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Tém tit

Todn hoc tmg dung trong cdc hogi déng kinh ié ludn gén véi mé hinh hém san xudt trong gidi
quyét cdc bai todn i weu c6 rang bude va phdn tich so sanh dé danh gia hiéu qua. Bai viét nay dé cdp
dén vai tro cot véu ciia Pinh I} ham dn IFT trong kinh té théng qua ba mé hinh ham sén xudt Cobb -
Douglass, Spillman va dang Quadratic dwoc vién dan ciing cde s6 liéu khdo sdt cho ba mé hinh dé ciia
nhiéu tée gia [4-7]. Viée chi tiét hda cdch chimg minh Dinh Iy ham dn IFT ciing la co gdng gitip cho
déc gid co thé dé dang hon khi vin dung dinh Iy nay cho cdc mé hinh hém sdn xudt dwoe quan tdam.
Tir khda: Dinh Iy him dn, ham san xudt, Cobb - Douglass, Spillman, Quadratic

On the implicit function theorem and production functions
Abstract

Applied mathematics-Economics concentration is designed to reflect the nature of modern theory
and empirical research. The implicit and inverse function theorems have blossomed into powerful tools
te find solution for modern economics. In this work several examples of constrained optimizations that
are related to three production functions, Cobb - Douglass, Spillman, and Quadratic form are presented
where a key role of the implicit and inverse function theorems have been tested in different sectors and
different level, from a firm to industry sectors [4 - 7]. The proof in detailed of the implicit function
theorem is also described which may encourage readers to continue further study and more easily

applying this theorem for the production function models interested in.
Keywords: Implicit Theorem, hroduction Function, Cobb - Douglass, Spillman, Quadratic

1. D3t viin dé

Trong moi hoat dong kinh té, viéc thu
duge gid tri ddu ra vuot troi déu mang lai v
nghia cho cac hoat dong nay. Mac nhién sy
ton tai cia cac ngudn lyc can thiét dé trién
khai tdt cho qué trinh san xuit déu cin dugc
xéc dinh rd trong mdi twong quan cia ching.

Khi xem xét khong gian san xuat R™ doi
véi n ngudn lye cd dinh, chiing ta can ¢d ging
biéu dién mdi quan hé giira cac nguon luc va
gi4 tri ddu ra cia san xuat & dang ham tuong
minh. Khi d6, viéc ap dung céc thuit toan dé

giai s& tré nén dé dang hon so véi trudmg hop
médi quan hé d6 duge biéu dién & dang ham
an. Van dé dit ra 1a & diéu kién nao thi moi
quan hé d6 dugce biéu dién dudi dang ham sd,
cho dii 12 mt ham an. Va quan trong hon,
viée img dung cac khai trién Taylor tai lin
cin diém gia tri t6i vu mong mudn (céc chi
phi ngudn Iyc 1a thip nhét) thi phién ban
tuyén tinh cho ham san xuit dugc xéc dinh.
Trong thyc t& san xudt thi sb 4n sb
thudomg lom hon s0 phuong trinh. Khi do, ham
s& khong co ham ngugce, va lic nay, ching ta
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phai biéu dién mgt s6 4n sb theo cac an sb
khac.

Vi du: Phuong trinh x? + y? + 2% —
1 =0 biéu dién z nhu la mot ham an cua
(x,¥) & lan can (0,0,1). Ham 4n nay c6 thé
tao thanh ham tuong minh z=
J1—x2—y2

Tuy nhién, khong phai trong diéu kién
ndo ciing c6 thé chuyén tir ham an sang dang
ham twong minh nhw trén. Pidu quan trong
trude hét 1a diéu kién ton tai ham én can phai
duge xac dinh, roi trén co s& 6, xde dinh va
danh gia diéu kién t&i wu cho ham san xuét,

Mét trong cdc co s toan hoc dé biéu
dién tuyén tinh hoa cac ham san xuat 13 Dinh
Iy ham 4n (IFT). Két qua ban luan cho thiy
mot vai trod cot yéu ve IFT trong kinh té. Cuy
thé trong céc bai toan toi wu va phan tich so
sanh [1], cac ham san xuat: Cobb - Douglass,
Spillman va dang Quadraric, cling co s& toan
hoe ciia n6 cho diéu kién cho téi wu hoa theo
yéu cau cia san xudt s& duge dan ra nhu la
nhimg vi du minh hoa cho viéc danh gia san
xuat ctia mot cong ty, tip doan san xuat, thim
chi cho mot nganh kinh té.
2. Két qua va ban ludn

Pé don gian, trude hét, ching ta khao
sat dinh ly ham an phién ban ngan, nghia la,
phién ban cho phép xac dinh diéu kién dé
chuyén tir ham an sang hé thong cac phuong
trinh tuyén tinh.

Pinh Iy ham an, phién bin ngin [2,3].

Cho 4nh xa (ham s6) F: E — R™, véi
E c R" 1a tip mo, thoa man F € C(E),
nghia 1a, dao ham bac 1 cua F 1a kha vi. Gia
thiét ring ¢ € E thoa man F(c) = 0,, va
Im(DF(c)) =R™. Thi hé thing cdc
phirong trinh tuyén tinh (DF (c}) (x) =0co
m bién then chét y va m — n bién khong then
chét z, va tdn tai mdt lan can cia ¢ ma & do,
F(x) = 0 ngam xac dinh y nhw 1a ham g cua
z. Ham g 1a ham an.

