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Tom tat
~ Trong bai viét ndy,’chzéng t6i mo réng kiéu co Ciric trong khéng gian b-metric (Lu, He va Du, 2019)
bang cach thém vao 4 so6 hang p(T?x,x), p(T?*x,Tx), p(T?x,y), p(T?x,Ty), dé tro thanh
p(Tx,Ty) < Amax{p(x,y),p(x,Tx), p(y,Ty), p(x,Ty), p(Tx,y),
p(T?x,x), p(T?x,Tx), p(T?x,¥), p(T?x,Ty)}
trong do W la khong gian b-metric, T: W - W vax,y € W.
Tir khéa: Diém co dinh, khéng gian b-metric, kiéu co Ciric suy réng, tinh chat Fatou.
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Abstract
In this paper, we extend the Ciric type condition in b-metric spaces (Lu va cs., 2019) by adding four
terms p(T?x,x), p(T?x,Tx), p(T?x,y), p(T*x,Ty), to become
p(Tx,Ty) < Amax{p(x,y), p(x,Tx), p(y, Ty), p(x, Ty),
p(Tx,y), p(T?x,x), p(T?x,Tx), p(T?x,y), p(T?x, Ty)}
where W is the b-metric space, T: W - W and x,y € W.
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1. Gidi thiéu

Li thuyét diém c6 dinh metric dugc nhiéu tac
gia quan tdm nghién ctu trong thoi gian gé‘m day.
Nguyén Vin Diing va Nguyén Chi Tam (2014)
da thiét lap va chung minh diém cb dinh cho
dang ¢-co yéu suy rong trong khong gian kiéu-
metric, & ddy khéng gian kiéu-metric 1a mot
truong hop diac biét cua khong gian b-metric.
Karapinar, Kieu Phuong Chi va Tran Duc Thanh
(2012) da chimg minh mot cach téng quat cua
diéu kién co Ciric cho hai 4nh xa 7 va S. L& Thi
Thiy Hing (2017) da nghién ctru dang tong quat
ciia khong gian h-metric gia trj phic va thiét 1ap
tinh chat gilta b-metric gia tri phtre va chimg minh
dugc rang bon anh xa 7, S, 4, B ¢ duy nhat diém
c¢b dinh trong khong gian b-metric gia tri phirc tir
dinh 1i diém c6 dinh trong khéng gian h-metric.

Nhiéu diéu kién v& sy tdn tai va tinh duy nhat
cta diém cd dinh trong khong gian metric va nhiéu
khong gian metric suy rong khac da dugc thiét 1ap
va chung minh. Trong do co cac dang md rong
diéu kién co Ciric va khong gian h-metric. Luu y
rang, diéu kién co Ciric duoc gidi thidu trong tai
liéu Ciric (1974) va la mot trong nhiing dleu kién
co tong quat ndi tleng trong Li thuyét diém cb dinh
metric con khong gian h-metric 1a mét trong nhiing
m¢ rong cua khong gian metric. Amini-Harandi
(2014) da nghién ctru diéu kién co Ciric trong
khéong gian b-metric bang cach bd sung tinh chat
Fatou. Kumam va cs. (2015) giéi thiéu diéu kién co
Ciric suy rong trong khéng gian metric bang cich
thém 4 sb hang

d(T?x,x),d(T?x,Tx),d(T?x,y),d(T?*x,Ty)

va chimg minh sy ton tai va tinh duy nhat diém c6
dinh v6i diéu kién co nay. Lu va cs. (2019) da xay
dung nhiing vi du chung t6 rang tinh lién tuc cua
b-metric thuc sy manh hoq tinh chat Fatou trong
khong gian h-metric va thict 1dp mét dinh 1i diém
co dinh moi cho diéu kién du co ban va cot yeu
voi didu kién co Ciric voi hé sb co 1€ [é,l)
trong khong gian h-metric day du va cé diém co
dinh duy nhat. Chang t6i nhan thay rang, nhing
két qua chinh trong tai liéu Lu va cs. (2019) co
thé dugc mé rong bang cach sir dung ki thuat
trong tai li¢u Kumam va cs. (2015) dé c6 dugc
két qua tong quat hon trong khong gian b-metric.

