NHOM GALOIS CUA PA THUC BAC n

Ngé Quoc Hoan
Khoa Toan va KHTN
Email: hoanng@dhhp.edu.vn

Ngay nhdn bai: 23/9/2019
Ngay PB danh gia: 20/11/2019
Ngay duyét dang: 27/12/2019

TOM TAT: Bai béo tong hop nhiing két qua vé nhom Galois cta da thirc, mot trong
nhitng van dé hap dan nhét cta 1y thuyét Galois. Cu thé, bai bao da néu ra nhimng két qua quan
trong nhat cua nhom Galois cia da thire mot bién bac n ciing nhu ung dung cua van dé nay
trong viéc v& hinh bang compa va thudc ké va giai thich chung bang nhing vi du tinh toan cu
thé. Dac biét, bai bao ciing dé cap t6i thuat toan tinh nhém Galois, thir cho phép xay dung mot
chuong trinh tinh nhém Galois cua da thuc dudi su hd tro cua may tinh.

Tir khoa: Da thire, Mo rong truong, Nhom Galois.

THE GALOIS’S GROUP OF POLYNOMIAL OF DEGREE n

ABSTRACT: This paper tells about the Galois’s group of polynomial which is one of
important problems of Galois’s theory. We give some nice resultats of Galois’s group of
polynomial and explain them by the examples. Moreover, we also say about the algorithme
which has been used to calculate the Galois’s group under helping by a computer.

Keywords: Polynomial, Extension field, Galois’s group.

I. GIOI THIEU

Ly thuyét Galois 1a mot trong cac phat minh quan trong ctia Toan hoc nham giai quyét
van dé tim kiém cong thirc nghiém cua phuong trinh da thirc, bai toan v& hinh bang thudc ké
va compa,....

Ly thuyét Galois nghién ctru mdi quan hé giira cdu triic nghiém cta mot da thirc voi cau
trac truong phan i cua da thirc d6'". Sy da dang vé da thic trén mot truong kéo theo su da
dang cua truong phan rd. Ly thuyét Galois khong chi nghién ctru sy da dang d6 ma con chi ra
dau hiéu dic trung cua truong phan rd dé phuong trinh da thirc 6 thé giai duoc.,.....

Thyc &, van dé nay dugc dé cap dau tién boi boi J. L. Lagrange, khi ong ding céc tinh
chat lién quan dén nhom hoén vi trong viéc giai phuwong trinh dai s. Sau do, cac cong trinh
cua P. Ruffini va N. Abel da bit dau sir dung 1y thuyét nhém dé xem xét tinh giai duoc cua
phuong trinh da thirc [3,4].

(1) Cho da thuc P(x) trén truong K . Truong phan ra cua P(x) trén K 1a truong mé rong E cua K
chira vira du K va cac nghiém cua da thirc P(x).
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E. Galois 1a nguoi dau tién xdy dung mot 1y thuyét day du dé ching minh tinh giai duoc
ctia phuong trinh da thirc bang cach ap dung ly thuyét nhom (xem [6]). Trong qua trinh giai
quyét van dé, E. Galois da sang tao ra mot khai niém Toan hoc méi, ki hiéu 1a Gal(F,K), ¢
d6 K 1a truong con F 1a mé rong ciia K . Tap nay bao gom tat ca cac tu dang cau cia F giir
nguyén cac diém cia K . Galois ciing dd xdy duyng mot cau tric nhom trén tap nay, vi vay
ngay nay ta goi tap nay la nhom Galois.