Pinh Iy ham én khing dinh ring trong
lan can ham an ¢6 hanh vi gidng nhu dao ham
ctia né (nghia 14, gibng nhu qué trinh tuyén
tinh héa ciia ham). Do F bét ngudn tir tp con
cia R® — R™, dao ham ciia n6 nim trong
L(R™, R™).

O day chiing ta s& chimg minh phién ban
cu thé hon cta Pinh 1y ham éin.

Pinh Iy ham an: Cho F(y, z) 1amdt anh
xa C* cua tip mo E € R® = R™ x R" ™ vao
R™ sao cho F(ab)=0, dbi vdi
(a,b) naodé thugc E. Dat A =|F(a,b),
v6i A = [Ay]4,]. Néu Ay 1a kha nghich, thi
ton tai cic tip mo U € R®, W < R*™ véi
(a,b) € U vab € W sao cho:

a. Do6i voi mdi z € W, co mot y duy

nhit sao cho (y,z)€EU va
F(y,z) =0;

b. Néu z nay dugc xéc dinh la g(z) thi
g la mot anh xa C' cia W vao
R™, g(b) = a;
F(g(z),z) =0

Va

Jg(b) = —A7'4;, (2)

Ham g dwgc xac dinh 4n bai (1).

A =]F(a,b): La Jacobian cua F tai
diém (a, b), 1a ma trin c6 duge bing cach liy
dao ham riéng phén cua céc phan tir cia ma

yew) (1)

tran F theo céc bién.

Chimg minh:

Trude hét, ta 4p dung ky thuat lip cho
dang ham dé tao ra mot ham méi cung ding
cau, va dong tinh chat doi véi ham F.

Dinh nghia F boi F(y,z) = (F(y,2),2)
vi (y,z) € E € R™. Theo d6, F la mét anh
xa C!, F: E — R" (theo gia thiét cua dinh ly
nay). Anh xa tuyén tinh DF(a,b) la kha
nghich do Jacobian ma trin cua né 1a kha
nghich. Khi d6, véi gia thiét Jacobian A =
JF(a,b) = [4y]4,], lay dao ham riéng phan
ctia cac phan tir cia F ta s& co: phan tir thir
nhat cua F 1a F(y,z) c6 dao ham riéng phan
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theo y, z lan lugt 1a Ay va A,; phan tir thir hai
z lan luot c6 dao ham riéng phan theo y la ma

Fo =g |

Két qua nay cho thay ham F(a, b) mang
tinh song anh (bijective), cling nghia la 1-to-
1. mét diéu kién can va di dé co anh xa/ham
nguec.

Do d6, chiing ta cé thé ap dung Pinh Iy
ham ngwgc d6i véi F: ton tai cac tipmo U,V
trong R™ véi (a,b)elU, F(ab)=
(F(a,b),b) = (0,b) € V saocho Fla4nhxa
I-to-1 ciia U d&én V (F(a,b) = 0 la theo gia
thiét cuia dinh 1y nay). Bay gi& han ché V &
cac diém (0, z), va dat:

W={zeR"™™;(0,z) €V}
vataco beW

Tap W nay 1a mé do tdp V mé (mdi
diém (0,z) la diém bén trong V) va phép
chiéu clia mét qua béng mé 1a mét qua bong
mo. Néu z € W thi (0,z) = (F(y,2),2) =
F(y,z) d6i véi cac diém (y, z) nao dé thude
U (F(yv,z) =0 la theo dinh nghia cua
F(y,z). Dé chimg minh ring véi mdi z € W
cé twong tmg mdt y duy nhat sao cho (y,z €
U, ta gia thiét réing ciing c6 ¥, z) € U sao cho
F(y',z) = 0. Theo do thi:

F(y',z) = (F(y',2),2) = (0,2)
= (F(y,z),z) = F(y,2)

Do F la 4nh xa 1-to-1 trong U, diéu nay
ngu v ring y = y', vi vdy, y la duy nhat.

D6i véi phan 2 cua Pinh 1y, ching ta lai
datg(z) voiz € W, sao cho (g(z),z) € U va
F(g(z),z) = 0 (xuat phat tir gia thiét lya
chon F(a,b) = 0,). Theo d6, F(g(z),z) =
(0,z) € V d6i v&i z € W. Nhur vay, F 1a mét
anh xa tir U dén trén V. Néu dit G 1a mot anh
xa cua V dén trén U, thi day la anh xa ngugc
cia F. Va G ciing la mét anh xa 16p C'boi
theo Pinh Iy ham ngwye, ta co (g(z),2) =
G(0,2z) boi vi F(g(z),z) = (0,2). Do d6, g
cling 14 mét anh xa 16p C*.

trin zero cép m xm, theo z la don vi I,,_,,.
Va ta viét dugc:

[Ay Az ]_1 _ n—m ] -1 —A -11’4-
0 ]n—m ‘q? A

Cudi cling, dé tinh toan Dg(h)ﬁ dl.ra
(g(z),z) = ®(z). Theo do,

|¢(z}=[]gliz:'] véi ZEW

Do F(&(z)) = F(g(z),z) =0 trong

W, quy ludt chudi da cho thiy ring:
JF(@(2)).]@(2) = 0 x (n-m)
(JF(#(z)) c R™*"; @ (z)] ©
R™ x{n—m})

Khi z="Db thi ¢(z) = ¢(b) =(a,b)
boi vi @(z) = (g(z),z),

va F(g(z),z) =0, = F(a,b), va tiép
dén, ]F(ﬁ"(h)] =|]F(a,b) = A. Bai vay,
A.J#(b) bing ding ma trdn zero cép
mx(n—m). Vay

[4,14,]. []gliz)] = A,.]Jg(2) + 4, = 0

Két qua nay cho thiy:

Jg(z) = —A;". A,
minh)

Két qua chirg minh & trén cho thiy
g(z) la khé dé tim ra, nhung dao ham cia né
lai la ham twrdmg minh.

