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Théng tin bai bao TOM TAT

Nhén bai: 12/2024 S¢ dung ham gid ddo trong lap trinh Python c6 thé gidi cic dang hé phuong trinh
Chap nhan: 02/2025 tuyén tinh Cramer; Hé phuong trinh tuyén tinh c6 s6 &n nhiéu hon sé phuong trinh;
Xuat ban online: 03/2025 Hé phuang trinh tuyén tinh c6 s6 phuong trinh nhiéu hon sé &n; Hé phuong trinh tuyén tinh

¢6 s6 phuong trinh bdng s6 &n nhung dinh thic ma tran hé s6 bang 0 va mét sé ung dung
trong thuc té.

Cramer's linear equations can be solved in Python by using pseudo-inverse functions; There are
more unknowns than equations in a system of linear equations; There are more equations in linear
equation systems than unknowns. Despite having the same number of equations as the unknowns,
the linear equation system has certain useful applications and a coefficient matrix determinant of 0.
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1. GIGI THIEU

Bai bdo trinh bay cach sir dung ham gia dao giai cac dang hé phuong trinh tuyén tinh va iing dung cia ham gia dao
trong thuc té.

2. TONG QUAN NGHIEN cUU

Khi gidi hé phuong trinh tuyén tinh Cramer bang phuong phap Toan hoc ngoai phuong phap Gauss, ta c6 thé
dung phuong phéap dinh thuc (phuong phap Cramer) va phuong phap ma tran nghich dao. Tuy nhién, khi giai
hé phuong trinh tuyén tinh téng quat (khac hé Cramer), chi st dung dugc duy nhat phuong phap Gauss bdi vi, véi hé
phuang trinh tuyén tinh téng quat khéng ton tai ma tran nghich dao, dé giai quyét khé khan nay, cac nha Toan hoc
da tim cach téng quat héa ma tran nghich dao, dé dugc ma tran gia nghich dao. Loai ma tran gia nghich dao phé bién
nhat |a ma gia nghich ddo Moore-Penrose, con goi la ma tran nghich ddo téng quat, dugc tim ra mét cach doc lap bai
E. H. Moore ndm 1920, Arne Bjerhammar nam 1951 va Roger Penrose ndm 1955. Trong lap trinh Python, ma tran gia
nghich dao (goi tat la ma tran gia dao) xac dinh b&i ham pinv () hodc ham linalg.pinv (). Trong bai bdo nay, ching ta
trinh bay ing dung ctia ham gia dao trong giai hé phuang trinh tuyén tinh va trong thuc té.

*Tac gia lién hé:

Email: loc.nguyenvan@hoasen.edu.vn
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3. PHUONG PHAP NGHIEN CUU VA DU LIEU
Ma tran gia dao (Pseudoinverse hay Moore —Penrose Inverse)

Pseudoinverse 1a tdng quat hdéa clia ma tran nghich dao: thay vi tim ma tran nghich ddo clia ma tran vuéng,
ta tim ma tran gid ddo cla ma tran cé s6 lugng hang va cot tuy y (c6 thé bang nhau hodc khéng bang nhau)

Céng thic: A" =V.D*.U"

Trong d6 A" 14 pseudoinverse, D 13 pseudoinverse clia ma tran dudng chéo Sigma va la U’ hoan vi clia U vdéi
D = 1/Sigma.

Diéu dang chd y 1a c6 thé thay Inverse bdi Pseudoinverse trong phuong trinh ma tran vuéng thi két qua bai toan
khong thay d6i, d8i véi ma tran chit nhat thi khdng tén tai Inverse nhung st dung Pseudoinverse ta tim dugc két qua
clia bai toén.

