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ABSTRACT:
Consider the neutral evolution equation ¢ Fu, = BOu(t)+d(t,u,), under the conditions that the

family of linear partial differential operators (B (¢ ))zzo generates the evolutionary process
(U(t > ))tZSZO having an exponential dichotomy on the half-line and the nonlinear delay operator
D(2,) satisfies the @ -Lipschitz condition, where ¢ belongs to some admissible space on the half-

line. The existence of admissibly stable manifolds of &£ -class is obtained in Nguyen - Trinh [Taiwan.
J. Math. 23 (2019), 897-923]. This short paper discusses the application of the theoretical result to
study asymptotic behavior of a neutral version of the diffusive Hutchinson equation..
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MOQT PHIEN BAN TRUNG TiNH CUA PHUONG TRINH HUTCHINSON
CO KHUECH TAN: PA TAP ON PINH CHAP NHAN PUQC VA DANG PIEU TIEM CAN

ABSTRACT:
Xét phuong trinh tién hoa trung tinh i Fu, = B(t)u(t) + ©(t,u,), v6i cac diéu kién ho toan tir dao
dt

ham riéng tuyén tinh ( B(t))po sinh ra qua trinh tién hoa (U (t, S))t>v> o ¢6 nhi phan mil va toan tu

phi tuyén d(z,-) thoa min diéu kién ¢ -Lipschitz, trong 46 ¢ thudc vao mot khong gian chép nhan
duogc trén ntra duong thfmg. Su ton tai cua da tap on dinh chép nhin dugc £ -16p da nhan dugc trong
cong trinh Nguyen - Trinh [Taiwan. J. Math. 23 (2019), 897-923]. Bai bao nay thao luan vé 4p dung cta
két qua 1y thuyét d6 va nghién ctru dang diéu tiém can cia mot phién ban trung tinh ctia phuong trinh
Hutchinson c6 khuéch tan.

Tir khos: Nhi phin mi, phuong trinh tién hod trung tinh, da tap 6n dinh, da tap 6n dinh chp nhan duoc, khong gian chip nhan duoc.
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1. INTRODUCTION
Consider the following neutral evolution equation

gFut =B(t)u(t)+D(t,u,), (1.1)

with the 1initial datum wu,=¢eC:=C([-r,0],X) where X is a Banach space,
B(t):(D(B),|||,5) =X — X is a (possibly unbounded) linear operator for every fixed /20 and

| B(t)x|| <K || x|l for xeD(B). That is to say, B(f) has the same domain of definition
denoted by D(B) for all ¢>0. Furthermore, F':C — D(B) is a bounded linear operator called a
difference operator; ®@:IR, xC — X is a continuous nonlinear operator called a delay operator,
and u, is the history function defined by u,(0):=u(t+6) for 0<[-r,0].

The existence of invariant manifolds to differential equations has been known for a century.
It is a central object and an extremely powerful tool in the study of nonlinear systems. The reader is
referred to any books on nonlinear differential equations for the history of the problem (see, e.g., [3,
5, 8, 10] and the references therein). Recently, Nguyen [5] has proved the existence of a new type
of invariant manifolds, namely the invariant stable manifolds of admissible classes. Such manifolds
consist of solutions' trajectories belonging to wide classes of admissible Banach spaces which can
be L, -spaces, Lorentz L, or certain interpolation spaces.

The motivation of this paper is as follows. Petzeltovda — Staffans [9] studied
integrodifferential convolution equation

%(x+y*x)—Ax—v*x—f,

where A is the generator of an analytic semigroup on a Hilbert space H . Hernandez —
Trofimchuk [2] (see also Hernandez — Wu [1]) consider a neutral version of the diffusive
Hutchinson equation
aﬁ[w(t,x) —kow(t —7,x)] = Aw(t, x) = w(1—w(t — 7, x)).
t

These observations suggest that we should consider the neutral evolution equations

d

—Fu  =B(u(t)+D(t,u,), t>s,

P (O)u(r) +D(t,u,) (NEE)
u, =g eC.

