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Toém tit

Trong bai bao nay, chung t6i gioi thiéu khai niém anh xa | -don diéu moi va thiét lap dinh Ii k -diém
trung tu két qua cua Paknazar va cac cong sy khong can diéu kién giao hoan cua cdac anh xa. Chung t6i
dwea ra vi du cho truong hop anh xq khong giao hodan ma két quad cua Paknazar va cdc cong sw khong ap
dung duoc.

Tur khoa: Anh xa g -don diéu méi, anh xa | -don diéu méi, anh xa khéng giao hodn, k -diém bat
dong, K -diém trung.
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Abstract

In this paper, we introduce the concept of a new | -monotone mapping and establish k -coincidence
point results without any type of commutativity condition which improve the results of Paknazar et al.
Also, we give a supporting example of non-commuting mappings where the results of Paknazar et al.

cannot be applied.
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1. Mé diu

Bhaskar va Lakshmikantham (2006) da gioi
thiéu khai niém bd d6i diém bit dong va ching
minh dugc cac dinh li diém bat dong voi cac didu
kién nhat dinh. Sau do, Lakshmlkantl}am va Cirié
(2009) da m¢ rong cac két qua nay bang viéc gioi
thi€u khai ni€ém bd doi di€m trung va anh xa g -don
diéu hon hop. Borcut va Berinde (2012) da gioi
thi€u khai niém by ba diém bat dong va chung
minh cac dinh li ¢6 lién quan. Sau d6, Paknazar va
cs. (2013) gidi thiéu khai niém anh xa g -don diéu
moi, khai niém n-diém bat dong, n-diém tring va
thiét 1ap cac dinh 1i c6 lién quan cho lgai anh xa
ndy trong khong gian métric thir ty day du. bé
ching minh céc k€t qua ciia minh, cac tac gia da su
dung mot gia thiét quan trong, dé 1a diéu kién giao
hoan yﬁa hai anh xa. Cau hoi da:[ ra la: liéu chung ta
c6 thé chung minh dugc cac két qua cua Paknazar
va cs. ma khong can dén gia thiét nay? Trong bai
bao nay, chung t6i gidi thi¢u khai niémﬂ anh xa dor}
diéu mai va chirmg minh két qua n-diém trang de
cap trong (Paknazar va cs., 2013) khong can didu
kién giao hoan hai anh xa. Trong phan cudi, ching
t6i cho vi du dé chung t6 ring cac két qua trong
(Paknazar va cs., 2013) khong théa man nhung né
thoa man dugc cho ket qua cua chung t6i.

Pinh nghia 1.1 (Bhaskar va Lakshmikantham,
2006, Pinh nghia 1.1). Cho (X,<) la tap hop sap
thir ty bo phan. Anh xa F: X x X — X duoc goi 1a
don diéu hon hop néu F(X,y) la don di¢u khong
giam d6i voi bién x va don diéu khong ting dbi véi
bién y. Nghia la, véi mdi X,y € X, taco

X <X = F (X, ¥) <F(x,Y)
vay, <y, = Fxy) 2F(xy,)
voi moi X, X,Y;,Y, € X.

Pinh nghia 1.2 (Bhaskar va Lakshmikantham,
2006, Pinh nghia 1.2). Phan tir (X,y) € X x X duogc
goi la bd d6i diém bat dong cua anh xa
F:XxX—>X néu F(X,y)=X, F(y,x)=Y.

Pinh nghia 1.3 (Lakshmikantham va Ciri¢,
2009, Pinh nghia 2.1). ChoF:XxX > X va
g:X — X 1a hai 4nh xa. Anh xa F duoc goila g
-don diéu hdn hop néu F 1a g -khong giam ddi voi
bién tht nhat va g -khong ting dbi v6i bién thu
hai. Nghia 13, véi mdi X,y € X,

g% < g%, = F(x,y) <F(X,,Y)
va gy, <gy, = F(x,y,) = F(x,Y,)
voi moi X, X,,Y;,Y, € X.

binh nghia 1.4 (Lakshmikantham va Ciri¢,
2009, Dinh nghia 2.2). Phan to (x,Yy) € X x X dugc
goi 1a bo d6i diém
F: XxX—>X va
F(xy)=0xF(y,x)=gy.