Trong bai viét nay, ching t6i mé rong kiéu co
Ciric trong khéng gian b-metric (Lu, He va Du,

2019) bang cach thém vao 4 sb

P 5, %), LT, TE),
o(T?%x,y), p(T?x, Ty), dé trd thanh
p(Tx,Ty) < Amax{p(x,y),p(x,Tx),
p(y. Ty), p(x, Ty), p(Tx,y),
p(T?x,x), p(T?x,Tx),
p(T%x,y), p(T?x, Ty)}
trong do6 W la khong gian h-metric,
T "W-Wvax,yeW.
2. Mt s6 khdi ni¢m va két qua co ban
trong khong gian h-metric

hang

Truée hét, chung tdi trinh bay mét sb khai
niém va ket qua co ban dugc sir dung trong bai bao.

binh nghia duéi ddy duge mé rong tir dinh
nghia cua khong gian metric bang cach nhan h¢ so
s = 1 vao vé phai bat dang thirc tam giac.

Dinh nghia 1.1 (Czerwik, 1998). Gia st W 1a
mot tap hop khac rong va s = 1 la mét so thuc cho
trude. Anh xa p: W X W — [0,00) thoa man céac
diéu kién sau véi moi x,y,z € W,

L p(x,y) =

2.p(x,y) = p(y,x).

3.p(x,y) <slplx,z) + p(z,y)]

Khi dé

1. p dugc goi la mot b-metric trén W ma
(W, p, s) duogc goi la mot khong gian b-metric.

0 néu va chi néu x = y.

2. Day {z,} duoc goi la hoi tu dén ze W
néu lim p(z,,z) = 0.
n—co

3. Diy {z,} duoc goi la Cauchy néu
lim p(z,,,z,) =0.
m,n—co

4. Khong gian b-metric (W, p, s) dugc goi la
day dii néu moi diy Cauchy 1a mét day hoi tu.

Amini-Harandi (2014) da dua ra dinh nghia
sau day v¢ tinh chat Fatou d€ nghién ctru két qua
diém co dinh méi trong khong gian b-metric.

Pinh nghia 1.2 ((Amini-Harandi, 2014),
Dinh nghia 2.4). Gia su (W, p,s) la khong gian
b—metric., Khi d6 p duogc goi la cod tinh chat
Fatou néu véi {z,} c W, lim p(z,,2) =0 va

n—co
y € W thi

p(z,y) < liminf p(z,,y).
n—co



Tap chi Khoa hoc Dai hoc Béng Thap, Tap 11, S6 2, 2022, 03-12

Tiép theo, ching toi trinh bay dinh nghia diéu
kién co Ciric. Dinh nghia nay 1a m¢ rdng cua
Nguyén li co Banach (Banach, 1922) dinh li diém
co dinh Kannan (Kannan, 1969) va dinh li diém co
dinh Chatterjea (Chatterjea, 1972).

Pinh nghia 1.3 ((Lu va cs., 2019), Dinh
nghia 4). Gia su (W,p,s) la m¢t khong gian b-
metric vaanhxaT: W - W.

1 Diém x € W duge goi la diém cé dinh cua
TnéuTx = x.

2. T dugc goi la mot kiéu co Ciric néu ton tai
A €[0,1) sao cho véi moi x,y € W,
p(Tx, Ty) < Amax{p(x,y),p(x,Tx),

P, Ty), p(x,Ty), p(Tx, y).

B6 dé sau day 1a mot bat dang thirc trong tép
56 thye va dugce su dung trong chiung minh két qua
chinh cia bai viét.

Bo dé 1.4 ((Lu va cs., 2019), B dé 1). Gid st
{a,} va {by} la hai day so thuc. Néu {a,} hoi ty thi

lim inf max{a,, b,} < max{ llm 0 ap, hm mfbn}
n—oco

~ Dinh li sau day trinh bay su ton tai va tinh duy
nhat diém c¢6 dinh cho kiéu co Ciric trong khong
gian b-metric.
Pinh li 1.5 ((Lu vd cs.,
Gia sw

2019), Dinh 1i 3).

1. (W, p, s) la mét khéng gian b-metric day di.
2. AnhxaT: W — W la mét kiéu co Ciric.
Khi do
1. Néu s =1 thi T ¢6 duy nhat diém cé dinh
veEWwvalimT"z = vvoimoiz € W.

n—oo
2. Néu s > 1 va mot trong cdc diéu kién sau
diroc thoa mdn
(a) T lién tuc,
(b) p théa man tinh chdt Fatou;

©1€03);

thi T ¢6 duy nhat diem c6 dinh vEW va

limT"z = vvoimeiz € W.
n—oco

B6 dé sau thiét l4p tinh duy nhét cta gidi han
trong khéng gian b-metric.

