Thuan nhat héa bién phéan chia 6 nham cao hai chiéu
cta ly thuyét dan hoi xop

Homogenization of very rough two-dimensional interfaces for the poroelasticity theory

Tom tat

Bai bao nghién ciiu su thuan nhat héa bién
phan chia d6 nham cao ciia ly thuyét dan hoi
x6pdang huéng trong mién hai chiéu theo mé
hinh ctia Biot. St dung phuong phéap thuan
nhat héa, viétcac phuong trinh co ban cia ly
thuyét dan héi xép duéi dang ma, tac gia thu
dugc cac phuong trinh thuan nhat héa dang
hién. Do cac phuang trinh thuan nhat héa thu
dugcla dang hién nén rat thuén tién dé giai
cachai toan thucté.

Tir khéa: su thudn nhdt héa, phuong trinh thudn
nhdt héa, dan hoi xdp, ddng hudng

Abstract

In this paper, the homogenization of very rough
two-dimensional interfaces separating two
isotropic poroelasticity solids modeled by Biot's
theory is investigated. Using the homogenization
method with the matrix formulation of the isotropic
poroelasticity theory, explicit homogenized
equations have been derived. Since the obtained
equations are explicit, they are very convenient for
solving practical problems.
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1. Gidi thiéu

Thuan nhé4t héa bién, bién phan chia d6 nham cao dwoc st dung dé phan tich
cac ng x( tiém can cla cac ly thuyét khac nhau clia co hoc méi trwdng lién tuc
trong mién chira bién hay bién phan chia @ nham cao [1] . Y twéng cla phwong
phap thuan nhét héa la thay bién phan chia d6 nham cao bdi bién phing bang
cach thay mién chira bién phan chia d6 nham cao bai I&p vat liéu méi cé bién
14 phdng. V& mat toan hoc, ta can tim cac phwong trinh vi phan dao ham riéng
mo ta chuyén dong clia 16p vat liéu méi. Cac phwong trinh nay dwoc goi la cac
phwong trinh thuan nhét hoa.

N&m 1997, Nevard va Keller [2] nghién ciru thuan nhét héa bién phan chia cé
dd nham cao trong mién ba chiéu dao dong gitra hai mat phang song song ctia
hai vat thé dan héi di hwéng tuyén tinh. Cac tac gia da thu dwoc cac phwong trinh
thuan nhat héa duéi dang 4n.Nam 2003, Gilbert va Ou [3] nghién cru su thuan
nhét héa déi véi bién phan chia dd nham cao ba chiéu phan chia hai vat thé dan
hdi xp va cac phwong trinh thuan nhat hoa thu dwoc cling & dang &n. Tl ndm
2010, Vinh va Tung [4], d& st dung céac phwong trinh co ban va diéu kién bién
dang ma tran d& tim cac phuong trinh thudn nhat héa. Vi cach tiép can nay,
cac tac gia da tim dwoc cac phuwong trinh thuan nhat héa dang hiénddi véi bai
toan bién phan chia c6 dd nham cao dao ddng gitra hai dwdng thang song song,
hai duwong tron ddng tam cdia cac ly thuyét dan hoi, dan dién va dan nhiét. Cac
phwong trinh thuan nhat héa dang hién nghia la cac hé s6 cla ching 1a cac ham
hién clia cac tham s6 vat liéu va dac tring hinh hoc cda bién phan chia. Vi vay,
cac két qua dat dwoc rét thuan tién dé giadi quyét cac bai toan thwe té khac nhau.

Tuy nhién, theo hiéu biét cla tac gid, dén nay chwa cé két qua nao vé sy
thuan nhét héa bién phan chia d6 nham cao ndm gitva hai vat thé dan hdi xép
d&ng hwéng. C6 hai mé hinh mé ta chuyén dong clia vat thé dan hdi x6p: mo
hinh ctia Biot [5] va md hinh ctia Auriault [6]. Trong mé hinh clia Biot, cac hé s
clia phuwong trinh co ban 1a d& biét. Trong khi d6, theo md hinh cla Auriault, cac
hé sb clia phwong trinh co ban 1a chua biét. Ching dwoc xac dinh béng cach
giai cac bai toan bién trén nhan tudn hoan. Do d6, st dung md hinh cla Biot sé&
thuan tién hon.Trong bai bao nay, cac phwong trinh co ban cla ly thuyét dan hoi
xbp sé viét theo mé hinh clia Biot.