Nam 2013, Paknazar va cs. da gidi thiéu cac
khai niém sau.

Pinh nghia 1.5 (Paknazar va cs., 2013, Dinh
nghia 2.1). Cho F:X" > XIa 4nh xa(k>2).
Phan tir (X,,%,,...,
dong cia F néu

trung cia é4nh xa
g: X—>X néu

%) € X*goi 1a mot k - diém bat

Xle(Xl’XZ""'Xk—l’Xk)'
X, = F (X5, X500, X %),
Xe = F (X, X0 X500 X g)-

Pinh nghia 1.6 (Paknazar va cs., 2013, Dinh
nghia 2.3). Cho g:X—>X va F:X"—>X
(k>2) la hai 4nh xa. Phan t (X,X,,...,% )€ X"
duoc goi la mot k -diém tring cia F va g néu

gx, = F(XI'XZ""'Xk—l'Xk)'
0%, = F (X5, X500, X0 X)),
=F(x,, X 41)-

Néu lay g 1a anh xa ddng nhét thi Dinh nghia
1.2 tr¢ thanh Pinh nghia 1.1.

Pinh nghia 1.7 (Paknazar va cs., 2013, Dinh
nghia 24). Cho g:X >X va F:X*->X
(k>2) la hai 4nh xa. Khi d6 F va g duoc goi la
giao hoan néu
9(F (X, %, %)) = F(9%, 0%,.... @% ) VoI
(X, Xy peey X, ) € X5,

Pinh nghia 1.8 (Paknazar va cs., 2013, Dinh
nghia 2.2). Cho g: X > Xva F: X" > X (k>2)
F duoc goi 1a c6 tinh g -don diéu

moi

lIa hai anh xa.
moi néu F la g -don diéu khong giam doi voi
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thir nhit. Nghia 13, véi moi

(45 X500 X4 )y (Vs Yoo Vi) € Xk,

0% < gy; = F (X X000 %) SE (Y1 Yoo Yie)-
Haghia, R. H va cs. (2011) da gi6i thiéu va ching
minh két qua sau day.

M¢énh dé 1.9 (Haghia va cs., 2011, Bo dé
2.1). Cho X la tap khac rongva f:X — X laanh
xa. Khi dé ton tai mét tdp con Ec X sao cho

f(E)=f(X) va f:E— X ladon anh.

2. Két qua chinh

Trong Pinh nghia 1.8, cho g Ia anh xa dong
nhét, g=1,l1:X — X, taco dinh nghia sau:

phan tur

DPinh nghia 2.1. Cho F:X* > X (k>2) la
mot anh xa. F dugc goi 1a ¢6 tinh | - don diéu moi
néu F 1a don diéu khong giam d6i v6i phan tir thir
nhat. Nghia 1a, voi moi

(X1 Xgsees X )y (Vis Yoo Vi) € X¥,

X <Y, =FX %0 X ) SFYL Yo Vi)

Goi @ la tap hop tAt ca cac ham lién tuc
¢:]0,0) —[0,90) thda man:

(i) p(t)<t véit>0 va ¢(0)=0,

@) lime(r)<t véi t>0.

r—t*

Trong (Pakna;ar va’cs., 2013, Pinh li 2.5),

chog la anh xa dong nhat, ching t6i c6 dugc hé

qua sau. Hé qua nay chung t6i dung trong ching
minh Dinh 1i 2.3.

H¢ qua 2.2. Cho (X,
métric thir ti ddy di va F:X* — X ¢6 tinh chat
| -don diéu méi. Gia su ton tai ¢ € ®sao cho

d(F (X Xy X ) F (V) Yoo X))

(p(d(xl,yl)+.i(-+d(xk:yk)J

<,d) la khéng gian

véi moi X;,Y;(]€{L2,...,k}) sao cho x, , <y, ,

PR k+1 s e
voi moi 1€412,..., > va X, =Y, voi moi

e 5]

Gia st ton tai X°,%3,...,x0 € X sao cho
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2I_1_F(X2I 1 Xois .,XE,Xf,...,Xgi_z) voi moi
c 1z[k_+1J |
2
Xor 2 F OGi X100 Xy X3 X ooy Xy ) VOT O

e{lza}

Gia suw: (a) F lién tuc hodc

(b) X ¢6 tinh chdt sau:

(i) Néu day khong giam {x }— x thi x <x
voi moi n,

(i) Néu c6 day khéong tang {y,}—y thi
y, =Y voi moi n.