Nhign xét: Pinh 1y ham an néi rang
DF(c) 1a kha nghich, tap F(x) = 0 cho phép
qué trinh thong sé hoa (mang tinh cuc b
trong lan cén) cua 1 diém @(z) = (g(z),z)
v cac tham so z. Chiing ta sé sir dung thuc
té nay trong qu4 trinh t6i wu héa rang budc,
diéu sé& dugc ban luan trong phén tiép sau.

T6i wu hoa rang bude la mt trong cac
img dung quan trong cta dinh ly ham an
trong kinh té. Chung ta s& xem xét mot vi du
nhu vay, d6 1a mét phan tich théng ké canh
tranh nhur durge minh hoa sau day.

Vi du 1. Hiy xem xét mdt cong ty san
xuit hang hoa y sir dung ndau vao x=
(%4, X3, ..., X,,). Cong ty ban san pham dau ra
va thu mua didu vao trén thi trueémg canh

(diéu phai chirng
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tranh: gia thi truomg cua vy 1a p duge chiing ta
gia thiét 1a c6 dinh trong sudt qua trinh, va chi
phi cia mdi don vi cia x la w=
(wq, w3, ..., wy). Cong nghé cua cong ty la
dugce cho bai f: R — R, theo:
F) = Mim x =:%%,
viimoiD < Va; <1
Loi nhudn cia nd duge tinh & dang:
r(x,w) = p. f(x) —w'x
Day la mét dang ham san xuit Cobb -
Douglass Production Function [4] cho da
bién dau vao, dugc dé xuat béi Cobb va
Douglass dé xuat nam 1928, sau d6, dugc
phét trién boi nhidu nha nghién ctru, nhiéu
lép ham Cobb - Douglass Production
Function da dwgc phét trién cho dén ngay
nay.
Trong vi du nay, cong ty lya chon x dé
cuc dai hoa lgi nhudn hay néi khéc di, dé tdi

a'rr - - -
_ﬂxl (23, X3, oy X, 0, W3, .
o . .
E (%7, %3, o, Xy, Wy, W3, ...
omr | . .
a (%1, X3, wn ) Xy, Wy, W3, .

Nhu chiing ta nghién ciru tiép theo, céc
diéu kién béc hai dugc giir cho & ddy 1a tinh

Fy =pa,

F; = pa,

3

thiéu héa chi phi. Ciu héi cia ching ta 1a lyra
chon x; ctia cong ty chiu anh hwong nhur thé
nio bai su thay d6i trong w;. Chu y ring w,
anh hwdng dén sy Iya chon x; khong chi
trong con dudng tryc tiép, ma con gian tiép
qua anh huong cia né dén cac dau vao khac
clia X, nhur 13: x5, ..., x,, chiing han.

Dinh nghia gradient ciua lgi nhudn
theo x nhur la:
F:R"xR" — R", F(x;w) =Vn(x,w)

Piéu véo thir i ¢6 gradient la:

a

X _
Fi(x;w) = pa;— — w; = pax*™* — w;
i

Cho w" la vector gia, diém téi wu x” (gia
st no cod cac dau vao duong thyue sy) thoa
min cac diéu kién bac nhat F(x";w™) = 0.

Gia sir c6 mot 1o giai nim trong lan can
(x";w"), cac diéu kién bac nhét cua bai toan
t6i wu nay la:

wdl

s ) =pa1?—m1 =0

1
wd

Jy) =paz——w; =0
Xz

X
,mn)=pﬂﬂ?—mz =0
Tt

[6m thye su clia ham san pham (chi phi la cuc
tiéu).
Chung ta hiy dinh nghia:

- — w
¥ 1

1
wdl

F, =pay—— Wy

Xn

Ma trdn Jacobian cua F = (Fy, F», ..., F,,)T theo x, va tai x* 1a (dé thyc hién ta liy dao
ham lan lugt F; véi i = 1 + n theo tat ca céac bién X;):
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X X
a(a; —1 aya aq,a
Pi(:l )xlxl P:szl.xé pl“xlxn
wd x-.a wd
. Wty = 201 —— az(a; — 1 : a .
I F(x*,w") = pa; Lo paz(a; ) Xx p za“xzx,;
X-a X!a [ 1) x-a
payt, —— pand; —/— payla, — —
L x“ : xnle Inxn_

Nhic lai ring, J,F(x",w") diy 12 mot
ma trin vudng cap n X n, véi cac phén tir trén

a!(al - 1)

dudmg chéo chinh (ta bo qua tit ca cdc hé sd
p) déu co thé viét lai diro'c & dang:

-ﬂ [ﬂ..l_a[

=p
x;x; x;x

Cac phﬁn tir khéc duoce viét lai nhu sau:

wdl

A R

X X 0
a;a; = -
p L jxixvl p i jx-xi
) F N =i
Khi nay, Jacobian dugc viét lai nhur sau:
Pt e 4a; a,an
o0 P S X1%5 b o M
a,a, a,a; a; azady
JxF(x*, w*) = p.x"*| x3x; XX X3X; b o5
aﬂal _ aﬂaz _ D anaﬂ_ an
| XX, XpXs Coxnxn xnxn
[[mar  aa; @10y ]
x1x;  xx; x1x 41 {? 0 0
@y  Gpa Az0n XX 2 0
. - ——r o x;X
=p.x"|| x3x; X% XpXn |~ .IJ :
: : : an
dpdy apa; Qpan 0 0 0 —=
P - xﬂxl‘!
| Xn Xy XnXa xpxs
Viét lai & dang rit gon ta cé:
ﬂ{ﬂj . a; va
JxF(x",w')=p [ — diag (F) X
ij=1, i
Trong dé, [ ] la ma trin cu:? F theo x bﬁl:xg gla.ﬂn_ trudng p cua sin
pham y nhéan vdi Hessian (ma tran dao ham

vubng cdp n, dlag( ) la ma trdn duong
chéo cép n.

Ching ta ciing nhan thiy ring
JxF(x",w") = pDZf(x"), nghia la Jacobian

béc 2) clia ham san xuét. Mgt cdu tric twong
tu s& xuat hién trong nhiéu mé hinh khac cua
kinh té vi mé.
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Tiép theo tir cac dinh nghia vé F =
(Fy,F3,...,Fy)T & trén, ma trdn Jacobian
theo w:

]wF(X',W*) =-I,

Pé dat duge myc dinh ciia ching ta 1a

xac dinh lya chon dau vio x; cia cong ty s&

bj anh hudng nhwr thé nao boi sy thay doi
trong gia mot don vi tuong tmg cia nd wj, ta
lay vi phan hé phuong trinh tuyén tinh F; =
0 & trén theo céc bién w;. Trude hét, ta danh
gia anh hwong cia w, dén cac dau vao tai X",
ta lay vi phan hé F; = 0 theo @, ta co:

(@ -1 05, X7 0% 4k L
a,(a; — — 4+ pa,a; ————+ -+ pa —_——1=
Pl xix; 0wy P2 Yo, P s Doy
x* dx; N x'" 9x; - x** dx;, 0
a,a — + paay ———— a,a ——-0=
Pa2t e 0w, P22 33x; 0wy Pa2ln im0,
x** dx; N x*?* ax; ot pan( 0 3 dxy 0
a — + paya — e an — —=0=
Pln L xpx; dw, Pl 2xnx3 dw, Pn(@n x5x5 dw,
Cau triic lai hé phwong trinh trén ching ta co:
I x? x -2 o]
pﬂ-]_ (ﬂ'l - I)E pﬂ'l az xIxi pa‘lﬂ'ﬂ x;.x;l- aﬁ"i 1
- o x* 21 o
Pty e R e Pazln v doy [=
x8 X Xt ﬂ.;f;l 0
i pa’ﬂ.a'l x,';xi pa‘ﬂaz x;:xa pﬂ'ﬂ(a‘n - 1} x;lx':t' -a_ﬁ.lj_-
(Anh hudng cia w; dén cac dau vao tai x* duge 13p lai nhu trén)
Tiép theo sir dung Pinh Iy ham én va luit Crammer, chiing ta c6:
- wd x-ﬂ
PPt Pt
xoﬂ. *a
0 Pty P2t xxn
wd - =d
0 X __ 1=
axy . . | Pnlzyae pay(a, ”x;‘-lx;; ]
EX,W}=_ ] ~ ) I -<0
1 _ X _
wd wd w3
paza, .= : pPdaa; o paza"x;_x;,
wd wd o wal
Panti s Panly s .. Pan(@n—1) s
1xix Zxnx Ll Xy X

Pé danh gia anh hudng cia chi phi mi
don vi dau vao w, ta lai lé}r vi phin h¢ F; =
0 theo w; dé thu nhan duoc cot thir i ciia ma
trdn I,, trong phuong trinh ], F(x',w*) =
-1,

Nhu vay, muc dich cia ching ta trudce
hét dé chimg minh ring lan cin quanh x*,
vector X c6 thé biéu dién nhir 1a mét ham cua
w.

Biy gidr, 4p dung Pinh 1y ham én trong
lan cdn quanh (x°, w") vector X 1a mt ham
ciia w. Pao ham cia ham dn x = g(w) la:

* * sy 1 * *
Jg(x") = =(JyF(x";w") W F(x";w")
-1
= (JF(x";w"))

Vivay, d6i véi vi duy, dé co sy phu thugc
dia phuong cua x; d6i voi w;, ching ta mot
lan nira sir dung thyc té 1a ], F(x*; w*) la xac
dinh am dé xac dinh rﬁng sir phu thuge nay
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am (don gia w; tang dan dén giam luong dau
VAo x;).

Pé c6 mdt minh hoa cu thé hon, ching
ta hdy xem xét cong trinh cua Bozenar
Gadjzick va Remigiusz Gawlik [5] danh gia
hiéu qua tai cdu tric nganh luyén kim Ba Lan
giai doan 2000-2015. Hai 6ng lya chon mo
hinh ham ngudn lyc Cobb - Duglass & dang:

n(x,w) = n(L,C) = bL2CF

O day: L 1a lyc lwong lao dong (labor),
C 1a tu ban (capital); b 14 théng s6 cdu tric;
7 14 dau ra cia san xuat duge tao bai diu vao
LvacC.