Ta biét rang, mot phuong trinh da thitc P(x) = 0 giai dugc bang can thirc khi va chi khi
nhom Galois cta da thirc d6 dugc phan giai thanh ddy G =G, > G, >... 5 Gy = {e},0d0 G
1a nhoém con chuin tic cta G,.; va nhom thuong G;,,/G; 1a cac nhom giao hoan véi moi i = 1/,
2, 3, .... Do @6, viéc tinh toan nhom Galois 14 rit quan trong trong qua trinh nghién ciru cac
van dé cua Ly thuyét Galois. Bai viét nay d& cap dén mot s6 van dé vé nhom Galois cia da
thirc bac n (xem [1, 2]), cling nhu thuat toan tinh nhém nay bi‘ing may tinh (xem [8,9,10,11])
va mdt ung dung cua nhom Galois trong viéc xac dinh tinh v€ dugc cua mdt hinh bé“lng compa
va thudc ké.

I1. N§i dung

1. Nhém Galois ciia da thire bic n

Cho K 1a mét truong co dic so khac 2 va f{x) 1a mot da thirc bac n trén K . Ta gia sir

X7, ..., X, 12 cdc nghiém cua f(x) trong mot trudng phan rd F cia f(x) trén K .
Pat A= T (x,—x 1 D(f) =A% = T (x,—x ).
i<j J i<j J

Biéu thirc D(f) dwoc goi 1a biét thirc cua da thire f{x). Viéc tinh toan gia tri cta biét thirc
mot da thirc, ta st dung hé thirc Viet.

Chang han, ta xét da thie f(x) = x* +bx’ +cx” + dx + etrén truong K . Gia sir trén mot
mo rong nao do cia K, da thic f{x) 1a tach duoc va co x;, x5,x3,x4 1a cac nghiém cua f{x) (co6
thé tring nhau). Dat

A= XX, + XX,

B=xx,+x,x,;

C=xx, +x,x,.

Béng tinh toan tryc tiép, ta thu woc(4-B*(B-C)X(C- A= I (x;=x )" = D(f).
I<i<j<4 J

Mit khéc, str dung hé thirc Viet ta co
O, =X,+xX,+x,+x,==b
0, =X, X, + X, X, + X, X, + X,X;, + X, X, + X, X, =¢
0, = X, X, X, + X, X, X, + X, XX, + X,X,X, =—d
0, =X, X,X,X, =¢€
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Do d6, ta thu duogc

A+B+C=c

AB+BC+CA=—4e+db -

ABC =d* +b’e—4ce
Do d6 4, B, C'la nghiém ctia da thitc 7(x) = x° —cx” +(bd —4e)x —b’e +4ce—d* Vivay,
D(f)=(4-B)(B-C)(C~4)’ =D(r).
Nhung r(x) 12 da thiic bac 3, ta d& dang tinh duoc'
D(f)=D(r)=c’[(bd —4e)’ +4c(4ce—b*e—d*)] - 4(bd —4e)’
—27(4ce—b’e—d*)’ —18c(bd —4e)(4ce—b’e—d?).
Da thirc r(x) duogc goi la giai thikc bdc 3 cua f(x).

Ménh @& 1 [1,2]: Cho K 1a mdt truong 6 dic s khac 2 va f{x) 1a mot da thirc bac n
trén K. Ki hiéu

A=TT0=x D) =8 =TT(x —x,),

i<j i<j

6 d6 xj, ..., x, 1a cadc nghiém cua f(x) trong mdt truong phan ra F cua f{x) trén K. Ta c6

1. 6 € Gal(F,K) 1a mot phép thé chin néu va chi néu 5(A)=A.

2. 8 € Gal(F,K) 1a mdt phép thé 1¢ néu va chi néu S(A)=—A.

Tl ménh dé 1, ta c6 thé thay rang Gal(F,K) < A, néuvachinéu AeK.

