=f=—,tacd | |:|'B|:E nhung

|1+aﬂ|=‘1—%‘=%<1=|a+ﬂ|-

Diéu nay ciing chimg t6 rang Pinh 1i 1 cling khong ding v&i ma trin cip 2 trén trudng

0

s6 phirc. Véi A= , tinh toan tuong tu nhu trén ta co

S N~

1
2 |detA|=%<l;|1+detA|=%<l=|tr(A)\~

Do d6 A khong théa méan didu kién ciia Dinh 1i 1. Tuy nhién ta c6 day {4"} van hoi

tu vé ma tran O Vi cAc gia tri riéng cia 4 1a , _ B _1,dodo 4= p |:l <1 thoa man cac
dicu kién cua M¢énh d€ 1. D1 nhién Pinh 1i 1 van ding mién 1a da thirc'déc trung ciia ma
tran A 1a da thirc véi hé s6 thuc.

Ta ciing c6 Pinh 1i 1 khong con dang véi ma tran cip 3, chang han véi ma tran

1 0 O
A=|0 -1 O

0 0 O
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Khi d6 |det A|=0<1 va [1+detd|=1>|tr(4)|=0 va A théa man diéu kién ctia dinh i
nhung

Do d6 ma tran A4 khong hoi tu vé ma tran O.
3.MOT SO Vi DU

Sau day ta xét mot s6 vi du vé sy hoi ty ciia day {A4"}:

a.p det 4 1+det 4 tr(A) Hoi tu vé& ma tran O
1 1
2 ! 11 6 5 1 -y
- 5 1 s
0 -1 23 6
3
_ 3 3 n
k- == 0,9 0.1 0,9 Khong
1 -19 5 2
2 _1_ 2_1 _2 1 é
0 1 "3 3 3 3 Khong
3]
0 2] +2i
2 0 4 5 0 Khong
0 3
Ly Ll 1 5 0 o
2 2 4 4
-52 3 '
10,6 6,1 0,1;0,8 0,08 1,08 0,9 Co

Trong mdi vi du trén, khi diy {4"} khong hoi tu vé ma tran O thi cac phan tir ciia

A" dan téi o . Tuy nhién diéu nay khong con dung khi co bét dang thirc trong dinh i tro
thanh ddng thirc. Dudi day 1a mot s6 vi du:

A a,p det A4 1+det A tr(A4) Hor tu
L1
{ 12] 3150 1 2 3 Khong
L 1 5
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1 0
{0 0} 0,1 0 1 1 Hoi tu dén 4

1 1
{0 _J +1 -1 0 0 Khong
3 1] .
4 1] 1 (bf)l 2) 1 2 2 KhOl’lg
Hbi tu dén
2 —i 1 3 i 4 2
-3 1] 2 2 2 2 6 -3 #0

4. MA TRAN NGAU NHIEN

Nhac lai rang, mot ma tran vudng thuc 4= [a;],.. duoc goi 1a ma trdn ngdu

205 Vi, j =12, i3 Zn:a,j =1; Vj=12,.,n. Ma tran A duogc goi la chinh quy

néu ton tai s6 ty nhién m # 0 sao cho cac phan tur clia ma tran 4" la cac s6 thue duong.
Ly thuyét o ban cua quy tac Markov khang dinh rang lily thira ctia ma trin ngau nhién
chinh quy xap xi mot ma tran dimg véi cac cot gibng nhau, chimg minh cy thé c6 thé xem
o [2]. O bai bao nay, ta s€ dua ra mot cach ching minh khéc cho truong hgp d6i véi ma
tran ngau nhién cap 2 va dua ra cong thirc cu thé ddi vi ma tran ding.

nhién néu i

Cho A 1a ma trdn ngau nhién chinh quy cap 2 véi cac gia tri riéng «, . Ta c6 thé viét

A dudi dang 5
_| ¢ ; 0<a, b1
l—-a 1-b

Ta c6 thé coi @ =1 vi ma tran ngiu nhién ludn c6 gi tri riéng bang 1. Néu B =1 thi
tr(d)=a+1-b=a+pf=2=a=1+b.Tu 0<a,b<1,suyra b=0,a=1, do do
A =1,, diéu nay khong thé vi 4 1a chinh quy. Do d6 /8 # 1 va hai gia tri riéng cta 4 la
phan biét. Vi f=aff =detAd=a-b=| f <1, dodd lim(a" - B")=1 va

limA4" =

n—o l-a+b

1 b b
(A—(a—b)lz)Zm{ }

l-a 1-al.

Vay ta co

1 b b
l-a+b|l-a 1-a|,
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la ma tran dung.
Chang han, v6i ma tran ngap nhién chinh quy

A=

Hlw N
W W

,thima tran dung la 1|4 4/
1319 9

5.KET LUAN

O bai bao nay, tac giad da s dung mot cach chirng minh dac bi¢t danh cho ma tran
vudng cap 2 so v6i cach chimg minh cua tac gia khac cho truong hop tong quat phirc tap
hon. Bai bao da dua ra dugc cong thirc diéu kién can va du dé diy ma tran {4"} hoi tu,
trong d6 A 1a ma tran thyc cip 2 va néu ra dugc cac phan vi du chimg t6 Dinh 1i 1 khong
con dung ddi véi ma tran phirc cdp 2 bét ki hodc ma trén c6 cdp cao hon. Pdng thoi st
dung céac két qua dé chimg minh dinh 1i ndi tiéng trong quy tic Markov d6i voi ma tran
ngau nhién chinh quy cép 2.
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