B dé 1.6. ((Tran Van An vd cs., 2015), Nhan
xét 3.1) Gia sur (W,p,s)la mot khong gian b-

metric va ddy {x,} c W. Né:u {x,} hoi tu thi gioi
han diem cua {x,} la duy nhat.

3. Két qua chinh

Trudc hét, chiing t6i trinh bay dinh nghia mé
rng cua Dinh nghia 4 trong (Lu va cs., 2019) tr
kiéu co Ciric sang kiéu co Ciric suy rong bang cach
thém 4 s6 hang p(sz x), p(sz Tx), p(T?x,y),
p(T?x, Ty) vao vé phai cua diéu kién co.

Pinh nghia 2.1. Gia s¢ (W,p,s)la mot
khong gian b-metric va anh xa T: W —» W. Khi d6
T dugc goi la mét kiéu co Ciric suy rong néu ton
tai A € [0,1) sao cho v&i moi x,y € W,
p(Tx,Ty) < Amax{p(x,y),p(x,Tx),

P, Ty), p(x,Ty), p(Tx,y),
pT%x.x),p(T%x,Tx),

p(T?x,y), p(T?x,Ty)}. 21
Vi du sau day trinh bay mot anh xa thdéa man
diéu kién kiéu co Ciric suy rong ma khong thoa mén
diéu kién kiéu co Ciric.
Vi du 2.2 (Kumam va cs., 2015), Vi du 2.5).
Gia sir
1.X ={1,2,3,4,5} vdi
0 néux =y
2 néu (x,y) € {(1,4),(1,5),
(4,1),(5,1)}

1 truwdng hop con lai.

dlx,y) =

2. Anh xa T: X - X dugc xac dinh boi
T1 =T2 =T3=1,T4=2,T5=3.

Khi @6

1. d la m{t metric trén X.

2. T 14 anh xa kiéu co Ciric suy rong.

3. T khéng 1a anh xa kiéu co Ciric.
Giai. (1). Véimoi x,y,z € X taco d(x,y) = 0,

dix,y)= 0 x =y,

d(x,y) = d(y,x),

d(x,y) <d(x,z) + d(z,y).

Viy d 1a mt metric trén X.

(2). Truong hop 1. x,y€{1,2,3} hodc
(x,vy) € {(4,4),(5,5)}. Tacod
d(Tx,Ty) =d(T1,T2) =d(T1,T3) =d(T2,T3)

= d{(T1,T1)
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=d(T2,T2) = d(T3,T3) = d(1,1) = 0;
d(T4,T4) = d(T5,T5) = 0.
Tir do ta co véimoi A € [0,1) thi
d(Tx, Ty) =0
< Amax{d(x,y),d(x, Tx),
d(,Ty),d(x,Ty),d(Tx,y),
d(T%%, %), A{T#%: T,
d(T?x,y),d(T?x,Ty)}.
Truong hop 2. (x,y) € {(1,4),

= Amax{d(4,1),d(4,T4),
d(1,T1),d(4,T1),d(T4,1),
d(T?4,4),d(T?4,T4),
d(T?4,1),d(T?4,T1)};

d(T4,T2) =1

< Amax{1,1,1,2,0,2,1,1,0}

= Amax{d(4,2),d(4,T4),
d(2,T2),d(4,T2),d(T4,2),
d(T?4,4),d(T?4,T4),

(2,4), (3,4), (4,1), (4,2), (4,3)}. Ta cb
d(T1,T4) = d(T2,T4) = d(T3,T4)

d(T?4,2),d(T?4,T2)};
d(T4,T3) =1

=d(1,2) = 1;
d(T4,T1) = d(T4,T2) = d(T4,T3) =4max{1,1,1,21,21,1,0}
=d(21) = 1; = Amax{d(4,3), d(4,T4),
d(T1,4) = d(T2,4) = d(T3,4) d(3,T3),d(4,T3),d(T4,3),
=d(14) =2 d(T?4,4),d(T?4,T4),
2 — 2 — 2
d(11,4) = i((i 42)"?27 d(173,4) d(T24,3),d(T?4,T3)}.
NPT — Truomg hop 3. (x,y) € {(1,5), (2,5), (3,5),
dTL.14) _ ﬁg 22)‘ 7:?._ oo (5,1),(5,2), (5,3)}. Ta co
d(T?4,1) = d(T?4,T1) = d(T?4,T2) d(r1,75) iiz((?é; % % aI3,1%)
— d(T2%4,T3) = d(1,1) = 0; s i
; ( it 1) d(T5,T1) = d(TS, T2) = d(T5,T3)

d(T?4,3) = d(13) = 1. d(T15) = d(T2,5) = d(T3,5) = d(1,5) = 2;