H(’;l qua 1 [2]: Gia st f{x) 1a mot da thire bat kha quy tach duge bac 3 trén mot truong K
c6 dac so khac 2 va G 1a nhom Galois cua f{x). Khi do,

1. G=S;néuvachindu AgK.

2. G =A4;néuvachinéu AeK.

H§ qua 2 [2]: Gia st f{x) 1a mot da thic bat kha quy tach duogc bac 4 trén mot truong K
c6 ddc s0 khac 2 va G 1a nhoém Galois cia f{x). Goi «, f3, ¥ 1a cac nghiém cua giai thirc bac ba
cua fix). Dat m=[K(a, f,7): K]. Khi d6 m la mot wéc cua 6. Hon nita

1. Néum = 6thi G =S,

2. Néum =3 thi G = 4.

3. Néum=1thiG=V.

4. Néum =2 thi

e G = D,néu va chi néu f{x) bat kha quy trén K(a, 5,7) .

e G =, néuva chi néu f{x) kha quy trén K(a, 3,7) .

" Biat thirc ctia da thirc bac ba g(x) =x" +bx” +cx+d 1a D(g)=b"(c> —4bd)—4c> —27d" +18bcd.
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Chang han, ta c6 da thirc f(x) =x* +5x+5 1a bat kha quy trén ' theo tiéu chuan

Eisenstein. D& dang chtrng minh duoc f{x) 1a tach duoc. Giai thie bac 3 cua f{x) 1a

F(x) = x° —20x—25 = (x—5)(x+ +2‘/§)(x+ > _2*/5).

Vay truong phan rd ciia r(x) 1a © (JE) ¢ bac m ::[ ] (J?): I ] =2. Lai ¢6 f{x) kha

quy trén (ﬁ) vi f(x)=x4+5x+5=(x2—\/§x+5+2\/§](x2+\/§x+5_2\/§J.

Do d6 nhém Galois ciia f(x) =x* +5x+5 dang cau voi 7, .

2. Thuit toan tinh nhom Galois ciia da thirc bac n

Ta s& bat dau bang vi du tinh nhém Galois cua da thie f(x)=x* -7 . Day la da thirc
bc 4 va truong phan ri la F = (J(5;4/7 ) . M8i phan tir & € Gal(F, ) duge xic dinh boi anh
cta i va 47 . Hon nira, ta phai co ring (i) € {—i,i};é‘(iﬁ) € {{‘/7,—{‘/7,1’3/7,—1’{‘/7} )

Do d6 nhém Gal(F,}) co tbi da 8 phan tir nhur sau:
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Nhung ta lai ¢6 ring |Gal(F, __)| = [F: ) ] =8. Vi vay nhém Gal(F,.)) c6 dung 8
phan tir x4c dinh nhu ¢ bang trén.

Tir vi du trén ta thy ré‘mg viéc tinh toan nhém Galois cua mot da thire bac z khi # du 16n
1a khong d& dang. Vi sy hd tro ciia may tinh, viée tinh toan s& tré 1én d& dang hon. Didu quan
trong 13 ta phai mo hinh héa cac két qua ¢ trén dudi dang thudt toan. Ching han, ddi véi da
thtrc p(x) bac 4, ta ki hi¢u H; 1a cac nhém con cia nhom Galois cta p(x) véi moi i. Hon nira,
v6i mdi ham f{x), ta ki hiéu R(f,p) 14 tinh giai dugc cua p va ctia £ Vi mdi nhan tir giai dugc,
ta ki hiéu 7 1a tap lién két, delta 14 tinh giai dugc cta O, ,.... Thuat toan ta c6 thé sit dung dé
tinh nhém Galois cua p(x) nhu sau:

Input: p la mot da thire mot bién bac 4

Output: G la nhom Galois cua p

Tinh toan biét thirc cua p

Néu biét thire ctia p 13 binh phuong thi G 14 chin, néu khong G 1a 1

Nhén tir hoa p

Néu I = (4) thi G la Bac cau
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NéuI=(1,3)va G laleé thi G=H,

NéuI=(1,3) va G la chin thi G = Hg

Néul=(2"2)vaGlaléthi G=H;,

NéuI=(2"2)va G lachan thi G=H,

Néul= (172,2)thi G=H,,

Néul =(1"4) thi G=Hj,

Khi G 12 nhan tir bic cau R(b4, p)