Vi du: Tim Pseudoinverse clla ma tran: 2 4 -1 5 2 [5, tr 128].
-4 -5 3 -8 1
A=
2 -5 -4 1 8
-6 0 7 -3 1

Giai

St dung géi numpy va ham pinv()

In[11: from numpy import array
from numpy.linalg import pinv

In[z]: A = arra)’([[ 21 41 -1 ’ 5/ _2]1 [-41 _51 31 _81 1]1 [21 _51_411 ’ 8]1 [-61 OI 71 _31 1]])

In[3]: B =pinv(A)
print(B)

Out[3]: |[[[-1.91011236e+00 -1.23595506e+00 -3.23595506e-01 4.49438202e-03]
[-5.16853933e+00 -3.43258427e+00 -8.93258427e-01 2.41573034e-01]
[5.05617978e-01 2.97752809e-01 7.97752809e-02 7.52808989e-02]
[4.00000000e+00 2.50000000e+00 7.00000000e-01 -1.00000000e-01]
[-3.00000000e+00 -2.00000000e+00 -4.00000000e-01 2.00000000e-011]

Y nghia ctia ham pinv

B Pseudo-inverse |a mot dang nghich dao téng quat cho cac ma tran khéng vuéng hodc suy bién (singular), khi ma
nghich dao théng thudng (inv()) khong thé tinh duoc.

B N6 gilp giai cac hé phuong trinh tuyén tinh dang Ax = b ngay ca khi A khong phai la ma tran vuéng hodc cé dinh
thiic bdng 0.

Cong dung ctia ham pinv

B Gidi hé phuong trinh tuyén tinh: Khi A khéng kha nghich, c6 thé sirdung pinv(A) dé tim nghiém géan dung t6i uu.
B Phan tich dit liéu & Machine Learning:
*Trong hoi quy tuyén tinh OLS (Ordinary Least Squares), pseudo-inverse gitip tim nghiém binh phuong toi
thiéu khi hé phuang trinh c6 nhiéu han mét nghiém hodc khédng c6 nghiém chinh xac.
B Trong mé hinh PCA (Principal Component Analysis), né ho trg trong x{ ly ma tran di liéu.
B X ly dnh & Gidm nhiéu: Gilp khéi phuc hinh anh hodc xt ly dt liéu khi théng tin bi mat hodc suy bién.
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4. KET QUA NGHIEN cUU
4.1. Phuong phdp ham gia dao gidi hé phuong trinh tuyén tinh

ay X, +a,x, +...+a,x, =b

................................. (1)

Cho hé phuang trinh tuyén tinh (1): |a,,x, +a,,x, +...+a,,x, =b,

Chuyén hé phuang trinh tuyén tinh da cho vé dang ma tran : AX = b (2), vdi

4y Gy e Gy hl X

.oa pe
2i 2 2
" b= (X =

a, A, .. a, b, X,
Phuong phap ( St dung goéi numpy va ham gid ddo pinv() hoac ham linalg.pinv() )

Budc 1: Lap ma tran A véi cac hé s6 aijvé vector b véi cac hé sé bJ., bang cach st dung np.array([[],..[11) hay
array([[1..[1])

Budc 2: Tinh ma tran gia dao cta A, st dung ham pinv(A) hoac ham linalg.pinv()
Buéc 3: Tim vector nghiém X bang viéc nhan ma tran gia dao vai vector b sit dung
X = pinv(A).dot(b) hoac X = np.linalg.pinv(A).dot(b)

4.2. Phuong phdp ham gia dao gidi hé phuong trinh tuyén tinh Cramer

Vi du: Gidi hé phuaong trinh

X X, X+ X, +x, =15
X, +2x, +3x; +4x, +5x, =35
X, +3x, +6x, +10x, +15x, =70
X, +4x, +10x, +20x, +35x, =126
X, +5x, +15x, +35x, + 70x, =210 . [4, tr 84]

Giai

Phuaong phap toan hoc (Phuong phap Cramer)

