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TOM TAT

Bai bdo gioi thidu vé khai niém y — bao téng quét, né c6 thé dugc xem nhu khai niém
téng quat ciia bao noi xa cua mQt modun va néu mot vai tinh chét cua nd tuong tu nhu ‘gru’c‘rng
hop bao ndi xa. Ngoai ra, bai vict cling gioi thi¢u khai niém modun y — bat bién dang cau nhu
mot su‘téng quat cia médun ]:)ét biér] dang Cé.u va dua ra mot két qua twong tw. Muc dich bai
viét nham tong quan nhitng két qua gan day dé dinh hudng cho viéc nghién ctru cia tac gia.

Tir khéa: y — bao téng quat, bao ndi Xa, y - bat bién dang cau, y -bat bién dong cau.

1. GIOI THIEU VA MOT SO KHAI NIEM

Bai toan vé mdédun bat bién dudi cac tw dong cau ciia bao nodi xa cua chung dugc nghién
ctru 1an dau bai Johnson & Wong (1961), trong d6 ho da chimg minh duoc ring modun bat
bién dudi cac tw ddng cau trung voi 16p médun tya ndi Xa [1]. Sau do, Dickson & Fuller da
nghién ciru médun bat bién dudi tu ddng cAu cua bao noi xa [2]... Nhimg nim gan day, bing
nhiéu k¥ thuat khac nhau, cac nha toan hoc di téng quat nhimg khai niém, tinh chét trén theo
céac hudng khac nhau va thu dugc cac két qua dep, chang han trong [3, 4]. Trong bai viét
nay, tac gia gioi thiéu vé mot truong hop tong quat cac khai niém bao noi xa, médun bt bién
dudi cac ty dang cau cua bao noi xa cing mot s tinh chét tiéu biéu cua nd. Trong subt bai
viét, vanh R d3 cho 12 vanh két hop c6 don vi va moi R -modun 1a médun unita. Ta viét M R
(twong @ng, M ) dé chi M 1a mot R -médun phai (t.u, trai). Khi khong s¢ nham 1an vé phia
clia modun, ta viét modun M. Ky hiéu A<M dé chi A 1a médun con cia M , End(M)
1a tap tit ca cac dong cAu tr M dén M . Taviét g véi T, Q 1a cac dong clu ¢ nghia la
hop cua dong cau f va g.Mbddun con K cia R —médun M duoc goi 1a médun con cdt

yéu trong M , ki hiéu K <* M, néu véi moi modun con L cia M ma KNL=0 thi
L =0. Luc nay, ta cling néi M 1a mé rong cot yéu cia K . Lién quan dén tinh cot yéu cua
cac moddun con, chung ta c6 khai niém don ciu cbt yéu. Mot don cdu f: K =M duoc goi
1a c6t yéu néu Im (f) <* M . Mot vanh R duogc goi 1a chinh quy von Nemann (hodc chinh
quy), néu véi moi a€ R, ton tai X € R sao cho axa=a. Cho | 1a ideal hai phia ciia vanh
R, ta noi phan tir luy dang r+1 trong R/ 1 co thé nang (modulo 1) néu r+1 =e+1 véi
e 1a phan tu luy didng cua R .
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2. v —BAO TONG QUAT VA MOQT VAI TINH CHAT

Nhic lai rang, don cau £: M — Q duoc goi 1a bao ndi xa ddi voi M néu Q 1a moédun
noi Xxa va z 1a don cau cét yéu (Im () <° Q). Ta ciing thuong goi Q 14 bao ndi xa caa M
va ki hieu E(M). Moi modun déu c6 bao ndi xa va do 1 duy nhét (sai khac mot dang cau).
Béy gio chiing ta dinh nghia khai niém bao tong quat va tim hiéu mot sb tinh chét ctia no.