NéuI=(3)vaGlaléthiG=H,

NéuI=(3)va G lachinthiG=H,

Néu I=(1"3) thi G = Hy

Néu I = (1,2) thi nhan tir héa dugc va R(delta3 , p) (hay R(delta2,p))

Néu I=(8) thi G = H;

Néu I = (4"2) thi G= H;s

Véi thuat toan nay, dudi sy hd tro ctia mé rong SYM cia MAXIMA, ta co thé tinh duogc
nhém Galois ctia cac da thirc mot bién bac 4 (xem [5]):

Biéu dién Phan tir sinh Cip

HI1 Sy [(1,4), (2,4), (3,4)] Gy 24
H2 Ay [(1,2)(3.,4), (1,3)(2,4),(2,3.4)] G, 12
H3 D, [(3,4),(1,2)(3,4),(1,3)(2,4)] G; 8

H4 Id x S; [(2,3,4),(3.4)]

H5 A [(1,2)(3,4), (1,3,2,4)] Gy 4

H6 \2 [(1.2)(3,4),(1,3)(2.4)] Gs 4

H7 S)x S, [3.4).(1,2)] 4

H8 A3x S, [(1,2,3)] 3

H9 [(1,2).(3.4)] 2

H10 S xS1xS; [(3,4)] 2

H11 Id, (] !

Thuc té, véi cach lam tuong ty, may tinh c6 thé giup ta tinh nhom Galois cta da thirc c6
béc cao hon (xem [6,7,8]).

3. Bai toan dung hinh biang compa va thuée ké

Ta s& bat dau bang bai toan dung da giac déu 17 canh bang compa va thudc ké duoc
Gauss thuc hién nam 1832. Thuc chat bai todn nay la viéc chia duong tron thanh 17 phan
bang nhau va vi vay chinh 1a bai toan dung goc ?—77[ hoic dyng cos 2—7; .

bat w:= cos 2—”+isin2—7z,
1 17
thi tdp cac can nguyén thuy bac 17 cua don vi 1a {a)k |k = 1,2,....,16} .

Hién nhién ta suy ra cac can nay, trong d6 c6 @, 1a nghi¢m cua da thic
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17
X

-1
=l+x+x>+...+x'°.
x_

¢, (x) =
Bay gio ta dat
a, =(0+0°)+(@ +0")+(0* + o)+ (' + @)
{az =(&" +0")+(@° + )+ (0° + ") + (0 + ")
Tt @' =w*,Vk=1,...,16, tasuy ra
a,+a,=-1
{ala2 =4(a1+a2)=—4'
Do d6 ta ¢6 a, =%(—1+\/ﬁ);a2 =%(—1—\/ﬁ).
bat
b =(0+0")+(@" + ")
b, =(@’ + @)+ (' + @)
b, = (@ + ") +(& + )
b, =(0°+0")+ (0" + ")

thi

b +b,=q

bb, =a,+a,=-1
b;+b, =a,

bb,=a, +a,=-1

Ttr tinh toan tryc tiép, ta c6

1 1
b, =§(al+w/4+af);b2 =§(a1—,/4+af);
1 1
b, =§(a2+w/4+a22);b4=§(a2—,/4+a22).
Pit ¢, =w+0'"°;c, =0 +®", ta cb ¢ =%(b1 +b! —4b,);c, =%(b1 — b} —4b,).

Vi vay, ta thu duoc
16005?—77[ = —1+17 +434-2J17 +\/68+12\/ﬁ+2(—1+\/ﬁ)\/34—2\/ﬁ —16y/34+ 217 .

Nhic lai rﬁng, mot sd phuc o dugc goi la dung duogc thong qua mot budc dung hinh néu
nhu a 13 nghiém cua mot da thirc bac dwong khong vuot qua 2 voi cac hé sb phic da dugc

. 3 , .o 1A , A 2
coi la dung dugc bang thudc ké va compa. Tu bi€u thuc trén, ta suy ra cos 17 la dung duoc
bang thudc ké va compa vi chi chira cin bac 2.