11 1 1 1 15 1 1 1 1 1 15 1 1
12 3 4 5 35 2 3 4 5 1 33 3 4 5
D=|1 3 6 10 15 :1;Dx‘ =70 3 10 15 :S;sz =1 70 6 10 15|=4;
1 4 10 20 35 126 4 10 20 35 1 126 10 20 35
1 5 15 35 70 210 5 15 35 70 1 210 15 35 70
1 1 15 1 1 11 1 15 1 1 1 1 15
1 2 35 4 5 1 2 3 35 5 1 2 4 35
D, =[l 3 70 10 15]=3%D_=l 3 6 70 15=2D =/ 3 6 10 70|=I;
‘ 1 4 126 20 35 1 4 10 126 35 1 4 10 20 126
1 5 210 35 70 1 5 15 210 70 1 5 15 35 210
>ux = X'=§=5;x2= XZ=i=4;x3=DX3=§=3;x4=DX°=E=2;x5:DX5=—=1
D 1 D 1 D 1 D 1 D
=>{x=5x=4x=3x=2x=1}
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Phuong phap 1ap trinh (Ham nghich dao)

Cach 1: (ST dung géi numpy va ham inv())

In[1]: from numpy import array
from scipy import linalg

In2]: A=array([1,1,1,1,1],11,2,3,4,5],[1,3,6,10,15],[1, 4, 10, 20, 35], [1, 5, 15, 35, 701])
print(A)

Out[2]: [[[1T1111]
[12345]
[1361015]
[14102035]
[15153570]]

In[3]: import numpy as np
B= np.array([[15],[35],[70],[126], [210]])
B

Out[3]: |array([[ 15],
[ 35],

[70],

[126],
[2101])

In[4]: from numpy.linalg import inv
K=inv(A)
K

Out[4]: |array(l[ 5.,-10.,, 10, -5., 11,

[-10. 30.,-35, 19, -4.],
[10.,-35., 46.,-27., 6.],
[-5,19.,-27, 17, -4],

[ 1, -4, 6, -4, 1)

In[5]: X =K.dot(B)

X
Out [5]: | array([[5.],
[4-]l
[3.],
[2-]l
(1.0
Y nghia ctia SciPy

B La mdt thu vién md rong clia numpy, cung cap cac ham nang cao dé xu ly toan hoc, khoa hoc dit liéu, va ky thuat.
B HO trg cac phép tinh t6i uu héa, tich phan, ndi suy, thong ké, xi ly tin hiéu, dai s6 tuyén tinh.

Céng dung chinh cua SciPy

B HO trg cac phép toan ma tran nhu nghich dao, pseudo-inverse, gia tri riéng, SVD, phan ra Cholesky,.trong dai s6
tuyén tinh.

B Hé trg tinh toan phan phdi xac sudat, kiém dinh gia thuyét, hoi quy, mé phéng Monte Carlo, trong xac sudt théng ké.

B Dung dé tim gia tri nhd nhat hodc 16n nhat cda ham, gidi phuong trinh phi tuyén. trong t6i uu héa.
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B HO trg tinh tich phan xac dinh va gidi phuong trinh vi phan.
B Hb trg loc tin hiéu, bién déi Fourier, phan tich hé théng déng hoc.
B Dung dé tao cac mé hinh noi suy tir dit liéu rdi rac.

Nghiém cta hé phuong trinh la: {xl =5x,=4x,=3;x, =2;x; = 1}

Cach 2: S& dung goéi numpy va ham np.linalg.inv ()

In[1]: import numpy as np
from scipy import linalg

In2]: A =np.matrix([[1,1,1,1,1],11,2,3,4,5],[1,3,6,10, 15],[1, 4, 10, 20, 35], [1, 5, 15, 35, 701])
print(A)

Out[2]: [[[11111]
[12345]
[1361015]
[14102035]
[15153570]]

In[3]: A_nghichdao = np.linalg.inv(A)
A_nghichdao

Out[3]: | matrix([[ 5.,-10., 10., -5., 1.],
[-10., 30.-35., 19, -4,
[10.,-35, 46.,-27., 6.,
[-5., 19.,-27., 17., -4]],
[1., -4, 6, -4, 11