Tir d6 ta ¢6 vi moi 2 € |3, 1) thi d(T?1,5) = d(T?2,5) = d(T?3,5)

d(T1,T4) =1 =d(1,5) = 2;

= Amax{d(1,4),d(1,T1),
d(4,T4),d(1,T4),d(T1,4),
d(r21.1). d(T*1, T1),
d(T?1,4),d(T?1,T4)};
d(T2,T4) =d(T3,T4) =1
<Amax{1,1,1,0,2,1,0,2,1}
= Amax{d(x,y),d(x, Tx),
d(y,Ty),d(x,Ty),d(Tx,y),
d(T?x,x),d(T?x,Tx),
d(T?x,y),d(T*x,Ty)};
d(T4,T1) =1
< Amax{2,1,0,2,1,2,1,0,0}

d(T25,1) = d(T25,T1) = d(T35,T2)
=d(T25,T3) =d(1,1) = 0;
d(T%5,2) =d(1,2) = 1;

d(T?5,3) =d(1,3) = 1.
Tir d6 ta ¢ voi moi A € |2, 1) thi
d(T1,T5) =1
< Amax{2,0,1,1,2,0,0,2,1}
= Amax{d(1,5),d(1,T1),
d(5,T5),d(1,T5),d(T1,5),
L i O O P )
d(T?21,5),d(T?1,T5)};
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d(T2,T5) = d(T3,T5) = 1 <imax{1,1,1,1,1,2,1,2,1}
< imax{1,1,1,0,2,1,0,2,1} = Amax{d(x,y),d(x,Tx),
= Amax{d(x,y),d(x,Tx), d(y,Ty),d(x,Ty),d(Tx,y),
d(y, Ty),d(x, Ty),d(Tx,y), d(T?x,x),d(T?*x,Tx),
d(T%x. %), d(T%x%. Tx), d(T*x,y),d(T%x, Ty)k
d(T%%, 5, d(F% Ty )} Tur nhitng truong hop trén ta suy ra (2.1) duge thoa
d(T5,T1) = 1 man vl mot x,v € X. Vay T la anh xa kiéu co

Ciric suy rong.
(3). Taco voi A € [0,1) thi
d(T4,T5) = 1 > Amax{1,1,1,1,1}
= Amax{d(4,5),d(4,T4),
d(5,T5),d(4,T5),d(T4,5)}
Piéu nay ching to T khong phai la anh xa kiéu

<1max{2,1,0,2,1,2,1,0,0}

= Amax{d(5,1),d(5,T5),
d(1,T1),d(5,T1),d(T5,1),
d(T?5,5),d(T?5,T5),
d(T?5,1),d(T?5,T1)};

d(T5,72) =1 co Ciric.
<1max{1,1,1,2,1,2,1,1,0} Bo dé 2.3 sau ddy la m¢ rong cia BO dé 2
= Amax{d(5,2),d(5,T5), trong (Lu va cs., 2019) tir kiéu co Ciric sang kiéu
d(2,T2),d(5,T2),d(T5,2), co CInidisuy Thng.
d(TZS,S), d(TZS, TS), Bo dé 2.3. Gia su
d(T25,2), d(T?5,T2)}; L (W,p, s) la mot khong gian b—m?mc.
d(T5,T3) = 1 g Anh xag T:-W = W la mét kiéu co Ciric
suy rong.

<
< 4max{1,1,1,2,0,2,1,1,0} 3 2= 5 W v T2} J& mér @5y dinge, 5

= Amax{d(5,3),d(5,T5), dinh boi z, = Tz,_, = T™zy véi moin € N.
d(3,7T3),d(5,T3),d(T5,3), 4. Tap con H cia N x N dwgc xac dinh boi
d(T*5,5),d(T*5,T5), H={mn):meNneNvam < n}.
d(T*5.3),d(T%5,T3)}. 5. Anh xa L: H = [0, 0) duwoc xdc dinh béi

Truong hop 4. (x,y) € {(4,5), (5,4)}. L(m,n) = max{p(z;,z)m<i<j<n}
Taco Khi @6

d(T4,T5) = d(2,3) = 1;
d(T4,5) = d(4,T4) = d(5,T5)

1. Véimoi (myn) € Hvan — m > 1.

2. L(m,n) = max{p(zm,zj) tm < j < n}vdi

=d(4,T5) = d(5,T4) = 1; moi (m,n) € H.
d(T?4,4) = d(T2,4) = d(14) = 2; 3. Ton tai M >0 sao cho L(0,n) <M véi
d(T?4,5) = d(T2,5) = d(1,5) = 2; moin € N.
d(T24,T4) = d(T?25,T4) = d(1,2) = 1; Chirng minh. (1). Giast (m,n) € H,n — m > 1.