Cac mo hinh ham san xuat nay bit
nguon tir cic thong so cla ching dwuge dénh
gia dyra trén dir liéu thong ké. Véi cac yéu to
khac nhau miéu ta gia tri gia ting hodc san
pham da bén, cic dic diém ciia cac mé hinh
dugc phan tich da thay d6i mét cach dang ké.

Vi du, hiéu qua ciia ham san xudt thay
d6i theo sy phu thudc cac yéu t6 thong qua
gia tri gia ting dugc tim ra nhu sau:

(L, C) = 14308.22 x L~0-6523(0.7799

m: gia tri gia tAng; C: gia tri cac tai san
dai han; L: s6 ngudi 1am viéc;

Trong mé hinh nay, d co dan cua san
xudt d6i chiéu theo gia tri cac tai san dai han
la dwong, Eqjc = 0.7799, nhung d6 co din
ctia san xuat doi vdi so lugng ngudi lam viée
la dm, E,,, = —0.6523. Két qua la quy mé
kinh té ciia san xuat duoc hiéu la tc;mg cac do
co din ciia ham nguon Iye 1a Eqj¢ + Eqyy, =
0.1276 < 1. Diéu nay c6 nghia la gia tri dau
vao d3 ting nhanh hon gia tri san pham dau
ra (giam hiéu qua san xuét).

O md hinh thir hai, cic nha nghién ciru
xac dinh méi quan hé gira gia tr1 gia ting

m(L,C) theo gia tri cac tai san dai han C va
thoi gian lam viéc L. Khi dé:
m(L,C) = 1180.25 x . ~048300.8435

Trong mé hinh nay, d6 co din cua san
xuit doi chiéu theo gia trj cac tai san dai han
la duwong, Ey /e = 0.8435, nhung do co dan
clia san xuit d6i véi thoi gian lam viéc 1a dm,
Eg;, = —0.4830. Két qua la quy mé kinh té
ctia san xudt ¢6 tong cac do co dan cia ham
nguon lyc 1a Egjc + Eqy = 0.3065 < 1,
Diéu nay c6 nghia la gia tri dau vao di tang
nhanh hon gia tri san phim dau ra (giam hiéu
qué san xuat).

Tuy nhién, & m6 hinh thir 3, tinh hinh c6
khéc hin, khi ham ngudn lyc biéu thi gia tri
gia ting trong mbi quan hé véi tai san dai han
trir chi phi khau hao, c¢6 lién quan dén kha
nang san xuat cua cac tai san dai han nay €
va cac chi phi nhén cong L; theo do:

TI(L, E] =0.1715 XLDAEB-I%EG.?']EG

Trong mé hinh nay, d¢ co dan cua san
xuat dbi chiéu dén gia tri cua tai san dai han
trir di chi phi khau hao, ¢6 lién quan dén kha
ning san xuat cua tai san nay la duong
E.sc = 0.7150; tinh co din déi véi chi phi
nhéan céng ciing la duong, Eq; = 0.4284.
Tong d§ co dan cia san xudt Epc + Epy, =
1.1434 > 1 cho thiy gi4 tri d4u ra cia san
xuat tang nhanh hon mirc ting cia gi tri dau
vao, higéu qua san xuat ting.

Véi mé hinh déng gia tri gia ting duoc
tinh dén anh hudng cia cai tién ky thuat va td
chirc san xuét, di anh huéng cia né, et
khong vugt qua 6.4%.

(L, C)
= 995482.75 x L—D.ZﬁSﬁcﬂ.S-’ISBEU.ﬂESB:
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Hinh 1. D6 thi minh hoa cic mé hinh ham san xuét Cobb - Douglass di véi
nganh cong nghiép thép Ba Lan trong thoi ky tai cu tric 2000-2015 [5]

Nhin xét:
(1) Phuong trinh ctia mat phang tiép
tu}'én dbi véi bé mat biéu dién san xudt tai
L=1vaC=1:

omn
ng = R‘[lrl) + E{l‘l)(j" - 1)

T
+ ac (1,1)(C -1)

n(l+o, 1+£)-.fr(11)+aa

(2) P6i véi moi thay d6i nho doc theo
mit biéu dién san xuat, bat dau tai (L,C) =
(1,1), can bao nhiéu don nhén céng dé thay
thé mét don vi von (nghia 1 ty 1é thay thé can
bién MRS, _,¢)?

Trude hét, ta biéu dién sy thay d6i nho
ciia mit biéu dién san xudt bat dau tai
(L,0)=(1,1):

(11)+s (11)

dn=n(l+o,1+¢)— 1'r{11)-cra (11)+£ [11)—(55)( (1,1), (11})

Phuong trinh ciia mit phing tiép tuyén
v6i mit biéu dién san xuat tai (L, C) = (1,1)
duoc xac dinh 1a:

(o,€). ( (1, 1) (1 1})

Diéu nay chi ra ring

Tan .
Tan

(3) Néu co thé tang C va L lén mot
chut theo bat ky ty 18 nao sao cho dinh chuén
IIC, LIl = c, véi ¢ la mot s6 duomg rat nho,
thay d6i nao trong € va L sé dan dén mirc ting
gia tri déu ra 16n nhét?