Muc tiéu chinh trong bai bdo nay la tim cac phwong trinh thudn nhat héa dang
hién cla ly thuyét dan hdi xbp dang hwéng. Bé dat dwoc muc dich nay, tac gia st
dung phwong phap thudn nhat héa cung cac phwong trinh co ban dang ma tran
cta ly thuyét dan hoi x6p dang huéng.Bai bao thu dwoc cac phwong trinh thuan
nhét héa dang hién dang thanh phan cla ly thuyét dan héi xép dang hwéng.

2. Cac phwong trinh co’ ban va diéu kién lién tuc dang ma tran

Hinh 1. Bién phan chia do nham cao

Gia st bién phan chia d& nham cao L phan chia hai vat thé dan hdixp déng
hwdng. Khi dé bién phan chia dwoc biéu dién bdi x, = h(x, /&), 0<&<<1,
trong d6, h(y),(y =x,/ &) la ham tuan hoan véi chu ky 1.
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Xét moi treerng dan héi xbp dang hwéng véi cac 16 chira
chét Idng la Newton. Theo mé hinh cla Biot (1956), cac
phwong trinh co' ban cla moéi trwéng dan héi xdp véi cac
chuyé&n déng 1a didu hoa theo thdi gian cé dang [5]:

divE+f = -0 pu+ p w],
w= K[—ipru +igradp],
@

2 =Ce(u)—ap,
divw = -« :e(u) — fp, 1)

trongdo 2 =(0,,) latenso trng sudt, C = () latenso
dan hoi ctia nén, @ = (;) la tenso hé s6 rng suét hiéu dung
Biot, S 1a nghich d&o clia mé dun Biot twong trng véi hé sb
nén clia chat1ong va ctia nén, p la ap suét chatléng, u = (u,)
la vécto dich chuyén clia chat ran, w = (U, —u) la van téc
twong déi clia chat 16ng ddi véi phan chat rdn, w=(w,,), Up
la vécto dich chuyé&n cta chét 16ng, e, :%(um,n +u,,),1a tenso
bién dang :e,, =1/2(u,,, +u, ), dau “” chi dao ham theo
f, f1a tinh x6p, p =(1-1)p, +fp, 1a mat dd khdi lwong cua
composite, pp la mat do kh0| lwgng cla Io chét Iong ps la
mat do khéi lvong cia nén, K = (k) =[K "' +iop 1], mat
do khéi lwong p, =f7'p,, K = (k, )4 tenso thdm Darcy
va phu thudc vao w, f=(f,)la lyc thé tich tac dung l1én
phan rén.

T phwong trinh th 2 cla (1) suy ra:

W, =—a,_u, +ikmnp’n,0?mn =iwp k,,, =2

@ )

Xét trang thai bién dang phéng suy rong, cac thanh phan
chuyén dich va ap suét khong phu thudéc vao X, .

P=p(x;.X;), u, =u,, (X.X;3), m=1,2,3. @)

Thay (2) vao phwong trinh th® nhat va thi tw trong
(1) va chu y dén (3), ta dwoc bén phwong trinh bdn an s
u,,u,,u;,p:

2 A A
O-mn,n +a) pmnun +amnp,n +fm = 07m = 152)3

[k, (., —@*pu,)].

Cacphuongtrinh (4) dwocviétdwdi dang matran nhw sau:
(A“v’l AV, + AMV),1

=iwa,u, , +iopfp. )

+(Ay v, +A,V, +A,V) +Bv, +Dv +Ev+F =0. ()

, : ) , : 5

trong d6 v =[u, u, u, p]',F =[f, f, £, 0]' va cac ma tran
A,,.B,D,Ec6 dang:

_cll 0 0 0 0 0 ¢; O
0 ¢ 0 O 0 0 0 O
A, = Ay = B
0 0 c5 O ¢ 0 0 O
[0 0 0 Kk, 00 0 0
o 00 -o 0 0 c5 O
0 00 O 0 0 0 0
A, = Ay = >
0 00 O ¢, 0 0 O
_ia)o?“ 00 O 0O 0 0 0
_Css 0 0 0 0 0 0 0
0 ¢, 0 O 00 0 0
Ay = Ay, >
’ 0 0 ¢ O 00 0 -a,,
0 0 0 ki 0 0 iwa;; O