In[4]: B = np.matrix([[15],[35],[70],[126], [210]])
print(B)

Out[4]: |[[15 35 70126 210]]

In[5]: c=B.T
C

Out [5]: | matrix([[ 15],
[35],

[ 70],
[126],
[2101])

In[6]: X = A_nghichdao.dot(c)
X

Out [6]: | matrix([[5.],
[4.],
(3],
[2.],
[1.00)
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Y nghia ctia ham linalg.pinv()

B Nghich dao gia Moore-Penrose la mot khai niém ma rong ctia nghich ddo ma tran thong thudng, dp dung cho ca
ma tran khéng vuéng va ma tran suy bién.

B Dugc st dung dé giai hé phuang trinh tuyén tinh dang Ax=bAx = bAx=b trong trudng hop ma tran A khong
kha nghich hodc khéng vuong.

B Dugc tinh dua trén phan ra gia tri suy bién (SVD - Singular Value Decomposition).

Cong dung chinh ctia ham linalg.pinv()

B Giadi hé phuong trinh tuyén tinh: Dung pinv() dé€ tim nghiém gan dang khi ma trdn A khéng kha nghich.
Ung dung: Trong Machine Learning, hé phuang trinh tuyén tinh kiéu nay xuat hién trong bai toan héi quy tuyén
tinh OLS. Ung dung: Trong Machine Learning va théng ké, dac biét khi dir liéu c6 da cdng tuyén.

B Giai quyét van dé suy bién (Singular Matrix).Néu sit dung numpy.linalg.inv() cho ma tran suy bién, né sé bao I6i.
pinv() gitip khac phuc van dé nay.

B So sanh scipy.linalg.pinv() va numpy.linalg.pinv().

*scipy.linalg.pinv(): Linh hoat han, hiéu suat cao han, hé trg nhiéu thuat toan téi uu.
*numpy.linalg.pinv(): Chi dua trén SVD, phu hgp cho tinh todn don gian.

Nghiém clia hé phuong trinh Ié\:{x1 =5x,=4x,=3;x, =2;x; = 1}
Luyén tap
Gidi hé phuong trinh :

X +2x,+3x,-2x,=6

2x,—x, —2x,-3x, =8

3x,+2x, —x; +2x, =4

2x, =3x,+2x,=x,=-8 [3,tr 86]
Dap s8: Nghiém clia hé phuong trinh la: {x, =1;x, = 2;x, =—L;x, = -2}

4.3. Phuong phdp ham gia ddo gidi hé phuong trinh tuyén tinh cé sé dn nhiéu hon sé phuong trinh.

Vi du: Gidi hé phuong trinh

24x, +14x, +30x; +40x, +41x, =28

36x, +21x, +45x; +61x, +62x, =43

48x, +28x, +60x; +82x, +83x, =58
60x, +35x, +75x, +99x, +102x, =69 , [2,tr 102]

Giai

Cach 1: S dung gbéi numpy va ham pinv()

In[1]: from numpy import array

In2]: A =array([ [24, 14, 30, 40, 41], [36, 21, 45, 61, 62], [48, 28, 60, 82, 83], [60, 35, 75,99,102] 1)

In[3]: import numpy as np
b = np.array([[28],[43],[58],[69]])
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In[4]: from numpy.linalg import pinv
K= pinv(A)

In[5]: X =K.dot(b)
X

Out [5]: | array([[-0.24180166],
[-0.14105097],
[-0.30225207],
[0.88463058],

[0.23073884]])

Cach 2: SU dung géi numpy va ham linalg.pinv()

In[1]: from numpy import array
from scipy import linalg

In2]: A =np.array([[24, 14, 30, 40, 41], [36, 21, 45, 61, 62], [48, 28, 60, 82, 83], [60, 35, 75,99,102] ])

In[3]: A_giadao = np.linalg.pinv(A)

In[4]: import numpy as np
b = np.array([ [28],[43],[58],[69]1 1)

