BAI TOAN LAP KE HOACH SAN XUAT
VOI CAC CONG VIEC XUNG POT LAN NHAU

Lé Ding Nguyén
Phong Khao thi va Dam bao chat luong
Email: nguyenld@dhhp.edu.vn

Ngay nhdn bai: 07/10/2019
Ngay PB danh gia: 28/10/2019
Ngay duyét dang: 25/11/2019

TOM TAT: Xuét phat tir cac (mg dung trong thuc té, ching t6i nghién ctru bai toan lap ké
hoach san xuét trong do cac cong viéc co thé bi xung dot khi thuc hién cung thoi diém trén cac
may khac nhau, va c6 su rang budc vé mat thoi gian. Cu thé, chiing ta can phén chia cac cong viée
dé xir Iy trén cac may gidng nhau. Cac cong viée ndy co thoi gian xir Iy gidng nhau, nhung mot sb
c6 thé bi xung dot khi dugc thuc hién cung thoi diém. Tét ca cac may bét dau hoat dong cung luc
va phai két thac tai mot thoi diém cho trude. Do giéi han vé& mit thoi gian nén s& co thé ¢ mot s6
cong viée khong duoc xir Iy. Yéu cau dit ra 1a can tim mét s6 luong 16n nhét cong viée c6 thé xur
1y dugc. Trong bai bao nay, ching t6i dua ra hai két qua NP- kho cho bai toan duoc nghién ctru
trong treong hop nhom cac cong vide xung dot co kich thude tdi da bang #. Chung toi ciing thao
luan mot s6 cau hoi mé, ¢6 thé 1a cac hudng nghién ctru tiép theo trong tuong lai.

Tir khod: Ldp ké hoach san xudt, xung dét, do thi, do phirc tap, NP-khé

A STUDY ON THE COMPLEXITY OF A MACHINE SCHEDULING PROBLEM
WITH CONFLICTING JOBS AND TIME CONSTRAINT

ABSTRACT: Motivated by real-world applications, we consider in this paper the
following machine scheduling problem in which heterogeneous jobs needed to assign to a set
of different machines at the same time under time constraint may conflict. Specifically, we
need to distribute the jobs to the identical machines. These jobs have equal processing times,
but some of them may be conflicting and therefore they should not be processed concurrently.
So all machines have to start the processing jobs at the same time and must stop at a given
time. Due to the time constraint, there could be some jobs not being processed by any certain
machines and our goal is thus to choose a maximum number of jobs that can be done by them.
We present two NP-hardness results for the machine scheduling problem in the case when sets
of conflicting jobs have the size of at most &#. Also, we raise some open questions that would
be interesting for future work.

Keywords: Machine scheduling, conflict jobs, graph, complexity, NP-hardness

1. GIOI THIEU hién trén cdc mdy sao cho tong sd cong viéc
Trong bai bdo nay ching t6i nghién ctru duoc thyuc hién la nhiéu nhit. Bai toan duoc mo
bai toan tdi wu hoa lap ké hoach san xuit, trong ta cu thé nhu sau. Co 7 cong viéc can duoc
d6 yéu cau vige phan chia cac cong vige thuc phan chia dé xir Iy trén m& méay gidng nhau (tirc

TAP CHi KHOA HOC, S6 1, thang 1/2020 | 63



thoi gian xur Iy cung mdt cong vige trén cac may
1a nhu nhau). Gia thiét ring cac cong viée cd
thoi gian xur 1y 14 gidng nhau trén tat ca cac may
(gia thiét mdi cong viéc c6 do dai hay thoi gian
xir Iy déu bang 1), va tai mdi thoi diém, mot
may chi xur ly dugc tdi da mot cong viée. Su
xung dot giita cac cong viée dugc mo ta biang
mot siéu do thi (hypergraph) H = (X, E),
trong d6 & 1a tap cac dinh tuong ung voi cac
cong viée, £ 13 mot tap con khac rdng clia 2T
Pat k = max,, ||, trong d6 Jg| 1a s6 dinh
ké véi canh @, Mdi canh cua & biéu dién mot
tap con cac cong viéc xung dot 1an nhau, nhiing
cong viée nay s& khong thé xir Iy song song trén
cac may khac nhau. Ta dinh nghia mot phép
phan chia cong viéc cho cac may nhu sau:

Dinh nghia 1. Mot phép phan chia cong
viée (goi tat 13 101 giai) 1a mot phép lua chon
cac cong viée cu thé dé xir 1y trén mdi may va
khodng thoi gian tuong tmg sao cho tai mdi
thoi diém bét ki, cac cong viée dang duoc xur Iy
trén cac may 1a khong xung dot 1an nhau.