Voimoii,jENvam+1<i<j<nviTla
mdt kiéu co Ciric suy rdng nén

p(ziz) = p(T2i-1,Tz-4)
<4 max{p(zi_l, Zj_1),
p(Zi-1,T2;—1), p(2j-1.T2Zj_1),
P(Zi—l: TZj—l): P(Tzi—la Zj—l)r

d(T25,T5) = d(T3,3) = d(1,3) = 1;

d(T24,T5) = d(T2,3) = d(1,3) = 1;

d(T?5,4) = d(T3,4) = d(1,4) = 2;

d(T25,5) = d(T3,5) = d(1,5) = 2.
Tir d6 ta 6 v6i moi A € [, 1) thi

(Tx,Ty) =1
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P(T%z;_1,2i_ 1), p(T°2;_ 1, T2; 1),
P(TZZ:'—LZj—l):P(Tzzi—l:TZj—l)}
= Amax{p(z;_1,2j-1) , p(2i-1, 2)),
p(zj-1,2), p(2i-1. 7). P(21: 2j-1),
P(Ziz1,2i21), p(Zi41, 20,
P(Zt+1»2j—1);P(Zi+1:Zj)}
PatP(m,n) = {p(zi,z;):m <i<j<n}

(2.2)

Vim+ 1<i<j <nnéntaco
m<i—-1<j—-1<n,
m<i—1<i<n,
m<j—-1<j=mn,
m<i—-1<j<n,
m<i<j—1<n,
m<i+l<i-1<n,
m<i+1<i<n,
m<i+1<j—1<n,
m<i+l<j<n

Tir do suy ra {P(Zf—p 2j—1); p(zi—1,2;),

P(zi-1.2)). P(2i-1. %)), (21 2-1),
p(zi+1:Zi—1):P(Zi+1vzi)'P(Zi+1:Zj—1)r
p(2i+1,2;)} € P(m,n) U {0}.

Vi vy,

max{p(z;i_1, zj-1), P(Zi-1, 2:), P(2j-1, 2}),

P(Zi—lvzj):P(ZiJZj—l)ap(Zlezi—l)J
P(Zi41, 2, P(Zi41, 2j-1), P (2141, 2))}

< max{P(m,n) U {0}}

= maxP(m,n)

= L(m,n).

Két hop (2.2) ta suy ra p(zi,zj) < AL(m,n) voi

m+1l<i<j<n

Vay L(m + 1,n) < AL(m, n).
(2). Xét (m,n) € H.

Gia sur L(m,n) = 0. Khi do
max{p(zi,zj): m<i<j<n}=0. Suy r

p(zi,zj) =0 voi moi m<i<j <n. Vay
max{p(zy,z):m <j < n}=0.

Gia st L(m,n) > 0. T ¥ (1) ta co6 vaGi
m+ 1<i<j<n,

p(zi,zj) < AL(m,n) < L(m,n).

Suy ra L(m,n) = max {{p(zi,zj): m<i<
j<n\p(zz)m+1<i<j<n}}=
max{p(zi,zj): m=i<j<n}
= max{p(zm,zj): m<j< n}

(3). Vi A€[0,1) nén ton tai g € Nsao cho
29 < é Néu L(0,n) < L(0,q) v6i moi n € N thi
(3) xay ra. Nguegc lai ton tai ng €N sao cho
L(0,ny) > L(0,q). Khi d6 theo y (2) tacd 0 < j <
n, sao cho p(zo,zj) = L((), nq). Néu 0 <j<qth
L(O,nq) = p(zo,zj) < L(0,q) diéu nay maéu
thudn vi L(0,n,) > L(0,q). Viy q <j < n,. Ap
dung v (1) taco
p(z05) < s0(z0,2,) +5p(20:7)

< sp(zp,24) + sL(q,n,)
sp(zo, zq) + le(q — 1,nq)

IA

IA

S,O(Zo, zq) + s)ﬂL(O, nq).

IA

Suy ra
L(0,ng) < sp(zg,z4) + sA9L(0,n,).

L(O,nq) < 1—Sﬁ p(ZO,ZQ),
s

Dit M := max{L(O,q),mp(zo,zq)}. Do
do, ta dugc L(0,n) < M v6imoin € N.