(6)

0 00 a, 00 0 0
0 00 0 00 0 0
B = ,D = A D
0 00 0 00 0 a,
—-iwe,, 0 0 O 0 0 —-iwa,; 0
Py O 0
E — a)Z 0 b22 0
0 0
0 0 0 —1ﬁ/a) (6)
trong do,
o =y, k) =kyy, @), =dy; =iop k,
Pu =P =Py =P P,
Cy=Cy3=A+2u, C3=2, €4 =Cs5=Ces =l VGiJ, ula
cac hé s6 Lame duogc xac dinh nhw sau:
Api= A0,y x; > h(x, /&)
A9,u7, x, <h(x,/€) e
A, 1, A9, 4O 1a cac hang sb.
Chu y réng cac ma tran
AV BY DY EY x> h(x, /e
Ahk, B D E hk 3 ( 1 )
AV BT DO EY x, <h(x /) ®)

Trong do, A", B, D, E® (A, B, D7, E7) dwoc
cho trong (6) v&i cac thanh phan 4, u duoc thay twong tng
béng i [u(ﬂ(ﬂ(*) IUH) .

Gia st Q", Q" gan chat voi nhau. Khi d6 cac didu kién
lién tuc trén bién phan chia L phai théa man:

[V]L =0,

[(Allv,l + AIZV,Z + A13V,3 + A14V)nl

+(A31V,1 +ALV, +ALV A34V)”3 ]L =0 9)

Vv6i 1, 1a thanh phan theo phuong L clia vécto phap tuyén
don vi clia duong cong L va [¢], 1a budc nhay ciia ¢ qua L.

Theo Bensoussan va cac cdng sw, gid sk
v(X,,X,,X;,€6) = U(X,,¥,X,,X;,€)va U dwoc biéu dién nhw
sau [4]:

U=V+¢(N'V+N'"V, +N"V,)
+& (N'V+N'V + NV +N"'V  + NV 4NV )

+0(¢") (10)

trong d6 V =V(x,x,,t) (khéng phu thuéc vao y) va
N N"; N”; N?; N”'; N®; N"'; N*; N** |a ma tran 2x2 cla
cac ham y va x; (khdng phu thudc vao x;), va chidng la cac
ham tudn hoan véi chu ky 1. Cac ma tran N';....N** can
duwoc xac dinh sao cho phuwong trinh (5) va didu kién lién tuc
(9) dwgc thda man.

St&r dung phwong phap thuan nhat héa [4], ta thu dwoc
cac phuong trinh thudn nhét héa dang hién dang ma tran
nhu sau:

Vi x; >0
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AE:/;)V,kh + (AiZ) + B(+))V,1

+(Ag;> + 1)(*))V,3 +EOVLFY =0 1)

V6i —4<x;<0:

ATV AT AT ALV L A AT AV ]
[(<A33> + <A31Afl1 ><Af1] )7 <Af11A13> - <A31Af11A13>)V,3 ],3

B Ay A Ay,

* <D>+<BA11 ><All> <AllA13> <BA11A13>]V3

+[(<A31A11 <A11> <A11A14> <A31A11A14>+<A34>)V]
(B + BAT XA (AT AL~ (BAT A [V +(F) =0

(12)
Vaoi X3<—A:
ALV + (Af;) + B(‘))V’l
+(Ag;> + DH)V,3 +EOV+FO =0 (13)
Chuay rang
_ (v — v (1 “)
D)= [,@dy =02 =07+ U=y e0”

Trén cac duong thang x, =0, x, =—A, diéu kién lién
tuc dwoc thda man:

[V] =0, [X3], =0, L :x;=0,x; =—4

(15)
O =[(A, AAL (AAL) (A, AA) +(A)]V
(A A KAD TV,
(AL +(ALATALD (AA L) (A, AT A ]V,
(16)
3. Cac phwong trinh thudn nhéat héa dang hién dang
thanh phan
Thaycacmatran A}Y, B D™ E® (A), BO) D) ED)
trong (6) vao cac phwo’ng trinh thuan nhat héa dang ma tran
(11), (12), (13), ta thu dwoc cac phwong trinh thudn nhat hoa
dang hién dang thanh phén nhw sau:
V6ix, >0:
(120 Wiy (ol 40 i
R T P S T R
w1+ 1 W53+ 0 (PH) - ia)pl(f)Qlél(T))VZ +/37=0
(/1(+) + ﬂ(+))Vl,l3 + 10+ (/1(+) + 2,‘1(+))I/3 33
@* (p(+) —ia)p(;)zlgl(fr))% —(a ™ —la)p(”k(*))]ﬁ +f3(+) =0,