Nhur trong nhén xét 1, ta dd c6 phuong
trinh biéu dién mat phing tuyén tinh tai (1,1)
ctia mt biéu dién san xuit la:

m(l+a, 1+E}—n(11)+ (11]{!. 1)

+—c1 D€ -1)

= ﬂ.‘{l,l}+a (1 1)+ E (1 1)

= x(1, 1)+(% E) (0,€)

Vi viy, dé cuc dai hoa gia tr] cua
m(L, C) trong lan cén cta diém (1,1) thi tich
vd huéng trong biéu thirc trén phai dat cyc
dai. Diéu nay sé& xay ra khi:
dmr dm
z'ac’ EL)

(a-) +(3)

Truomg hop hé s6 cdu tric b = 1 ta 6
biéu thirc don gian hon cho diéu kién cyc dai
cua tich vo hudng di néu:

(6C,6L) = (g,8) = W(ﬁ ,a)

(6C,6L) = (o,€) =
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Vi du 2: Trong vi du nay, chiing ta khao
sat ham san xuét Spillman v&i nhidu du vao,
duoce dé xuit & dang:

y =m—a[[j(v)"

O day, y 1a lwong san pham déu ra; m >
0 la théng s6 thé hién luong san phiam cyc dai
c6 thé dat dugce; a > 0 la thong sb biéu dién
anh hudng dén san lwgng dau ra cia thong sd
biéu dién luong déu vio x; > 0; 0 < v; < 1
la théng sb cdu tric biéu dién ty 1é giira cac
don vi dau vao trén t(;mg dau ra;vam-—a =
0 [6].

Nhur vay, theo md hinh nay, san lugng
cuc dai 1a khong thé dat dugc (y < m) va

mirc d6 giam tong san pham déu ra la can
duge khdng ché. Khi d6, nhor phép bién doi
z=m-—y =a[[;(v;)*, ching ta tr¢ lai
ham san xuat Cobb - Douglass.

Ham san xuét Spillman cho s6 déu vao
1a 2 con c6 thé viét ra & dang:

y =m(1—ay.(a))(1 - a;. (az)™?)

Va Mary Ellen Embleton, trong ludn
vin thac si cua minh tai Montana State
University, Sept. 1987 [7], da dya trén sb liéu
thng ké thuc té gilra san luong ciy trong va
chét dinh dudng déu vao, da xédc dinh dwoe
ham Spillman thye nghiém y;,, trong nghién
ciru cua minh:

Vim = 127.1628(1 — 0.775(0.981)")(1 — 0.857(0.973)1)

N; va P; lan luot la lwgng dam va
phosphor bé sung véo trong dét. Diéu kién t6i
wu cua ham thyuc nghiém y;,, duoe xac dinh
theo diéu kién rang bude, vi du gia san ph:f'tm
ban trén thi trudmg. ..

Vi du 3: Mot trong céc dang phd bién
nhét ctia ham san xuit do6 1 dang ham da thire
béc hai (quadratic forms). Dang bac hai véi
hai bién diu vio sé duoe biéu dién nhur sau:

Y = Qo+ 1y + QyXp — G X] — GppX3 + AyaXy X,

Mot dang bién thé khdc cua ham
quadratic la dang cén bac hai:

y = by + byxy + byxy — byyxp® — bypxf®
bt

Trong vi du nay, chiing ta ciing dura ra
mét s6 khai niém thé hién méi quan hé giira
dao ham cua ham san xudt véi cac thong sd
déu vao, ddu ra cia qua trinh san xudt. Thye
té san xuat ty 1& sir dung mét dau vao nao dé
c6 thé bi thay doi, nguoi ta dua ra khai niém
“Ty 1é thay thé cén bién (Marginal Rate of
Substitute; MRS)” duge dinh nghia nhu la
“Mét lugng chit dau vao ma co thé duge thay
thé bai mét don vi cua chit dau vao khac
trong khi dau ra khong d6i”.

Ty 1é thay thé cin bién (MRS) c6 thé
duge danh gia 12 ty 1é cia cac san pham vit

chat can bién (Marginal Physical Products;
MPP). MPP la dao ham riéng phén cia ham
san xudt.

D6i v6i ham quadratic:

0x; @z — 2a55%; + ay3x;  MPP,
dx; @y — 2ay1%; + A%, MPPy
_ @y/oxy)
(Oy/ox))

Dura trén tinh chat “Thay thé cén bién
trong diéu kién dau ra khéng doi”, dé xéac
dinh méi quan hé gilra x; va x,, ta thiét lip
can bang giita MPP,, va MPP,_véi céc san
pham can bién la zero va viée cac giai phuong
trinh nay dan dén cac mirc dau vao, x; va x,,
ma & d6, dau ra c6 thé dat cuc dai. Dé dam
bao chic chin ring cac dau vao tao ra cyc dai
& dau ra tiéu chuin duge sir dung la:

d%y a’y  adly
dx? * ax2  Ax,0x,
Vi diéu kién mét trong hai dao ham

>0

, 2 2
cap hai s—x; hodc g—x; <0

Pé san luong du ra dat cue dai cac mire
déu vao can duge thay thé mét cach thich hop
trong phwong trinh gde ciia no.