For the neutral evolution equations (NEE), Nguyen — Trinh [8] studied the existence of
admissibly stable manifolds (Nguyen [5] called it invariant manifolds of admissible classes,
invariant manifolds of £ -class) (see Definition 2.4 below) which are constituted by trajectories of
solutions belonging to certain Banach space £ . The existence of these manifolds is obtained in the
case that the linear part (B(f))., generates the evolutionary process having an exponential
dichotomy on the half-line, and its nonlinear term is ¢ -Lipshitz, 1.,
| ®(t,9)—D(t, ) | <o(t) || g—w ||, where @y €C and @(-) is a real and positive function which
belong to an admissible space. Besides, regarding the admissibly stable manifolds, Nguyen — Bui
[7] recently discussed the existence of an admissibly inertial manifold for semi-linear evolution
equations involving sectorial operators.

This short paper discusses the application of the theoretical result Nguyen — Trinh [8,
Theorem 2.8] to study asymptotic behavior of a neutral version of the diffusive Hutchinson
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equation.
2. EXPONENTIAL DICHOTOMY ANDINVARIANT STABLE MANIFOLDS OF & -CLASS

Let X be a Banach space (with a norm ||-||) and for a given »>0 we denote by
C:=C([-r,0],X) the Banach space of all continuous functions from [—r,0] into X, equipped
with the norm || ¢ [|.=sup,_ , ,[|#(@)| for geC. For a continuous function w:[-r,00) > X the

history function w, € C is defined by w,(8) =w(t+6) forall 6 [-r,0].

Definition 2.1 4 family of bounded linear operators (U(t,s)),..., on Banach space X isa

vzl
(strongly continuous, exponentially bounded) evolutionary process if [ (1)]

1. U(t,t)=1 and U(t,r)U(r,s)=U(t,s) forall t=r=s>0;

2. the map (¢,5) U(t,s)x is continuous for every xe X ;

3. there are constants K,v>0 such that ||U(z,s)x||<Ke"™ || x|| forall £=5>0 and

xeX

Definition 2.2 An evolutionary process (U(t,s)) on the Banach space X is said to

2520
have an exponential dichotomy on [0,) if there exist bounded linear projections P(t),t=0, on
X and positive constants N,v such that [ (1)]

1. U(t,s)P(s)=P@)U(t,s), for 1=s=0;

2. the restriction U(t,s), : ker P(s) — ker P(t), for #2520, is an isomorphism, and we
denote its inverse by U(s,?) = (U(t,s))", 0<s<t;

3. ||U(t,s)x||<Ne™™ ™ || x]|| for xeP(s)X and 1=520;

4. ||U(s,0)x||<Ne™ ™ || x|| for xeker P(t) and t>s>0.

The projections P(t), for 120, are called the dichotomy projections, and the constants
N,v are the dichotomy constants.

Note that the exponential dichotomy of the evolutionary process (U(z,s)),..., implies that

20
H =sup,., || P(t)|[<oo and the map ¢#> P(¢) is strongly continuous (see [4, Lemma 4.2]).
Next, using the projections (P(¢))

(P(t))_ , on C, P(t):C—C defined by
(P(t)¢)(9) =U(t—0,0)P()§(0),  for all 6 [-r,0]. 2.1)

Then, we have that P(r)’ = P(t), and therefore the operators P(f), 1=0, are projections on (.
Moreover,

on X, we can define the family of operators

=0

P()C={peC:[(VOe[-r,0)3v, € P()X):$(0)=U(t-06,1)]}. (2.2)
To obtain the existence of invariant stable manifolds we also need the following notion of
the ¢ -Lipschitz of the nonlinear delay term ©.