Bo dé 2.4 sau day la mo rong cia BO dé 3
trong (Lu va cs., 2019) tir kiéu co Ciric sang kiéu
co Ciric suy réng.

Bo dé 2.4. Gid sir

1. (W,p,s) la mot khong gian b-metric.

2. Anh xa T:W - W la mét kiéu co Ciric
suy rong.

Vay

Khi do voi moi
Cauchy trong W.

z€W va {T"z} la mot day

Chimg minh. Gia su (m,n) € H, bang cach ap
dung B6 dé 2.3, ton tai M > 0 sao cho
p(Zm, z,) < L(m,n)
< AL(m—1,n)
<
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< AML(0,n)

< AMM.
Vi 1< [0,1) nén cho m,n — oo trong béat ding
thirc trén ta dugce

Im P2z = 0
mmn —oo

Vay {z,} la day Cauchy trong W.

Bing cach sir dung B6 dé 2.3 va Bo dé 2.4,
ching t6i chimg minh dinh li diém c6 dinh sau day
cho kiéu co Ciric suy rong trong mot khong gian b-
metric day du.

Pinh li 2.5. Gia su

1. (W, p,s) la mét khéng gian b-metric ddy dii.

2. Anh xa T:W - W la mét kiéu co Ciric
suy rong.

Khi do

1. Néu s =1 thi T ¢6 duy nhat diém co dinh
VEWva limT"z = yvéimoiz € W.

n—co

2. Néu s > 1 va mét trong cdc diéu kién sau
diroc thoa man

(a) T lién tuc,

(b) p théa man tinh chdt Fatou;

© L€ [og)

thi T ¢6 duy nhat diém c6 dinh y €W va

limT"z = yvéimoiz € W.
n—oco

Chitng minh. Gia st z = zy € W va {z,} la day
dugc xdc dinh boi z, = Tz,_; = T"z v6i moi
n € N. Ap dung B6 dé 2.3, day {z,} la mot day
Cauchy trong W. Vi W la diy du nén ton tai
y € W sao cho limT"z = y.

n—co
Tiép theo ta chimg minh néu T ¢ diém cb
dinh thi diém co dinh 1a duy nhat. Gia str x, x' 1a
hai diém c6 dinh cua T.

Taco
p(Tx,x) = p(x,Tx") = p(T?x,x")
= p(T?x,Tx") = p(x,x")
va
p(x,Tx) = p(x',Tx") = p(T?x,x)

= p(T*x,Tx) = 0.
Tr (2.1) ta ¢6
0<plx.x')=pTx.Tx")

< Amax{p(x,x"), p(x,Tx),
p(x', Tx"), p(x, Tx'), p(Tx, "),
p(T?x,x), p(T?x, Tx),
p(T?x,x"), p(T?x, Tx")}

= Ap(x,x").

VidE [Ol)nenp(xx)—o Do d6 x =x'. Vay
néu 7 c6 diém co dinh thi diém c6 dinh 1a duy nhat.

’ Cudi cung ta chi can ching minh T c6 diém
¢6 dinh.

(1). Gia st s = 1. Khi d6 (W,p,s) la mot
khong gian metric day du. Vi 7'la kiéu co Ciric suy
rong nén voimeoin € N,
p(Zn11,Ty) = p(Tzy, Ty)

< Amax{p(zy, ), p(zn, Tzy),
P, Ty), p(zn, Ty), p(Tzp, y),
p(T?2y, 2), p(T% 2, TZy),
p(T%2n,¥), p(T?2, Ty)}
= Amax{p(z,,y), p(Zn, Zn+1),
P, Ty), p(zn, TY), p(Zr41, ¥),
P(Zns2,2n), P(Zns2, Zns1),
P(Zn+2,¥), p(Zn+2, TY)}:
Vi r!Li_‘rrgozn = y va p lién tuc, cho n — oo trong bat
dang thirc trén ta duogc
0< p(.Ty) < 2p(y.Ty).

Vi A€ [0,}) nén p(y,Ty) =0. Do d6 y =Ty.
Véy y la diém c6 dinh cua T.