Pinh nghia 2.1. Cho vanh R va y 1a 16p cic R —modun phai déng dudi cac dang
Cau. Mot y —bao téng quat cia mMOtR-—mdédun phai M 1a mot dong cau
u:M — X(M), X(M) e y thoa min cac diéu kién sau:

1. Vé6i moi dong ciu UM —X'(M),X'(M)ey ton tai dong cau
f:X(M)— X'(M) saocho u'= fu

M ——— X(M)

i
X'(M)

2. Néu moi dong cau h: X (M) — X (M), X(M) € y thoa hu =u thi h 1a mot dang cau

Tir dinh nghia trén, ta c6 tinh chit sau vé y — bao tong quat cia md dun M [5].

Pinh ly 2.2. Gia st médun M c6 hai y —bao tong quat 1a u:M — X (M) va
u:M — X'(M).Khido, X'(M)=X(M).

Chitng minh: Vi U,U" 1a cac y — bao tong quat cua M , theo dinh nghia, ton tai cac
dong cau f:X(M)— X'(M) sao cho u'=fu va f":X'(M)— X(M) sao cho
u=fl.Dods, u=fl'=ffu va u'="fu=ffl. Lai theo dinh nghia vé x —bao tong
quat cia M, suy ra ff’, ff 1a cac déng cAu, do d6 ff’ ciing 1a cac ding ciu. Hay
X'M)=X(M).m

Ciing nhu bao ndi xa ciia médun M, néu M co su phan tich thanh tong tryc tiép cua
hai médun con M, M, thi tir bao noi xa cia M;, M, ta suy dugc bao ndi xa cuia M . Bay
gio ta c6 két qua tuong tur:

Pinh ly 2.3 . Gia st M =M, ®M, v6i M,;,M, 1a hai médun con cia M, va
M,,M, c6 y—bao téng quat lan luot U, : M, > X(M,), u,:M, - X(M,). Khi do,
U ®u,:M — X(M)®X(M,) lamot y —bao tong quat cia M .

Ching minh: Lay u':M — X'. Vi u,:M; — X(M,) 1a y —bao tong quét nén ton
tai f,: X(M;) — X’ sao cho u'iy, = fu,,

M X

X (M)
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tuong ty, ton tai f, 1 X(M,) — X' sao cho u'iy,_ = f,u,. Theo tinh chat pho dung cua tong
truc tiép, ton tai f: X(M,)® X(M,) - X' vsi f lxmy=Tis Flxm,y=T2- Va kiém tra
duoc f(u, @u,)=u'
M oue HES X(My) @ X(My)
Bay gio, ldy g l1a mot ty dong cau cia X (M,) @ X (M,) thoa g(u, ®u,)=u, ®u,.
X
1) cia X (M,)® X(M,) ta cé:

2

0
Q(ZJ = g&} g[xz} 9iy (%) + gi, (X,)

:(ﬁlgil(&)mgiz(xz)J:[ﬂlgil ﬂlgin[xl]
70,01, (%) + 7,91, (X, ) 70l 7,01, )\ X,

bat 7,0l = d,, 1,0, = @, 7,01, = @y, 7,01, = By, Khi d6, g dugc biéu dién dudi

dang ma tran
(¢11 ¢12 j
¢21 ¢22

V&i moi m e M, vai moi m, e M, tacod

[Ul(mﬂ J _ [Ul(ml)]: [¢llul(m1) +¢12u2(m2)J

u,(m,) Bty (M) + B, (M,) )
do d6 U, (M) = ¢,u, (M) +,u,(M,) va U, (M,) = @,,u, (M) + By, (M,) véi moi M, € M,
véi moi m, e M, . Suy ra U, =¢,U;,4,U, =0 va U, =¢@,U,,é,u, =0. Vi U, 1a y —bao
tong quat cia M, nén ¢, 1a ty dang cau ciia X (M,). Xét tich ma tran

[ 1 0](47511 %J:(cﬁu tho j
_¢21¢ll_l 1 ¢21 ¢22 0 _¢21¢ll_1¢12 +¢22 '

vi ¢12U2 = 0,u2 = ¢22u2 ,taco (_¢21¢1171¢12 +¢22)u2 =U,.