Definition 2.3 ($$-Lipschitz function)
Let E be an admissible space and ¢ be a positive function belonging to £. A function

®:[0,0)xC— X issaidtobe ¢ -Lipschitzif @ satisfies [ (1)]
1. || ®(1,0)[|<e(t) forall teR,

2. ||®(t,d)-DP(t,8,) || <p(t)||4 —, || forall teR, andall 4,4 C.
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Standing Hypothesis 1 We assume the following hypotheses on family of linear operators

B(?), the difference operator F, and the nonlinear term @ : [ (1)]
1. The family of linear operators (B(t)),., generates an evolutionary process (U(Z,5)),...,

as defined in Definition 2.1. Furthermore, the domain of each B(¢) is independent of ¢, and is
denoted by D(B) which is a Banach space with norm |||, ,, such that

| B(t)x|| <K || x|y, forall xeD(B). (2.3)
2. The difference operator F':C — D(B) is of the form F¢=¢p(0)—V¢ forall pC
where W e L(C,D(B)) satisfies ||¥|[<1.
3. The nonlinear term ® is ¢ -Lipschitz as defined in Definition 2.3.
Definition 2.4 (see Nguyen) Let E be a Banach function space and let X be a Banach
space endowed with the norm ||-||. Denote by SM(R,) of strongly measurable functions on R,.
We set
E=ER,,0)={f:R, >C: feSMR,),| f()|L€ E}
(modulo 2 -nullfunctions) endowed with the norm || f|.=[|| /() |/l
is a Banach space. We call it the Banach space corresponding to the Banach function space E .
In order to study the invariant manifolds of & -class for semi-linear evolution equations we
need some restrictions on the admissible spaces and assume the following hypothesis.
Standing Hypothesis 2 Consider the admissible space E such that its associate space E'
is also an admissible space. Moreover, for such an admissible space E, we suppose that E'
contains an v -exponentially E -invariant function, that is, the function =0 having the property

that, for any fixed v >0 the function h, defined by
h(0)=lle"" o)., forall £20, (2.4)

One can ecasily see that £

belongs to E'.

Note that if @(z,¢) is ¢ -Lipschitz, then | ®(z,¢)| <e()(1+| ¢|.) for all peC and
120 . Using the operators F , B(f), and ® we can now define the nonlinear mapping
®:R, xC([-r,0),D(B))xC by

O(t,v,¢) =—B(t)Fv, + B(t)v(t) + (2, ). (2.5)
Then, the operator @ satisfies
| @(2,0,0) [| < 9(0), (2.6)

| @, u, $) =Dt v,p) [ <K |V [[[|u, = v, |l +o(O) | 4-w
forall zeR_, forall ¢,y eC and forall u,veC([-r,0),D(B)).
We next rewrite the equation (1.1) in the form

%Fut = B(t)Fu, +D(t,u,u,), te(0,0),

s 2.7)

(2.8)
u, =¢peC=C(-r,0],X).
Along with Equation (2.8) we consider the integral equation
Fu, =U@OF$+[UG.EOEuu)ds,  for all >0, 09

u, =¢eC.
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We note that, if the evolutionary process (U(t,s)) is generated by (B(?)),.,, then the function
u:[-r,0) — X, which satisfies (2.9) for some given function ¢, is called a mild solution of the
semi-linear equation (2.8). Also, the direct calculations yield that the function u satisfies (2.9) if
and only if it satisfies

Fu,=U(t,s)Fu, +ItU(t, HO(E,u,u)ds,  forall t>s20. (2.10)

Definition 2.5 4 set S <R, xC is said to be an invariant stable manifold of & —class for

1zyz0

the solutions to Equation (2.9) if for every t R, the phase spaces C splits into a direct sum

C = P(t)C@ker P(t) with corresponding projections P(t) and there exists a family of Lipschitz
continuous mappings
v, P(t)C —ker P(t), teR,
with the Lipschitz constants independent of ¢ such that [ (1)]
1. The collection

S= {(_t,;.r/ +y(w)eR, xPt)C@kerP(t):teR ,pe P(r‘)C},
and we denote by
S = {w +y,W): Ly +y, W) e S};
2. the manifold &, is homeomorphic to P(#)C forall =0;
3.toeach ¢S, there corresponds one and only one solution u(t) to Equation (2.10) on
[s—7,0) satisfying the conditions that i = ¢, and the function . ()u,, t€R_, belongsto €
where the function @, is defined by u (0):= Fu_, forall —r<6<0;
4. the collection S is positively F -invariant under Equation (2.9) in the sense that if u(z),
tzs—r,1s a solution to Equation (2.9) satisfying conditions that u, € S, and the function
Xy (D, , tE€R, belongs to €, then we have u, € § forall £>s, where the function #, is
defined by
u,(0)=Fu, ,, Sorall —r<0<0  and 0. (2.11)
Note that if we identify P(¢#)C@ker P(¢) with P(¢)Cxker P(t) , then we can write
S, = graph(y,) .
Theorem 2.1 (see Nguyen -- Trinh) Suppose that the family of linear operators B(t), the

difference operator F , and the nonlinear term ® satisfy Standing Hypothesis 1 and we consider
Sunction h, defined as in Standing Hypothesis 2. Put