Vi du 1. Xét vi du sau day véi m = &,
=5k =2vaT =3 Do thi xung dot G
dugc cho boi Hinh 1 dudi day. Hinh la cho
ta mot phép phan chia cong viéc cho cac may
trong do tong s6 cong viée duoc xir 1y 13 4.
D@ thdy rang néu cong viéc L va & duoc xu
ly cing thoi diém trén hai may thi s& c6 it
nhit mot cong viée trong s 3 cong viéc con
lai khong duoc xt 1y, Iy do boi " = #. Hinh
2b dwa ra mot giai phap phan chia khéc trong
do tat ca cac cong viée déu duoc xu 1y.

Hinh 1: P6 thi xung dot trong vi du 1.
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Hinh 2: M6 phong hai phép phdn chia cong
viéc co theé. Cdc cong viéc dwoc thuc hién trén
moi mdy theo thur ty tir trdi sang phdi.

Ha va cac cong sy [10] trinh bay mdt
mg dung thyc té trong mang may tinh. O
day, chung t6i dua ra thém mot ing dung cua
bai toan trén, cu thé 13 bai toan cdm trai,
duge phat biéu nhu sau. Mot nhom goém
sinh vién cin thuc hién cac khau chuén bi
cho viéc cam trai. Dé thyc hién duoc viée
nay, ho can phai xir Iy mot tip hop gom 7
cong viéc khac nhau. Mdi mét cong viéc
dugc xur 1y boi mot sinh vién va can st dung
mot sb lugng cac dung cu nhat dinh. Mot
nhom cong viée 1a xung dot, tirc 1a khong thé
thyc hién dugc dong thoi, néu ching can st
dung chung mat ) dung cu nao d6. Do thoi
gian 13 co han nén can phai bd trf cac cong
viéc cho sinh vién thuc hién sai cho tai mdi
thoi diém, khong c6 cong viéc nao xung dot
nhau, va téng sé cong viéc dugc xur Iy la
nhiéu nhat c6 thé.

2. TONG QUAN NGHIEN CUU

Bai toan lap ké hoach san xudt véi cac
cong viéc xung dot 1dn nhau da duoc nghién
clru boi mot sd tac gia trude ddy, tuy nhién
hau hét déu xem xét ham muc tiéu khac va
khong c6 rang budc vé thoi gian. Ung dung
clia bai todn nay c6 thé tim hiéu thém trong
chc tai lidu [1,2,4-7,11,12]. C6 thé thdy rang
d6 phuc tap cua bai toan phu thudc chu yéu
vao céu tric cta do thi G biéu dién su Xung



dot gitra cac cong viée. Bang cach rat gon tir
bai toan PARTITION'", ta ¢6 thé chi ra rang
bai toan la NP-khé dang yéu, ngay ca khi do
thi & 1a rong, tic 1a cic khong co bat ki su
xung dot nao gilta cac cong viéc (Garey va
Johnson [9]). Véi d6 thi G tong quat, Baker
va Coffman [1] chimg minh ring bai toan 1a
NP-kho dang manh trong trudng hop co cac
méy khong nho hon 3. Két qua nay dung cho
nhiéu 16p dd thi khac nhau, bao gdbm: phin
bu cta dd thi so sanh (comparability graph)
v6i m = 3, d0 thi khoang (interval graph)
véi i 2= 4, dd thi hoan vi (permutation
graph) voi m 2= . Baker va Coffman cling
xem x¢€t truong hop khi cac cong viée co thoi
gian xu Iy nhu nhau va dua ra mét thuat toan
thoi gian da thuce dé giai, dya trén thuat toan
ghép cap trén do thi. Trong truong hop do thi
tong quat, Even va cac cong su [6] dua ra
mot thuat toan thoi gian da thuc cho truong
hop do dai cua cac cong viéc chi nhén gia tri
L hodc i Tuy nhién néu cho phép do dai
cong viéc ¢6 thé nhan thém gia tri 1a 3, thi
bai toan tré thanh bai toan NP-kho
(Bendraouche va Boudhar [2]), tham chi
ngay ca khi do thi xung dot dugc co dang do
thi hai phan (bipartite graph). Even va cac
cong su [6] thiét ké thuat toan xap xi voi hé
sO x4p xi 4/# cho truong hop nay, trong khi
thuat toan cua Garey va Graham [8] tham chi
c6 hé so xap xi bang /. Ho ciing ching
minh rang néu thoi gian xir 1y cic cong viée
la khong gidng nhau, va nhan gia tri trong
mién {1,2,3,4} thi bai toan 1a APX-kho.
Bendraouche, Boudhar va Oulamara [3]
ching minh rang két qua cua Bendraouche
va Boudhar [2] vin dung khi thoi gian xir Iy
cong viéc chi nhan hai gia tri khac nhau cho

(1) Bai toan Partition duoc phat biéu nhu sau:
cho tip hiru han cac so nguyén duong
= [25 220 hoi ring c6 thé chia tap * thanh
hai tap con trong d6 tong cac phan tir trong mdi
tap con la bang nhau?

truge bat ki. Thudt toan xap xi trong trudng
hop tong quat véi do dai cong viéc tuy y
dugce cho boi [8], véi hé sé xép xi bang
(m & 1)/2, st dung thudt toan tham lam
(greedy list scheduling algorithm).