Vi U, 1a y —bao téng quat cia M, nén —@,d, @, + ¢, 1a tu ding cau caa X (M,) .
Vay, tir tich ma tran xét trén, suy ra ma tran biéu dién cua g c6 nghich dao, hay g 1a tu
ddng cau.m

Nam 2013, Zhou va Lee dua ra khai niém médun bat bién dang cau [6]. Do 1a: modun

M dugc goi 1a bét bién ding cau néu M bit bién qua tit ca cac tu ding cau caa bao noi xa
ctia n6. Phan tiép theo sau s& téng quat cac khai niém nay [7].

Ta chting minh g 1a mot tw dang cau. V&i moi phan tir (
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3.MODPUN y — BAT BIEN PANG CAU VA MQT SO KET QUA LIEN QUAN

Pinh nghia 3.1. Cho médun M va y 1a 16p modun déng dudi cac dang cdu. M dugc
goi la y — bat bién dang cAu néu ton tai mot y — bao tong quat U: M — X sao cho voi bat
ki tr dang cau g: X — X ton tai tw dong cau f :M — M sao cho uf =gu.

Trong dinh nghia trén, ta c6 cac nhén xét sau:

Nhan xét 3.2. 1) Thém gia thiét u: M — X trong dinh nghia trén 1a don ciu. Ta co, vi
g~ ciing 1a tw ding cu cia X nén ton tai ty ddng cdu f':M — M saocho uf'=g™u.
Suy ra uff =g uf =g™gu=u va uff’=guf'=gg™u=u. Do u 1a don cdu, nén f 1
dang cau.

2) Cho y 1a 16p modun ndi xa, E(M) 14 bao noi xa caa M . Khi do, phép dong nhat
iI:M —>E(M) 1a mét y —bao tong quat cia M . Moédun M 1a y — bét bién dang cau
khi va chi khi véi moi g:E(M)— E(M) ton tai ty dang cau f:M —M sao cho
if =gi, hay g(M)< M . Vay trong truong hop nay, modun y — bt bién déng cau chinh
12 modun bat bién dang ciu nhu da biét.

Tiép theo, chiing ta s& tim hiéu mot sb tinh chat dic trung ciia modun y — bat bién
dang cu, n6 tuong ty nhu trong truong hop modun bét bién dang ciu nghién ciru boi Lee va
Zhou. Chung ta bat dau voi cac ket qua sau.

Bé dé 3.3. Cho médun M véi U:M — X 1a » —bao tdng quat cia M . Véi moi

f eEnd(M), goi 0,9'€End(X) théa man gu=uf,gu=uf. Kh do
g-9'eJ(End(X)).

Ching minh: Véi moi f : M — M, theo dinh nghia cua U, ludn ton tai g: X — X
sao cho Uf dugc phan tich qua U, hay uf = gu
f

.\'[' -\'[ ) i _{\
l ) T -
\ —

Goi ¢,9' € End(X) thoamin gu=g'u=uf .béchira g—g'<J(End(X)), tacan
ching minh 1-t(g—g’) 1a phan tx kha nghich véi moi teEnd(X). Ta co
t(g—g)u=t(gu—g'u)=0,suyra

u-t(g-gHu=>1-t(g-g)Hu=u.
Theo dinh nghia ciia U suy ra 1—t(g —g") 1a dang c4u, hay 1a phan tir kha nghich. m

Nhan xét 3.4. Tir bo dé trén, véi médun M c6 U:M — X 1a y —bao tong quat,
chung ta c6 thé xac dinh mot déng ciu vanh

¢:End(M) — End(X)/ J(End(X)),
voi o(f)=g+J(End(X)) va g thoa uf =gu. Luc niy, ¢ xac dinh mot don cau vanh
¢:End(M)/ker(p) - End(X)/J(End(X))hay End(M)/ker(p)=Im(¢) 1a mot
vanh con caa End(X)/J(End(X)). B dé sau cho ta thiy, khi M 1a y — bét bién dang
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céu thi mdi phan tr cia J(End(X)) co thé xem 1a mot mo rong ciia mot phan tir cia
ker (o).