In[5]: X = A_giadao.dot(b)
X

Out [5]: | array([[-0.24180166],
[-0.14105097],
[-0.30225207],
[0.88463058],
[0.23073884]])

Nghiém cutia hé phuong trinh la :

{x, =—0.24180166, x, = -0.14105097, x, = -0.30225207, x, = 0.88463058, x, = 0.23073884)

Luyén tap

Giai hé phuong trinh:

12x, +14x, =15x; +23x, +27x, =5
16x, +18x, —22x, +29x, +37x, =8
18x, +20x, —21x; +32x, +41x; =9
10x, +12x, —16x, +20x, +23x; =4 . [1,tr 102]

Pap sé: Nghiém téng quat cla phuang trinh:

53 20 5 5 5 2 1
S Xy = ==X, =Xy ——, Xy = — X, ——;

X, =X, ——Xs+—
Y1877 9 2 6 3 9 9

Nghiém riéng ctia hé phuong trinh la:

{xl =0.15688271,x, =-0.11224087,x, =0.01174584, x, = -0.43748489, x, = 0.55285629}
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4.4. Phuong phdp ham gia ddo gidi hé phuong trinh tuyén tinh c6 sé dn it hon s6 phuong trinh.

Vi du: Gidi hé phuong trinh
3x,—x,+x,=6
X, =5x,+x;,=12
2x, +4x,=-6
2x,+x,+3x, =3
Sx +4x,=9 6, tr83]

Giai

Cach 1: SU dung goéi numpy va ham pinv()

In[1]: from numpy import array

Inz]: A = arraY([ [31 _17 1]/ [11_57 1]/ [21 41 0]! [21 11 3]! [5/ OI 4] ])

In[3]: from numpy.linalg import pinv
K= pinv(A)
In[4]: import numpy as np

b = np.array([6,12,-6,3,9])

In[5]: X =K.dot(b)
X

Out [5]: |array([ 1., -2., 1.])

Cach 2: St dung géi numpy va ham linalg.pinv()

In[1]: from numpy import array
from scipy import linalg

In2]: A=nparray([ [3,-1,1],(1,-5,1],[2,4,0],[2,1,3],[5,0,4] 1)

In[3]: A_giadao = np.linalg.pinv(A)

In[4]: import numpy as np
b =np.array([ [6],[12],[-6],3], [9]])

In[5]: X = A_giadao.dot(b)
X

Out [5]: | array([[ 1.],
[_2']1
[1.1)

Nghiém clia hé phuang trinh la: {xl =Lx,=-2,x;= 1}
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Luyén tap
Giai hé phuong trinh (S6 phuang trinh I6n hon s6 4n)

8x+6y+5z+2¢=21
3x+3y+2z+t=10
4x+2y+3z+t=8
3x+5y+z+t=15
Tx+4y+5z+2t=18 . [7,tr 100]

Pap s6: Nghiém clia hé phuong trinh la: {x =3,y=0;z=-5;t=1 1}

4.5. Phuong phdp ham gia ddo gidi hé phuong trinh tuyén tinh c6 sé phuong trinh béng sé @n, nhung
dinh thi'c ma trdn hé sé bdng 0.

Vi du: Gidi hé phuaong trinh

2x,—x, +3x,+4x, =5
4x, —2x, +5x,+6x, =7
6x, —3x, +7x,+8x, =9
X, —4x, +9x, +10x, =11 8, tr 103]

Giai

Cach 1: S& dung géi numpy va ham pinv()

In[1]: from numpy import array
import numpy as np
from scipy import linalg

Inz]: A = arra)/([ [21_1 7 3! 4]! [41 _21 5! 6]1 [61 _31 71 8]: [.I 1] _41 91 10] ])

In[3]: detA = linalg.det(A)
detA

Out[3]: | 0.0

In[4]: b = np.array([[5], [7], [9], [11]])

In[5]: from numpy.linalg import pinv
K= pinv(A)