Khidé F va g cé mot K -diém bat dong.

Bay gid, chung toi thiét 1ap dinh 1i k -diém
trung khong can diéu kién giao hoan ciia F va g tir
két qua trong (Paknazar, 2013).

Pinh li 2.3. Cho (X,<,d) la khéng gian
métric thir tw day dir. F:X* > X va g:X > X
la hai dnh xa sao cho F c6 tinh chdt g -don diéu
méi, g lién tuc va g(X) day du, F(X*)<g(X)
va néu gx, — gx thi x, — x. Gia si ton tai ¢ € ®
sao cho

d(F (X X000 % ) F (Y Yoo X))
<¢(d(gx1,gy1)+---+d(gxk,gyk)j (2.1)

k
X;, ¥, (J €L, 2, K

0%y 1 < 0¥y 4 voi  moi i e{l,Z,...,LEJ}

2
L k
OXy; = QY,; VOi moi Ie{l,Z,...,LEJ},

x, € X sao cho

voi  moi sao  cho

Gia su ton tai Xf,xg,...,

ngI 1—F(X2| 1 2|' ka " 2| 2) voi  moi
k+1
e<1,2,...,.| — |+,
| 2
0 0 0 0 0 0 0 ’e .
0%y = F (X, Xoigreees Xy X s Xo yeeey Xoi 1) VO mQI

ha 4]
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Gia sw: (a) F lién tuc hodac

(b) X c6 tinh chat sau:

(i) Néu day khéng giam {x }— x thi x <x
voi moi n,

(il) Néu c6 day khong tang {y,}—y thi
y, =Y voimoin.

Khidé F va g cémot Kk -diém tring.

Chirng minh. Theo Ménh dé& 1.5, ton tai
Ec X saocho ge=gX va g:E — X la don anh.

Goi 4anh xa G:(gE)* — X duogc dinh nghia
nhu sau
%) =F(x,.... %) (2.2)
ie{l,2,...,k}.

Vi g la don anh trén g(E) nén anh xa G
dugc xac dinh. Theo (2.1) va (2.2) tacé
d(G(9%1- 9%, G(9Y:,--, BY, ) )
=d(F (X, %), F Yy X))
Sq)(d(gxi,gy1)+-i(-+d(g><k,gyk)j

ox, 0y, €0X,  (jefl2...k}),

. o k+1 s
OXy 1 <0, , VOI moi Ie{l,Z,...,{—J} va

G(9%,...,
véi moi gx; € gE,

véi moi

2

OXy; = QY,;, vOimoi i e{l, 2,...,[;“.

Do tinh chit g-don diéu méi cua F, véi

e{lZ[%J} taco

9% <9y, = F (X %000 X ) S F (YL Ve X).
Suy ra G(gX,, 9%,,..., 9% ) <G(QY;r QY,s-- QY )-
Do d6 G c¢o tinh chit don diéu moi.

Gia st ton tai x°,x%,...,x° € X sao cho

9%;; 1—F(X2| —11 2,1 XE1X10,---,X;_2) voi l’IlOI
i e{l,Z,..., EJ},

| 2
gXZI 2 F(Xgl ' X2|+1' Xk ! Xl " gifl) voi m01

e{lZ%J}

Diéu nay din dén ton tai gx’,..., gx’ e gX

sao cho
g 2| -1 = G(gx2l -1 gx2|’ ’gxk ' gxi

a2

0Xg; = GO, Oy ens OX, OX] L OX3 ooy OXy)

iierz. 4|

Gia st F lién tuc. Ta c6 ching té G lién tuc.

0 , o .
, 0%y ,) VO1 moi

vo1

Vi moi X3y} X sao cho
(gx,,09y.)—>(gx,gy). Ta cin chimg to
G(9x,,9Y,) —> G(9x, gy). That vay, tur

(g%.,0y,) = (gx,0y), theo gia thiét, ta co
(X,,¥,)—>(xy). Vi F lién tuc nén
F(x,,y,) = F(XY). Do do
G(gx,,0y,) > G(gx,9y). Vay G lién tuc.