7 + r
k = N(1+H)evr maX{ZK || LP ” i IIIi\'JI |A!TI‘ (P”X _’__A.E ” Alqo”x ,
v 1-e™
K'Y [lllev O Ml + 1A I} (2.12)
1% l-e
Nike” k

where e, (1) =

e . If max{ }<1 then there exists an admissibly stable

Ik~ (1= |
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manifold & of € -class for the solutions to Equation (2.9).
Moreover, every two solutions u(¢) and v(¢) on the manifold S of & -class for the solutions

to Equation (2.9) corresponding to diffrent functions ¢ and y €S, attract each other exponentially in
sense that, there exists positive constants # and C, independent of 520 such that

Jor all t=s, (2.14)

 <C,e | P(s)p— Py

1, =, e

where P(¢), =0, are defined as in (2.1) and &, is defined as in Definition 2.5.

3. THE EXISTENCE OF ADMISSIBLY STABLE MANIFOLDS FOR A DIFFUSIVE
HUTCHINSON EQUATION

Motivated by Hernandez — Trofimchuk [2], see also Hernandez — Wu [1], this paper deals
with the following neutral version of the diffusive Hutchinson equation. Consider the Hutchinson
equation

%[w(t, xX)—w(t—-1,x)]= a(t) [Aw(t, X)+aw(t, x)] +w(Ow(t-1,x)w(t,x), =20, xel0,x],

w(t,0)=w(t,7)=0, =0 (3.1
w,(0,x)=w(s+0,x), 0<[-1,0], xe[0,r],

where / and o are real constants with |/|<1, @>1 and a = n*, for all neN. The function
a(h) el
=0.

1oc(R,) and satisfies the condition y,Za(f)>y,>0 for fixed constants y,,, and a.e.
Put Q=[0,7]. We choose the Hilbert space X := L, (), Banach space C:=C([-1,0],X)
and let B:D(B)c X — X be defined by
B(f)=f"+af
with the domain D(B) = H;(Q):={f e W>*[0,x]: f(0)= f(7x)=0}.
Also define the difference and delay operators F and @ as
F:CoD(B), F(f)=f0)-f(-1) (3.2)
and ®:R xC—> X by
O(1,4) =y (O[O P)P),  forall pC, (3.3)
where o, is the Dirac delta function concentrated at —1.
Putting now B(¢):=a(¢)B the equation (3.1) can now be rewritten as
d
—Fu () =Bu(t)+D(t,u-0)), (=s=0,
0 = BOu()+0(tu(.0) 4
u.v (.’ 0) = ¢(" 6) € C’
where B is the generator of an analytic semigroup (7'(¢)),.,, with
o(B)={-1+a,~44+a,...—n" +a,...).
Since = n’, for all neN, we have that o(B)NiR=@ . Applying the Spectral Mapping
Theorem for analytic semigroups we get

TAP CHI KHOA HQC, S6 52, thang 5 nim 2022 87



o(T(t)=e"? = {e’(“’l),e’(“"‘), .. .e’“’"”z}, .. }
and

o(T@)N{zeC:|z|F1}=0, forall t>0.
Therefore, spectrum of the operator 7'(1) splits into two disjoint sets o, and o,, where
o,c{zeC:|z|<1},0,c{zeC:|z|>1}. Next, we choose P=P(1) to be the Riesz projection
corresponding to the spectral set o, and Q:=7—P. Clearly, P and Q commute with T'(¢) for
all >0. We denote by T7,(t):=T()Q the restriction of T(f) on QX . As well-known in