In[6]: X =K.dot(b)
X

Out[6]: |array([[-0.55172414],
[0.27586207],
[0.37931034],
[ 1.31034483]])
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Cach 2: St dung goéi numpy va ham linalg. pinv()

In[1]: from numpy import array
import numpy as np
from scipy import linalg

Inz]: A = np-arra)/([ [21_’I 7 31 4]l [41 _21 5! 6]1 [61 _31 7l 8]: [81 _41 91 10] ] )

In[3]: A_giadao = np.linalg.pinv(A)

In[4]: b = np.array([ [5],[71,[91,[11]])

In[5]: X =A_giadao.dot(b)
X

Out5]: | array([[-0.55172414],
[0.27586207],
[0.37931034],
[ 1.31034483]))

Pap sé: Nghiém clia hé phuong trinh 13 :{-0.55172414, 0.27586207, 0.37931034, 1.31034483}
Luyén tap

Gidi hé phuong trinh:
2x, +3x, +x,+2x, =3

4x, +6x, +3x, +4x, =5

6x, +9x, +5x, +6x, =7

8x; +12x, +Tx; +2x, =9 [4, tr 103]
Dap s8: Nghiém clia hé phuong trinh la: {x, = 0.61538462, x, = 0.92307692, x, = —1,x, = 0}

4.6. Mét sé iing dung thuc té ciia ham gid ddo.

Ham gia nghich dao (inverse function) trong thuc té€ dugc ap dung nhiéu trong cac bai toan théng ké, téi uu héa,
mo phong Monte Carlo va gidi phuong trinh phi tuyén. Dudi day la mét s6 ing dung thuc té va cach st dung Numpy

dé giai chung.

Ung dung t6i uu héa: Giai cac bai toan téi uu véi cac rang budc phi tuyén sit dung ham gia nghich dao.

_ 2 -Xx
Bai toan: Tim gia tri t6i uu clia f(x)—x +2e",x>0

Giai phap st dung Gradient hodc phuong phép xap xi nghiém

10
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Code Python

import numpy as np
from scipy.optimize import minimize
# Ham can t6i uu
def objective(x):
return x**2 + 2 * np.exp(-x)
# Rang buécx >0
constraints = {'type”‘ineq; ‘fun’: lambda x: x}
# Khéi tao gia tri ban dau
X0 = np.array([1.0])
#T0i uu héa
result = minimize(objective, x0, constraints=constraints)
print(“Gia tri t6i uu cda x 1a:", result.x[0])
print(“Gia tri téi uu ctia ham 132 result.fun)

Gia tri t6i uu clia x 1a: 0.5671481834272308
Gié tri t6i uu cia ham 1a: 1.455938092713924

Ung dung trong xt ly tin hiéu Dung ham gia dao dé chudn héa hoac diéu chinh cusng dé tin hiéu.

Bai todn Chuyén ddi tin hiéu dau vao y = x° vé tin hiéu g6e x

Giai phap Dung ham gia dao: X =~/y

import numpy as np

# DU liéu tin hiéu

y_signal = np.array([1, 4, 9, 16, 25])
# SU dung ham gid nghich dao
x_signal = np.sqrt(y_signal)
print(“Tin hiéu g6c 1a:", x_signal)

Tin hiéu gbcla: [1.2.3.4.51]

5. KET LUAN

Viéc dua ham gia dado vao gidng day trong chuong trinh Dai s6 tuyén tinh & cac trudng dai hoc khéng chi gitip cho
sinh vién biét cac Ung dung da dang clia ham gia dao trong gidi cac dang hé phuaong trinh tuyén tinh téng quat va
van dung gii cdc mé hinh tuyén tinh trong phan tich kinh t&€ ma con gitp cho su phat trién & sinh vién cac thao tac tu
duy nhu: khai quat héa, dac biét hoa tao ca s& cho su hinh thanh va phat trién tu duy sang tao, mét loai hinh tu duy

quan trong trong hoat déng thuc tién clia ngudi lao dong.
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