—(a)zp?)lgl(r)+ia)a”(+))Vu (a) p(+)k(+)+[a)all(”)l/3’3

PPy + kD Py —iwp PP =0.
(17)

Voi —4<x,<0:

2y W+ ()

+o ((P>—lw<k11> (pr) )Vl

() - (s Zﬂ)71>71<»,ai1§

3 13
) —iw</€ﬁ1>*1<pL>)P,1
y7
) =0,
WY Wy + +(<ﬂ>Vz,3),3 + o’ ((P) ik, 1P£>)V2 +(f2)=0,

>V1,1),3 +u Y

Gy s+ (@27
1 -1 A

R

+0*((p) — it o2) Vs + iy )Py

AR 2 ()

Hf3) =0

A+2u

2 (A4 2~ 22 (A4 200 s} 1

20

A+2u > <a“>)P}’3
>)V11 ’w« uA

A+2u
) <a11>)V3,3 (o) s

(P hity gy +iad(h+ 2071y (

a1

_<M+2ﬂ)_l>_ <ﬂ+2 ></1+2

i)l )

e

<(/1+2,u) >
(18)
Vi xy; <—A4:
(1(_) + 2#(_))’/1,11 + 4 W53+ 0 (P(_) - iwpf)zlgl(l_))’/l
A+ 1Oy~ (el - pRD )Py £ =0
W+ 4V 35+ 0200 —ip %) s +f( o
(ﬂ(_) + ,U(_))VI,B + W+ (/1(_) + 2#(_))V3 33
w? (p(_) - ia)pf)zlél(f))lg - (a
_(“’2P£_)/€1(1_) + imall(i))Vl,l —(602

+h Py + b P33 —iwp TP =0,

)—la)p( )k( ))13’3_{_]%(*) =0,

Pk +ioay 1(7))V3,3

(19)
trong d6 V,, V,, V; va P la cac thanh phan cla vécto V.
Diéu kién lién tuc:
Céac dai lvong 1], V,, V;, P, 6y, 0y, s, Wy lién tuc trén
cac dwong: x, =—A4, x; =0 trong do:

0 _, —1\-1 0
o013 =(¢s5) (V1,3 + V3,1)= 03 ={c44)V2 3>
0 -1 ¢ -1 as )2
o33 ={q11) <£>Vl,l +(<011> <£>
&8 1
H(erie33 —ciz)/ 011>)V3 3

(<a11013> (en)” <013><a11> <0’33>)P

W) =~ (k33 )V3 + (k33) Ps (20)

(Xem tiép trang 67)
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4. Két luan

Nhuw vay bai béo da trinh bay tdng quan vé div liéu dic
trwng dat nén, mdi lien hé gitra cac két qua thi nghiém trong
phong va hién truwdng lién hé véi cac tham sb duwoc st dung
trong tinh toan cong trinh ngm chiu tai dong dét.
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Pao tao kién truic sutrong béi canh...

cling nhw thdm my ctia méi ca nhan da cé nhirng céng cu hé
tro déc lwc. Nhuwng nhw vay la chwa da dé tham gia vao cudc
cach mang 4.0 toan cau. Can phai phat trién cé hé théng,
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Nhéan xét:

Néu hai mién Q,, Q giéng nhau (¢)=¢"" =4, thi cac
phuwong trinh (17), (18), (19) trung nhau.
4. Két luan

Trong bai bao nay, tac gid da st dung phwong phap
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héa dang hién dbi v&i bién phan chia d6 nham cao gitva hai
mién dan hdi xbp déng huwéng. Cac phwong trinh thuan nhét
hoéa dang hién va cac diéu kién lién tuc twong (rng dwoc viét
cu thé dwéi dang thanh phan. Cac phuwong trinh thuan nhét
héa dang hién thu dwoc rat thuan tién dé& nghién ctu bai
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