Chi y néu ham déu ra la tong chi phi,
khi d6. ta xét diéu kién cho cuc tiéu:
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d’y ad’y a%y

dx?" dx3 " 9x,0x,
Vi diéu kién mdt trong hai dao ham
aty
dxs

<0

£ .. D%y
cap 2 ¢ trén —; hodc = 0.
dxg

Truwong hop :—Ex%—% =0
sit dung dinh nghia: “Piém M*(x:i =
1,2, ...,n) duoc goi la diém cyc tri cia ham
y=f(x:i=12,..,n) néu voi moi diém
M(x; + 8x;:i = 1,2, ...,n) trong ldn cdn coa
M*, ta ludén c6 Ay = f(x:i=12,..,n) —
fxf + 6x;:i = 1,2, ...,n) khong dbi dau”.
Cidc dwomg bién go diu vio (Ridge
Lines): Cac duong Ridge sé chia bé mit coa
ham san xudt giira phén b6 sung va phﬁn thay
thé. Tai moi diém trén dudmg bién go dau

ta

>

VA0, san phﬁm cédn bién la zero. Do do6, cac
duomg Ridge c6 thé duoc din xudt tir viéc can
bing hai phwong trinh véi san pham cén bién
bing zero

MPP,, = a; — 2azx; + ay2x;, =0
va

MPPy, = a; — 2a,x; + @y2x, =0

Va giai ching theo céc toa dd bang cach
thay thé gia tri ap dat (hop ly) cho mgt trong
hai bién x, hodc x, r0i x4c dinh gia tri twong
{tng cuia bién con lai.

Céc dwong ding heong (Isoquants): Ty
Ié thay thé can bién xac dinh do doc cua
duomg dang lugng c6 thé thay thé 1in nhau
trong qua trinh san xuat trong khi dau ra
khong thay d6i. D6 doc cia moi duong ding
lugng cho biét ty 1é ma mét bién dau vao s&
thay thé cho mét dau vao khac. Bat ky mirc
san lugng nao trén mat biéu dién qua trinh san
xuat déu dat dugc nhé sur két hop cu thé cia
céc yéu t6 dau vao. DPo6i véi mire d cho cia
dau ra, mjt s6 o hop cua cac dau vao co thé
duoc sir dung. Phuong trinh mé ta cac t6 hop
thay thé cua cac yéu t6 dau vao dé dat dugc
mét ning suat khong d6i duge goi la phuong
trinh déng phi (isocost, c6 thé chi phi cho dau
ra khong doi). Cac duong dang lugng mé ta
sir két hop cac ngudn lyc dau vao dé tao ra
mét lwong cy thé san pham dau ra, c6 thé
duge dan ra tir phrong trinh ham san xuat
hofic phuong trinh hdi quy, nho cach biéu
dién dai s6 mét ngudn lye dau vao nhu 1a ham
clia cac dau vao khac.

Trong qua trinh san xudt vdi hai bién
dau vao ¢ trén, ham an y = f(x,, x,), tai cc
duomg ding lvong(y = constant = K), tacd
thé c6 dang ham tuong minh x, = g(y =
k, x,). Loi giai & ddy 12 x, 12 ham cia x; tai
mot mire san lugng da cho. Va ta co phuong
trinh hdi quy sau:

Qg + ayX) + G3X; — Q1 X] — Qa3 + A XX —y =0
Viét lai dudi dang da thirc bac hai cua x; nhr sau:

(—az2)x3 +(az + a12x1) x5 + (ap + @1 — ayx{ —y) =0
Giai phuong trinh bic hai nay ta s& cé dugc gia tri cua x, theo x, véi gia tri y da cho.

_(az +ayox;) £ (az + a1px1)? + 4az,(ag + a1 x; — a1 x7 — k)

Xz

DPuiong dong mirc (Isocline) la mot
duomg ndi tat ca cac diém co cing do doc hay
c6 cling MRS trén mt ho cic dong ding. Noi
cach khéc, no két ndi tit ca cac td hop dau
vao c6 cing mirc MRS doi véi cac mirc san
lugng khéc nhau. D6i véi mdi MRS cua

2&22

nguon lye dau vao ¢ thé s& c6 mét duong
dong mire. O trén ching ta da thay co thé dat
duoc san lwgng khac nhau véi nhiéu to hop
ctia cac dau vao. Néu gia cia cac dau vao di
biét, t6 hop co chi phi thap nhat & mirc san
luong di cho s& dugc xac dinh. Té hop co chi
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phi thap nhét (cho san lugng cao nhat) dugc
tao ra nh&r can béng ty so gia cac dau vao doi
véi nghich dao MRS. Luc nay x; =
8(x1, Px,» Px,) MmOt ham cua gia don vi cac
diu vio py,, Py, Vi X;.

Eﬁ=m=%=&l=k= i v x
dx,  dy/dx; MPPy, P, MRS, doi v6i x;

Ty s6 san phiam cén bién néu trén biéu
thi c6 bao nhiéu phan x, dugc bét di dé tang
x; 1én mot don vi déu vao ma van duy tri san
xuat & mirc dd cho. Cuy thé véi k 1a ty sb gia
déu vio ta co:

x _ Zkall + alz ﬂ.z - kﬂ.l
2= kﬂlz + 2ﬂ22 1 kalz + 2[122
Cue dgi hda loi nhudn:

Doi véi mbi ty so gid cia cac yéu 1o dau
vao da cho, mirc do cure dai hoéa loi nhuan cua
viéc st dung dau vao co thé duge xic dinh.
Viéc cyc dai hoa lgi nhuan dat dugce béng
cach dat gia tri cua san pham cin bién béng
gid ctia dau vao. Doi v6i ham béc hai, ching
ta co:

Fy{MPin} = py(a; — 2a;2; + a;222) = Py,

Va

py(MPP,,) = py(a; — 2a;x; + @15%,) = py,
Gial he har phuong trinh nay ta co:
- (azz.iﬂx; + R12Px;}P';1 = (2ayaz; + aza,3)
(a12)* — 4ay az;

Xy

Xy = (@11Px, + @1apa, )0y = (20110, + 31057)
(a12)* — 4ay,105;

0 day, mirc sir dung céc dau vao doi véi
qua trinh cyc dai hoa lgi nhudn la ham coa
cac hing s6 ctia phuong trinh va gia cia cac
dau vao va dau ra. Cac phuong trinh nay cung

cﬁp ham nhu cau dau vao, & d6. nguoi ta co
thé theo ddi su thay dbi déu vao khi thay doi
gia.

Vi du: Mot cau lac bd thé thao lap ké
hoach thué mot may bay. Chi phi cho 60 hanh
khach 1a 9 triéu VND/ngudi. Véi mdi hanh
khach ting thém, tir hanh khach thir 61 tro di,
thi tat ca hanh khach déu duoc giam 0.1
triéu/ngudi. May bay ¢6 thé cit canh véi
nhiéu nhét 1 90 hanh khach.

1. Néu ¢6 (60 + x) hanh khach bay,
tong chi phi TC(x) s& 1a bao nhiéu?
TC(x) = (60 + x)(9 — 0.1x)

2. Xéc dinh s6 hanh khach cuc dai ma
tong gia vé cyc dai dwoc tra boi cac thanh
vién cau lac bg.

Trude hét, ta lay dao ham béc nhat
TC'™ = 3 — 0.2x. Nhur véy, diém cyc tri s&
tai x = 15. Ciing dé thay ring dao ham bic
hai: TC"™ = —0.2 < 0. Két qua la s6 hanh
khach dam bao cho tong gia vé cyc dai duge
tra béi cac thanh vién céu lac by la: 60 +
15 = 75 hanh khach. Tfmg thu cyc dai la
562.5 trigu VND.

Téng quat hon, ta xét bai toan don gian,
va ciing hay gip trong thyc té: C(P) la ham
chi phi tong ciia mot cong ty dé san xuat P
don vi hang héa nao d6. A(P) = C(P)/P la
ham gi4 trung binh. Néu C(P) 1a kha vi thi
A(P) c6 mdt diém dimg (diém t&i han) tai
Py > 0 khi va chi khi chi phi cén bién va chi
phi trung binh 1a bing nhau tai Py, C'(Py) =
A(Py).

Cu thé hon: C(P)=aP®+ bP%*+
cP+d, voi a>0,b=0,c>0vad>=0.
Hay chimg minh ring A(P) cé diém cuyrc tiéu
trong doan (0, o). Xét trudmg hop b = 07

R& rang trong trudng hop nay, ham chi
phi trung binh dugc cho bai:

C(P)

d
= — 2 —
A(P) P aP +bP+c+P

Lay vi phén theo P va cho vi phan d6
bing zero ta co:
A'(P) =2aP + b —ﬁ—z
Két qua trén cho thiay A'(P) < 0 khi
P =0 va A'(P) > 0 khi P - 0. Nhu vy,
dao ham bic nhét c6 d6i déu tir khi P thay d6i
trong khoang (0, o). Nghia 1a, ton tai mot
diém t6i han, tai d6, ham gia trung binh dat
cure tri. Xét dao ham bac hai:

d
A"(P)=2a+255>0
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Nhu vay, A(P) co cuc tiéu tai diém P*
trong khoang (0,0), diém ma tai do,
A'(P) = 0. Gia tri cha P* duge xéc dinh tir
phuong trinh:

2a(P*)?*+b(P)—d=0

Truomg hop b = 0 thi P* = 3/d/2a;

Nhin xét: Trong bat ky mot qua trinh
san xuét hang héa nao, ciing ludn ton tai mot
gid tri san lugng ma tai do, chi phi cho mét
dom vi san pham hang hoéa la it nhét (céc yéu
t6 khac duge b dinh).

3. Két ludin

Muc dich cua bai viét nay hudng tdi vai
trd ciia Pinh 1y ham 4n IFT trong céc bai
toén t&i wu va phan tich so sanh trong kinh té.
C6 ba dang ham san xuét: Cobb - Douglass,

Tai liéu tham khao

Spillman, va dang Quadratic dugc khao sat
kha niing ap dung trong thuc té ciia ching.

Céc két qua thir nghiém cuia nhiéu téc
gia dd dugc tham khao va vién dan dé thﬁy
duge md hinh ham san xuat da dap mg dwoc
bai todn toi wru va phén tich so sanh trong mét
s6 linh wvyc kinh té & quy md mdt doanh
nghiép nho cho dén mot nganh san xuét cia
mét quoc gia. Trong bai viét nay, ching toi
cling di nhic lai ky thuat xdy dung ham l3p
dé tao ra mot ham mdi cing ding ciu, va
déng tinh chat doi vai ham gdc ban dau, va
chi tiét hoa phan chimg minh cho Pinh ly
ham éin IFT nhim gitp doc gia co thé tiép
tuc di sdu nghién ciru giai quyét cac van dé
bai toan t6i wu c6 rang budc va phan tich so
sanh khi danh gi tinh hidu qua san xuat va
str dung céc ngudn lye diu véo.
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