Semigroup Theory, the semigroup (7°(¢)),., is called having an exponential dichotomy and the

t>0
restriction 7),(¢) is invertible. Moreover, there are positive constants N and y such that

| T@) ||| SNe™,  for all £0,

| To O T, )" [|[<Ne™,  for all £20. (3.5)
Clearly, the family (B(¢)) defined
by the formula

0 = (a(t)B),.,, generates the evolutionary process (U(Z,5)),..,

Ul(t,s) :=T(ra(r)dr).
in (3.5), it is straightforward to check that the
has an exponential dichotomy with projection P and constants

From the dichotomy estimates of (7(¢))

=0

evolutionary process (U(t,5)),.

vzl

N =v:=yy, by the following estimates

0G5 el (o) e,

” U(S"I)| ||:“ (U(f,.i'] Ikch )_‘ ||: g‘.’\.’e-"“-”

for all £2s520.
Clearly, the difference operator F be of form F=¢,-¥Y for ¥=/6, and
|W||<|/|<1. The linear operator B(f) for every fixed =0 with norm |-||

b

7 (— j :a(r)dr)

4
H ()

I B@u || <K ||u]|

HQ)

We fix any p>0 and denote by B, :={¢peC:|¢|, <pj}cC the ball with radius p in C.
By [6, Section 5], @ is (2pw/(t))-Lipschitz. We now use the cut-off technique as follows. Let @
be ¢-Lipschitz, and y(s) be an infinitely differentiable function on [0,40) such that y(s)=1
for 0<s<l; p(s)=0 for s22; 0<y(s)<] and | y/(s)|<2 for s€[0,400) . We define the
mapping by assuming that
e

D, (t,u,):= )((?J ®(t,u,) forall u, €C. (3.6)

2R* +5R+2
By [6, Section 5], @, is ¢ -Lipschitz, where ¢(f):=2 pl//(t)T, for teR

4

Next, we consider the following abstract Cauchy problem
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%Fut () =BOu)+0,(t,u,(0)), t=s=0, (3.7)
u(,0) =4¢0)eC.
We now take E:=L,(R,) for 1<p<+% and choose ¢(t):=[ble™ cE:=L,(R,), for
p=l. In the case of Lebesgue space E£:=L (R,), we have N, =N, =1. Hence, we have
N AT el +N; [Aell < |b|(e" —e™* '
1-¢e” a(l-e™)

We have

h (@) =l e o) [, =1b)[ =y Ve
v L ([((Z—V) CI(O£+V) .

Assume that a >v, we have
|b I e—vl

h(O)<——m—.
S @y

Thus, h,(t)eL, and
D]

|| hr “L < Ip g~
r(vp) "(g(a-v))

We now have

k
=
=[]
N+ He max{2K|l|+|b|(e —e ). K\11/|q+ _ b Uq}
1-|{| 14 a(l-e*) (vg)™ (vp) " (g(a-v))
and
By = Nke
1=k —[ Y]]

N (1+H)e” 2K |I|a(1—e ")+ |b|v(e” —e )]
E av(l-|1)(1-e") =N+ H)e' 2K |l |a(1-e™ )+ |b|v(e” —e™*)]
If max {,h,} <1 then there is an admissibly stable manifold S of L, -class for the Equation

(2.9). Moreover, this admissibly stable manifold is finite dimension.
4. CONCLUSIONS
Motivated by a neutral version of the diffusive Hutchinson equation, the paper deals with

the neutral evolution equation diFut = B(t)u(t)+®(t,u,) , where the family of linear operators
t

B(?), the difference operator F , and the nonlinear term @ satisfy Standing Hypothesis 1 and the
function /4, defined as in Standing Hypothesis 2. Using the result Nguyen — Trinh [8, Theorem

2.8] (see also Theorem 2.1) on the existence of an admissibly stable manifolds of & -class (see
Definition 2.5), the present paper studies the asymptotic behavior of the above-mentioned diffusive
Hutchinson equation. Future work will study admissibly (un)stable manifolds/inertial manifolds for
the diffusive Hutchinson equation with infinite delay.
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