Gén day, Ha va cac cong sy [10]
nghién ctru bai toan 1ap ké hoach san xuét véi
cong viéc xung dot, voi ham muc tiéu ti da
hoa sb cong viéc duoc xur 1y, gia thiét ring
thoi gian thuc cho cdc may hoan thanh cong
viéc bi gidi han. Cu thé, cac tic gia tip trung
xem xét trudng hop & = &, va chimg minh
mot sd két qua vé do phirc tap cia bai toan
trong trudng hop nay. Dac biét, cac tac gia da
dé xuit hai mé hinh MILP (Mixed Integer
Linear Programming) cho bai toan ¢ dang
tong quat va chi ra ring cac mo hinh nay cd
thé gitp giai quyét hiéu qua bai toan trén
may tinh voi kich thudce lon.

3. KET QUA NGHIEN CUU

Trong phan nay ching t6i s& trinh bay
hai két qua NP-kho cho bai toan 1ap ké hoach
san xuat, trong truong hop k = 3.

Pinh 1ly 1. Bai toan CSPCJ
(Capacitated Scheduling Problem with
Conflict Jobs - bai toan lap ké hoach san xuét
véi cac cong viéc xung dot) la NP-kho khi
m=3Fvak =3

Chitng minh. Ta ching minh rang bai
toan quyét dinh cia CSPCJ, ki hiéu boi Q-
CSPCJ, 1a NP-ddy du. Bai toan nay duoc
phat biéu nhu sau:

Piu vao: Hai sé nguyén dwong 1, m, T,
siéu dd thi &, va mot sb duong
- }

Cau héi: Liéu c6 ton tai mot phép phan

chia cong viéc trén cadc may sao
cho tong so cac cong viéc dugce
xur 1y it nhat bang #?
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Truéc hét, dé thiy rang bai toan Q-
CSPCJ thugc 16p NP. Boi vi, cho trudc mot
phép phén chia, ta co thé kiém tra trong thoi
gian da thitc xem sb cong viée dugc xir 1y trong
phép phén chia nay 1a 16n hon hay nho hon hoac
bang . Dé chimg minh Q-CSPCJ 1a NP-kho, ta
str dung phép quy dan tir bai toan NP-ddy du
EXACT COVER BY THREE-SETS (ki hiéu
boi X3C). Bai toan X3C dugc phat biéu nhu
sau: Cho A la mot tap hop gom 2q phén tir, va
S =1{5,5,..,5,) 1a tap con khic rdng clia
2%, bao gdm cac tap con gdm ding 3 phan tir
cua 4. Hoi rfing liéu c6 ton tai tap con 5" cla 5=
sao cho m&i phan tir cia A duoc tim thdy trong
dtng mot phan tir cua 57

Goi § = [A.5) 1a ddu vao d6i voi bai
toan X3C, ta xdy dung dau vao tuong tmg I
cua bai toan Q-CSPCJ nhu sau. bDat
n=3q,m=3,T =q,vr=3q. Ta dinh
nghia d6 thi xung dot H = (4, E), trong do
EEE néug =5 véi moi i = L2 .m.P
Noi cach khac mdi tap £, biéu dién nhom cac
cong viéc khong xung dot 1an nhau. Dé thay
rang cach xdy dung [’ tir [ nhu trén co thé
thuc hi¢n trong thoi gian da thuc. Ta chung
minh ring ton tai mot 10i giai 5" twong tng

voi dau vao § = [ A,5 ) néu va chi néu ton tai
mot phép phan chia cong viéc cho bai toan Q-
CSPCJ tuong tmg v6i dau vao §°. That vay,
gia su ton tai mot 1o gidi 57, ta xdy dung mot
phép phan chia cong viéc nhu sau. V&i moi
phan tor & € 5", ta chia cac phan tir cia & cho
3 may (tirc 13 mdi may mot cong viéc), va tién
hanh xir Iy cdc cong viéc nay song song. Dé
thay rang so cong viée dugc xir 1y ding bang
r = 3g. Nguoc lai, néu ton tai mot phép
phan chia cong viéc sao cho r = 3g, ta cling
dé dang xay dung dugc mot 10i giai cho bai
toan X3C.