Gia sir X c6 tinh chat (a),(b). Vi gX c X
nén gX co tinh chét (a), (b).

Ap dung Hé qua 2.2 véi anh xa G, suy ra G
u,) € (gX)".

Cudi cing, ta chimg minh F va g c6 mot

c6 mot k -diém bat dong (uj,u,,...,

k -diém trung.

T (u,U,,...,u,) € (gX)* 1a mot k -diém bat
dong cua G. Tacod
U =GU;, Uyyq e, Uy Up e Uy ). (2.3)
Vi (u,Uy,...u)e(gE)* nén ton tai
(u,ug,...,ul) e X* sao cho
u = gu’ véi moi i e{L,2,...,k}. (2.4)

Tir (2.3)va (2.4) Suy ra

guF’:G(gui",QU&, - QUy,guy ..., guy,)
—F(U |+1' uk' 1' ' i 1)
véimoi 1€{1,2,...,k}

Do d6, (u’,ul,...,u?) 1a mot k -diém tring

Fvag O

Pinh li 2.4. Cho F: X" > Xva g:X > X
sao cho td't‘ ca cdac dtl'é‘u kién cua Dinh [li 2.3 thcia
man tru diéu kién day du cua g(X). Cho X day
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di vag la toan anh. Khi do F va g cé mot K -
diém tring.

Theo chitng minh Pinh 1i 2.3, ton tai E < X
sao cho g(E)=g(X). Vi g la toan anh nén
X =g(X). Véy theo Dinh li 2.3 ta c6 diéu phai
chung minh.

H¢ qua 2.5.Cho F: X" > X va g:X - X
la dnh xa lién tuc sao cho F ¢6 tinh chat g -don
diéu méi, F(X*)< g(X)va va néu gx, — gx thi
X, — X. Gid st ton tai 1 €[0,1) sao cho

A (F (% X %) F (Vi Voo Vi)
gIE(d(gxl,gy1)+...+d(gxk,gyk))

voi moi X;,Y;(] €{L2,...,k}) sao cho

. . K+11]. .
Xy 4 S Oy VoI  moi ie {1, 2,...,{—“} va

2
L K
OXy; = gy, voi moi | € {LZW{EJ}

Gia sir ton tai X, Xs,..,X. € X sao cho
X3 SFOS X e X X X ) VoI moi
ie{l,Z,..., k_”J}

| 2
OX3 > F (X XS e X X, Xy, Xo ) VOT moi

e k]

Gia sw () F lién tuc hodc
(b) X 6 tinh chat sau:
(i) Néu day khéng giam {x }— x thi x <x
voi moi N,
(i) Néu c6 day khong ting {y }—y thi
Y, =Y voi moi n.
Khidé F va g cémot K -diém tring.

Ching minh. Suy ra tir Dinh 1i 2.3 bang cach
dat o(t) =1t voi moi | €[0,1).

Vi du 2.6. Xét truong hop k =3. Cho X =R,
véi métric thong thuong va quan hé thr tu thong
thuong. Khi d6 (X,<,d) la khong gian métric thu
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ty. Ta dinh nghia 4anh xa F:R®* >R va g:R—>R
béi véi moi (x,y,z)eR?® va gx=x-1 v&i moi
xeR. Tu
9(F(x,y,2))=9(1) =0+1=F(gx,gy,gz) voi moi
X,¥,z€R, anh xa F va g khong thoa man diéu
kién giao hoan. Do do két qua trong (Paknazar va
CS., 2013) khong the ap dung dugc cho cac ham nay.
Ta dé dang chung té dugc F(R®)cg(R), ¢
don 4anh, g(R)=R la diy di, g va F lién tuc va
F c6 tinh chat g -don diéu moi.

Hon nita, ton tai x,=1 vay, =3, z, =1véi
0% =01=0<1=F(3,1) =F (X, Yy, 2,) va
ay, =93=2>1=F(3,11) =F(Yy,,2,.2,) va
02, =91 =1<1=F@13) =F(z,, X, Y,) - Do do,
tat ca cac diéu kién ciia Pinh li 2.3 théa man. Vi
viy, Fva g c6 mot bo ba diém tring trong R>.
Ta thdy (2,2,2) la diém tring cua F va g.
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