Thuec té, ta c6 thé dung goc ?—77[ nhu sau:
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e Dau tién dung dudng tron tim O ban kinh 1, giao véi Ox tai diém A(1,0), giao véi
Ox’ tai diém A, giao voi Oy tai diém B(0,1).
e Dung diém C(—%,Oj .

e Dung dudng tron tam C ban kinh BC, cit Ox tai D, cit Ox’ tai E.
e Dung duong tron tim D ban kinh BD, cét Ox tai diém F.

e Dung dudng tron tim E ban kinh EB, cét Ox tai G.

e Dung dudng tron dudng kinh AG, cit Oy’ tai J.

e Dung duong tron tam J ban kinh %OF , cat Ox’ tai diém K. Béng tinh toan ta thu

dugc OK+%OF=%+%«/bf—4b3 =2cos?—77r.

Tir d6 dung diém M trén Ox sao cho OM = cos T—;[ Qua M ké duong thang song song

,. . ,. . . .. L 4R , 2 ~ ,
voi Oy, giao v6i dudng tron don vi tai hai diém A,, A;. Ta c6 404, = 1— Nhu vay ta c6
cac dinh la Al, Az, A17.

e Céc diém con lai ta co thé dung compa nhu sau : v& duong tron tam A, ban kinh A,A; cit
duong tron don vi tai Az ; v€ dudng tron tdm Az ban kinh A3 A, cat duong tron don vi tai Ay;....

Hinh I1: Hinh mé phéng vé da gidc déu 17 canh bang phian mém GeoGebra
Thyc té, néu céc s phitc &, ..., , dung dugc bang thirc ké va compa thi cac s6 clia truong

J(ay,....,a,) voi [ 1atrudong cac sb hiru ti, ciing dung duoc bang thudce ké va compa.
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Ménh dé2 [1,2]: Ttr cac dai lugng phuc cho truée «,....,a, coi nhu da dung dugc tao
nén truong K =(¢,,....,a,) v6i [ la truong cac s6 hiru ti. Khi d6 mot sé phirc @ dung
duoc bang thude ké va compa néu va chi néu o € F véi F 1a mot trudng phén ri ciia mot da
thirc trén K co [F 'K ] la mot Iy thira cua 2.

Tir ménh dé trén ta suy ra rang mot s6 phirc @ dung dugc bang thude ké va compa. Khi
d6 « 1a nghiém cta mot da thirc bat kha quy ¢ bac 2" trén truong sb hitu ti .

Chu ¥ rang, mdi s6 phirc thuc chat déu tuong tmg voi mot diém trén mit phing toa do.
Do d6, viéc dung mdt hinh, tirc 1a dung mot tap hop diém trén mat phang toa dg, ciing chinh
la viéc dung mot tap hop céc soO phirc twong g v6i hinh d6. Chang han, mét da giac déu n
canh dung duoc néu va chi néu cac nghiém phtc cia phuong trinh x" —1=0 dung dugc.

Nhung do da thitrc x" —1 14 tach dwoc trén  nén cic phan tir cua truong phan ri F dung

duoc khi va chi khi [F:(]] 1a mot lily thira ciia 2. Ché y rang [F:[1]=¢(n), nén mot da
gidc déu n canh dung dugc néu va chi néu ¢@(n) 1a mot Iy thira ctia 2.

III. KET LUAN

Bai bao phén tich nhiing két qua quan trong vé nhém Galois cia da thic bac n va giai
thich nhitng két qua d6 bang nhiing vi dy tinh toan cu thé. Bai bao ciing dé cap dén viéc dua
viéc tinh nhom Galois cua da thic dudi dang thuat toan dé€ ap dung cho may tinh. Cudi cung,
bai bao gidi thi¢u mot irng dung quan trong cua ly thuyét nhém Galois cua da thuc, bai toan
v& hinh bang thirc ké va compas.
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