Bo dé 3.5. Cho modun M c6 y —bao tong quatla U:M — X, giast M 1a y — bat
bién dang cau. Khi d6 voi j € J(End (X)), ton tai k e ker(¢) sao cho uk = ju

Chieng minh: Do je J(End(X)) nén 1—j latw dang ciucia X . Vi M 1a y—
bat bién dang cau nén ton tai f € End(M) sao cho uf =(1— j)u. Do do,

ju=@Q-Q-pPu=u—(1-jpu=u—uf =u@-f).

Lay k=@1-f),taco uk = ju va p(k) = j+J(End(X))=0 hay k eker(¢).m

B6 dé 3.6. Gia sir S =T,xT, véi T, 1a vanh chinh quy aben tu ndi xa va moi phan tir
caa T, 14 tong cua hai phan tir kha nghich. Néu R 1a mét vanh con ciia S ma bét bién dudi
phép nhén trai boi cac phan tir kha nghich ciia S thi R 1a vanh chinh quy von Neumann

Ching minh: Vi R 1a vanh con ctia S, nén c6 thé viét R=R xR, véi R 1a vanh
concaa T,, R, la vanh con cua T,. Gia sir tit ca cac phan tir kha nghich ctia S déu nam
trong R. LAy batkiphantirt, € T,. Khido t, =+ v6i «, 8 khanghich trong T,. Do
do, 1 xa,1; xfB 1a cac phan tr kha nghich trong S. Theo gia thiét ta duoc
@, xa)(1g x1z ) eR va (I, xB)1y x1; ) eR, suy ra al; €R, va Bl €R,. Nhu
vay, t, =t,1, =(alg )+(Bly)eR, hay T,cR,. Vay T, =R,, suyra T, cR va la
ideal chinh quy von Neumann ctia R . Vi moi vanh chinh quy aben la chinh quy kha nghich,
nén v6i X €T, ton tai phn tir kha nghich U €T, sao cho X = Xux. Hon nita U +1; 1a kha
nghich trong S nén kha nghich trong R . Vay R/T, 1a vanh chinh quy von Neumann. Theo
b6 d& 1.3 trong [8], ta c6 R 1a vanh chinh quy von Neumann. m

Nhac lai trong [9], véi M 1a mddun bat bién dang cau thi J (End(M)) gom tat ca cac
ty dong ciu cia M c6 nhan cét yéu. End(M)/J (End(M)) la vanh chinh quy von
Neumann va cac luy dang nang modulo J(End(M)). Véi truong hgp M 1a y — bat bién
dang cau, ta co:

Pinh Iy 3.7. Gia sit M 1a médun y — bat bién dang cau véi don cau UM — X 1a
z —bao tong quat cia M . Gia sir vanh S =End(X)/J(End(X)) =T, xT, trongdé T, 1a
vanh chinh quy aben tw ndi xa va moi phan tir cia T, 1a tong cta hai phan tir kha nghich. Khi
do6, néu cac luy dang trong S nang modulo cin Jacobson thi End(M)/J(End(M)) Ia
vanh chinh quy von Neumann va céc luy dang nang modulo J(End(M)).

Ching minh: Ldy g+J(End(X)) 1a phin t& kha nghich cua
End(X)/J(End(X)). Khi d6, g 1a tu dang cau cia X . Do M 1a modun y — bat bién
dang cau nén ton tai mot dong cau f cia M sao cho Uf = gu . Theo nhan xét 3.4, ta dugc

(T +ker(p)) =g+ J(End(X)) € Im(¢).

Lay @(f'+ker(g)) 1a phan tir bat ki caa Im(¢) . Ta c6
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(9+J(End(X)))@( f'+ker(p))
=¢(f +ker(p))p(f'+ker(p))
=g( ff'+ker(p)) € Im(g).