(2). Gia str s > 1 va (2a) xdy ra. Tur tinh lién
tuc cua 7'ta co

y = limz, = limTz,_4

n—oo n—co

=T ( lim Zn-1) =Ty.

n—o0
Viy y la diém ¢6 dinh cia T.
Gia sir (2b) xay ra. Tir T 1a kiéu co Ciric suy
rong ta cé voi moin € N,
P(zn+1, Ty) = p(Tzp, Ty)
< Amax{p(zy, y), p(Zn, T2y),
P, Ty), p(zy, Ty), p(Tzp, y),
p(T?2y, 2), p(T% 2, T2y),
p(T?2n, ¥), p(T?2, TY)}
= Amax{p(zy, ¥), p(2n, Zn+1),
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Py, Ty), p(zn, Ty),
P(Zn+1,Y), P(Zns2, Z0),
P(Zni2 Zn41), P(Zns2, Y),
p(Zni2,TY)}- (2.3)
Vi T%1_)ngo Zy, = ¥y va p cO tinh chat Fatou nén
p(,Ty) < liminfp(zy, Ty)
= liminfp(z,.1,Ty)
n—co
=liminfp(zns2, Ty).  (2:4)
Mit khac, vi limz, =y va {z,} la day
Cauchy nén o
lim p(z,,y) = lim p(zy, Zn41)
= lim p(zp44,y) = lim p(zp42,2,)
= Tzi_{lolcp(zmz:znn) = Jli_{l;lop(zmz:J/)
= 0. (2.5)

Bing cach ap dung BS dé 1.4 va (2.3), (2.4),
(2.5) ta duogc

0<p(y,Ty) < liminfp(zn11,Ty)
= liminfp(Tz,, Ty)
n—oo
< liminf,_,, (A max{p(z,,y),
p(2n, Tzy), p(y, Ty),
p(zn, TY), p(Tzy, y),
plT 22,2 ), 00T 20, T2);
p(T%zn,¥), p(T?2n, TY)})

= lim inf (A max{p (2, ),

P(Zn, Zn11), PV, TY),
p(Zp, Ty), p(Zn41.Y),
P(Znt2,2n), P(Zny2: Zns1),
P(Zn+2,¥), P(Zn+2, TY)})
< Amax{ lim p(zy, ), lim p(zy, Zn11),

lim p(y, Ty), liminf p(z,, Ty),
lim p(Zn41,¥), 1im p(zn 42, 25),
lim p(zp42,Zns1), 1M p(Zn42,7),
liminf p(z,45, Ty)}
< Amax{0,0,p(y,Ty), lirrglg]fp(zn, Ty),
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0,0,0,0,liminf p(z,4,, Ty)}
n—co
< A liminfp(zna,Ty)

=1 linm_)igfp(znﬂ,Ty).
T do ta co
0 <liminfp(zp41,Ty)
<A linm_)iogfp(an,Ty).
ViAd € [0,1) nén lijrp_)icrolfp(znﬂ,?"y) = 0.
Vio<pl,Ty) < linm%i;xfp(znﬂ, Ty) =0
nén p(y,Ty) = 0. Do d6 y = Ty. Vay y 1a diém cb
dinhcua T.

Gia st (2¢) xay ra. Vi T la kiéu co Ciric suy
rong voi hé sbco A€ [0,%) nén tir (2.1) ta c6 voi
moin € N,

P(zn41,Ty) = p(Tz,, Ty)
< Amax{p(zy,y), p(zn, Tzp),
P, Ty), p(zn, Ty), p(Tzy, y),
p(T?2y, 2), p(T%2, TZy),
p(T%2n,¥), p(T*2, Ty)}
= Amax{p(zy, ¥) , p(Zn, Zn+1),
P, TY), p(Zn, TY), p(Zn11, ),
P(Zns2,2n), P(Zns2, Zns1),
P(Zn+2,Y) P(Zns2, TY)}-
Ta c6, néu p(zn41, TY) < Ap(y, TY)
thi p(zp41, TY) < A5p(Zp41,¥) + A5p(Zp11, TY).
P(Zni1, TY) < Asp(Zp41,y) +

(2.6)

Ta clng co
Asp(zp+1,TY)

= Asp(Zn41,y) = p(Zn+1, TY) —
Asp(zn+1,TY)

< Asp(Zp41,¥) Z (1 — 28)p(Zn41, TY).
vi 2€[02) nen 1-2s>0. Do do
A
p(Zns1,TY) < 755 P (Zns1, Y-
Néu  p(2s1, TY) < Ap (2, TY) thi
P (Zni1, TY) < Asp(Zp, Zny1) + Ap(Zn41, TY).

Ta co P(Zn41, TY) < A5p(2,, 2 41) +

A0(Zp41, TY)
< A5p(2p, Zns1) = P(Zne1, TY) — A5p(2n41, TY)
A2 Zhaq | = (1 = AS)plzeq, TY)
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Vi Ae[ol) nén 1— As>0. Do db

p(Zn41, TY) < Zn+1).