Tir két qua trén suy ra rang Q-CSPCJ
la NP-kho, do X3C la NP-kho6. Do Q-CSPCJ
1a bai toan quyét dinh cia CSPCJ nén CSPCJ
la NP-kho. 7

Vi du 2: Xét vi du minh hoa sau véi
g=3n9m=3,p=8. Cac tap
51,55, ..., 5g cho nhu trong hinh 3 dudi day.
Cac tap con {5, 54, S5} 1ap thanh mot 1oi giai
cho bai toan X3C. Tu 101 giai nay ta xay dung
dugc mdt phép phan chia cong viéc cho cac
may nhu sau: cac cong viéc 4,2,d dugc chia
cho may 1, cong viéc 2,4, duogc chia cho may
2, cong viéc 1,45 duoc chia cho may 3.
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Hinh 3: Minh hoa cdach xdy dung loi gidi cho bai toan Q-CSPCJ tir X3C
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Dinh ly 2. Bai toan CSPCJ 1a NP-kho
khiT =1,k =3

Churng minh. Sau day ta s€ ching minh
rang bai toan quyét dinh Q-CSPCJ véi
T =1, k = 3 1a NP-day du, bang cich chi
ra mot phép quy dan tir bai toan NP-day du
INDEPENDENT SET (IS). Bai toan duogc
dinh nghia nhu sau. Cho d6 thi & = (1, £
va mot sb duong &, hoi rang liéu c6 ton tai
mot tp con k' ciia ¥ ¢6 kich thudc &, sao
cho khong c6 bét ki hai dinh nao trong ¥ 1a
ké nhau. Goi { = (&, 5] 1a dau vao dbi véi
bai toan IS, ta xdy dung dau vao tuong ung
cua bai toan Q-CSPCJ nhu sau. Dat
n=m= |V|,7 = s.Chayrang T cb dinh
bang 1. Siéu d6 thi H = (4, F) dugc dinh

nghia nhu sau: tip 4 dong nhat véi ¥, voi
mdi canh g = (u.v) € £, ta dinh nghia
]2 canh [ = {u, v.1),
¢ € Avfu, vl DE thdy rang [* duoc xay
dung [ trong thoi gian da thic (xem vi du
minh hoa trong Hinh 4 va Bang 1 dudi day).

voi

Ta chirng minh rang ton tai mot 1oi giai
V" twong tmg véi ddu vao § = (i, 5] néu va
chi néu ton tai mot phép phén chia cong viéc
cho bai toan Q-CSPCJ twong tmg véi dau
vao I". That vay, gia st ¥ co kich thudc
¥'| = &, khi d6 d& thay rang tip cic cong
viéc twong tng véi cac dinh trong ¥ 1a mot
101 giai cho bai toan Q-CSPCJ vai dau vao I,
vi day 13 tap dinh doc 1ap. Chicu nguogc lai co
thé chimg minh hoan toan tuong tu. 0

Hinh 4: Do thi G = (V,E L Cdc dinh dwoc khoanh bgi hinh tron dang nét lién lgp
thanh mot tdp dinh déc lap.

Bang 1: Biéu dién si¢u db thi xung dot H = (4, F) dwéi dang liét ke.

Siéu dd thi H = (4, F)

Tép dinh 4 1,2,3,4,5,6

Tap canh &

(1,2,3),(1,2,4),(1,2,5),(1,2,6), (1,3,4),
(1,3,5),(1,3,6),(1,4,5),(1,4,6), (2,3,4),
(2,3,6), (3,4,5),(3,4,6), (4,5,6)
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4. KET LUAN

Chung ta vua di nghién cou do phuc
tap tinh todn cua bai toan lap ké hoach san
Xuét trong do c6 sy xung dot gitra mot )
cong viéc khi dugc thyc hién déng thoi trén
cac may khac nhau. Yéu cu cia bai toan 1a
cAn tim mot sd 16n nht cac cong viéc co thé
xtr ly. Chiing ta ciing di dwa ra hai két qua
NP-kh6 cho bai todn cho trudong hop céc

nhdém cong viéc xung dot co kich thudc tbi
da bang k = 3. Cac két qua trudc day [11]
chi 4p dung cho truong hop k = 2. Céc
huéng nghién ctru tiép theo c6 thé tap trung
vao cac truong hop sau: 1) thoi gian xt ly cac
cong viée khac nhau 1a khong giéng nhau; ii)
cac cong viée c6 trong sd khac nhau va yéu
cAu tim tap con cac cong viée duoc xir Iy ¢6
tong trong so 16n nhat.
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