Vay Im(¢4) bit bién dudi phép nhan trai béi phan to kha nghich cua
End(X)/J(End(X)). Theo bo dé 3.6, ta dugc Im(¢) 1a vanh chinh quy von Neumann
nén  End(M)/ker(p) ciing vay. Do do, J(End(M))/ker(p)=0 hay
J(End(M)) < ker(¢).

Bay gio, véi moi f eker(p), taco o(f)=g+JI(End(X))=0 véi geEnd(X)
théa uf =qgu. Suy ra g € J(End(X)), do d6 1—g kha nghich trong J(End(X)). Do
M 1a modun y — bét bién ding cdu, (1—g)™" 1a mot ty ding cdu cia X nén ton tai
heEnd(M) sao cho (1-g)"u = uh.Khi dé,
u=(1-9)"(1-gu=@1-9)"(u-gu)=@1-9) "(u-uf)=@1-g)"u@d-f)=uh@-f),
dong thoi

u=@1-9)1-g)'u=@@-g)uh=(u-gu)h=(u-uf)h=u(l- f)h.

Do U la don cAu, nhu nhan xét 3.2 ta duoc 1— f 1a kha nghich hay f € J(End(M)).
vay J(End(M))=ker(¢). Do d6, End(M)/J(End(M)) vanh chinh quy von
Neumann.

Cubi cung, 1ay f+J(End(M)) 1a phan tir liy dang caa End(M)/J(End(M)).
Khi d6, tn tai g € End(X) théa uf =gu hay g+J(End(X))=¢(f +JI(End(M))).
vi f+J(End(M)) 1a liy ding nén g+J(End(X)) 1a phan to liy ding cua
End(X)/J(End(X)). Do g+J(End(X)) niang modulo J(End (X)), nén ton tai phan
tr liy dang e coa End(X) sao cho g+J(End(X))=e+J(End(X)) hay
g—eeJ(End(X)). Theo bb dé 3.5, ton tai k e J(End(M)) sao cho (g —e)u =uk . Suy
ra, gu—uk =eu hay u(f —k)=eu.vay ¢(f —k)=e+J(End(X)). Nhu vay,

u(f —k)? =eu(f —k)=e’u=eu=u(f —k)

Do u don céu nén (f —k)>=(f—k). Vay (f —k) 1a phan tr liy ding cua
End(M) va théa f+J(End(M))=(f —k)+J(End(M)). Hay cac liy dang cua
End(M)/J(End(M)) nang modulo cdn Jacobson.m

4. KET LUAN

Bai bao tdng quan mot sb két qua lién quan téi khai niém bao téng quat va modun bat
bién dudi cac tw ding cAu cua bao tong quat. Pinh Iy 3.7 cho chung ta mot két qua vé tinh
chinh quy cua vanh End(M)/J(End(M)) trong truong hop M 1 y _ bat bién dang cu.
Tiép tuc nghién ctru theo hudng trén cho cic pham tri khac nhu pham trii aben, pham tru
khép... va nghién ciru cac tinh chét lién quan, theo tac gia day 1a mot hudng nghién ciru co
nhiéu trién vong.
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ABSTRACT

MODULES INVARIANT UNDER AUTOMORPHISMS OF THEIR ENVELOPES

Nguyen Quoc Tien
Ho Chi Minh City University of Food Industry
Email: nguyenquoctien1982@gmail.com

This article introduces the concept of y — envelopes, which can be seen as the general
concept of the injective envelopes and gives some of its properties similar to the case of
injective envelopes. In addition, the study also introduces the concept of modules invariant
under automorphisms of their envelopes as a generalization of automorphisms invariant
modules and gives some similar results. The purpose of the article is to review recent results
to prepare the writer's study.

Keywords: y — envelope, injective envelope, y -automorphisms, y -endomorphisms.
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