Néu p(zn+1, Ty) < Ap(Zn42,TY)
thi P(Zns1, TY) < Asp(Zni2,Znee) +
A0(Zn41, TY).
Ta 6 P(Zns1, TY) < A5p(Zn42) Zns1) +
Asp(zy41, TY)

= lsp(zn+2rzn+1) = p(zn+1rTy) -

Asp(Zp41, TY)
@/15,0(2”+2,Zn+1) = (1 - AS)P(ZTHlJTy)-
Vi Ae[ol) nén 1—1s>0. Do dob

P(Zn41, TY) < T P(Zn+2»zn+1)
Do d6, két hop véi (2.6) ta c6 véi moi n € N,
0 < p(2p41, Ty)

< Amax{p(z,,y), P(va Zn+1))

T Asp(znﬂ,y) ﬂtp(zn,znﬂ)

P Znsin )i PC Zrr Zo)s DCZha 35 Bt s

As

T 15 P@nv2 Zni1)}- (2.7)

P(Zn+2,¥),
Vi lim z,, = y va {z,} 1a diy Cauchy nén ta c6
n—oo
lim max{p(zy,y),p(Zn, Zn+1),

As

1 A p( Tl.+1’y) 1‘1 p(Zn!Zn+1)

P(Zn+1, ), P(Znt2, Zn)v P(Zn42: Zns1)s

p(Zn42 J’) p(zn+2,zn+1)} = 0.

Vi vay, cho n — oo trong (2.7) ta dugc
?[Li_r)réo p(2zp41,Ty) = 0.
=y va

tinh duy nhét cta gii han trong B dé 1.6, ta co
Ty = y. Vay y la diém cb dinh cta T.

Suy ra }1123’0 Zne1 = Ty. Két hgp voi T1111’130 Zn

Vi du sau day trinh bay mgt anh xa cé thé ap
dung Dinh li 2.5 ma khong thé ap dung Dinh Ii 1.5.

Vi du 2.6. Gid st
1. X ={1,2,3,4,5} voi

Onéux =y
2 néu (x,y) € {(1,4),(1,5),
(4,1),(5,1)3

1 trwdng hop con lai.
2. AnhxaT: X - X duoc xéc dinh boi
Tl =T2 =T3=1,T4=2,T5=3.
Khi do
1. (X,d,s) la mot khong gian b-metric day du
vois = 1.

d(x,y) =

2. T la anh xa kiéu co Ciric suy rong. Do do
ching ta c6 thé ap dung Pinh li 2.5 cho T'.

3. T khong la 4nh xa kiéu co Ciric. Do d6
chung ta khong thé ap dung Pinh 1i 1.5 cho T.
Giai. (1). Theo Vi du 2.2 thi d 1a metric trén X. Do
do (X,d,s) la mot khong gian b-metric day du véi
s = 1. Ta ching minh tinh day du. That vay, gia su
{x,} la day Cauchy. Ta c6 lim d(x,,x,) = 0.

n,m—oo

Do do ton tai ny sao cho v&i moi m,n = ny, ta cd
d (X X)) '< % Theo dinh nghia cua d ta suy ra
d(xp, xym) = 0 hay x, = x,, V41l moi m,n = n,.
Viéy lim x, = x,,, hay diy {x,} la day hoi tu.

n—co

(2). Theo Vi du 2.2.(2) thi T 1a anh xa kiéu co
Ciric suy rng.

~ (3). Theo Vi du 2.2.(3) thi T khong la anh xa

kicu co Ciric.

Vi kiéu co Ciric la truong hop riéng cua kiéu
co Ciric suy rong nén tir Binh i 2.5 ta c¢6 hé qua sau.

Hé qua 2.7. ((Lu va cs., 2019), Dinh i 3).
Gia sur

1. (W, p, 5) ld mot khéng gian b-metric ddy di.

2. Anh xa T:W = W I mét kiéu co Ciric.
Khi do

1. Néus = 1thi T ¢6 duy nhdt diém co dinh
veE Wvalim Tz = vvéimoiz€eW.

n—oo
2. Néeu s > 1 va mot trong cac diéu kién sau
dwrpc thoa man

(a) T lién tuc.
(b) p théa man tinh chdt Fatou.
1
()A€ 0,2).
thi T cé duy nhdt diém c6 dinh veEW va

lim T"z = vvdimoiz € W.
n—oco
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L0’1 cam on: Nghién clru nay dugce su ho trg
boi dé tai ma so SPD2020.02.01.
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