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Tém tat. Bai bao trinh bay mét phan tir hiru han mé rong ti giac (XCQ4) dya trén thi tuc noi suy kép véi ing suat lién tuc tai
nit dé mo phong truong img suit viing lan can dinh vét nit hai chiéu. Khac véi phuong phap truyén théng, ham xép xi trong
nghién ciru nay bao gdbm gia tri tai nit va trung binh cong gia tri dao ham ctia né tir buéc dau tién. Muc tiéu chinh caa bai
viét nay la nham gi6i thiéu mot su phat trién ctia phan tir CQ4 dugc cong bd gan day véi ky thuat lam giau nham tinh chinh
xac hé sé cudng do ng suit tai dinh ndt (SIFs). Su chinh xdc clia phan tir XCQ4 trong nghién ciu nay dugc ching minh
thong qua céc vi du s c6 hinh hoc tir don gian dén phic tap. Do chinh xac ciing nhu téc do hoi tu thu dugc SIFS tir XCQ4 la
cao hon XQ4 truyén théng véi diéu kién nhu nhau. Phan tir méi XCQ4 c6 thé dugc mé réng va ap dung cho cac bai toan
phiic tap hon trong thuc té.

Tir khod: Phan ti hitu han mé réng; Co hoc ran nat; Hé s6 cuong do6 ang sudt; Ky thudt lam giau; Noi suy kép

Abstract. This work presents a novel extended 4-node quadrilateral finite element (XCQ4) method based on the consecutive-
interpolation procedure (CIP) with continuous nodal stress in oder toaccurately model singular stress fields near crack tips
of two-dimensional (2D) elastic cracked solids. Incontrast with conventional FEM methods, the approximation functions
constructed based on CIP involve both nodal values and averaged nodal gradients as interpolation conditions. As a
pioneering extension of a recently developed CQ4 element associated with enrichment method, the proposed XCQ4

extracts the stress intensity factors (SIFs) at the crack tipsprecisely. Accuracy and convergence of the SIFs results obtained

by the proposed method are as high as those of the standard XQ4 solutions.

Importantly, the proposed XCQ4

elementmethod is highly promising for use in other complex engineering problems.

Keywords: fracture; Extended finite element method; Stress intensity factors;

interpolation

1. GIOI THIEU

Mb hinh hoa chinh xac truong chuyén vi va bién dang
dinh nit vin dang 1a mot van dé thach thic trong co hoc
ran nat. Viéc du doan chinh xé4c trudng (ng suat canh dinh
nit dong mot vai tro quan trong trong viéc bao tri, du doan
tudi tho va danh gid su an toan cua vat liéu ciing nhu Kkét
c4u trong tuong lai.

Trong mot vai thap ky qua, phuong phap phan tur hitu
han (FEM) duoc xem 1a mot cong cu s6 hiéu qua giai quyét
nhiéu bai toan ky thuat phurc tap ma 10i giai giai tich khong
dap ung dugc. Tuy nhién, khi giai quyét bai toan nut gap
nhiéu kho khin do su lién két cau trac phan tir phai dugc
cap nhap mot cach lién tyc trong sudt qua trinh tai chia
ludi. Do d6, c6 nhidu nd luc nham cai tién phwong phap
FEM dé phu hop véi yéu cau ky thuat, mot trong nhiing
phuong phap d6 chinh 1a phan tr hiru han mo rong
(XFEM).

Trén co so do, trong pham vi nghién cru nay, mdt nghién
ctu méi cho bai toan niit cua két cau dan hdi hai chiéu
duoc str dung bai phan tir hitu han mé rong tar giac ndi suy
kép (XCQ4) duoc trinh bay. Két qua s6 thu dwoc tir phuong

Smooth nodal stress; Enrichment; Consecutive-

phap dugc so sanh véi XFEM, cac phuong phap sé khac
cling nhu 10i giai chinh xac nham kiém chung hi¢u suat cua
XCQ4.

2. XAY DUNG PHAN TU XCQ4 PHAN TiCH NUT

Vé co ban ma noéi, XCQ4 dwoc nghién ciru trong bai bao
nay 1a mot phién ban cai tién cia chung t6i vé CQ4 duoc
tich hop cac chtrc ning lam giau dé mé phong chinh xac
truong bién dang cua vét nat.

2.1 Phan tir CQ4 va céc thudc tinh

Mo ta chi tiét phan tir CQ4 c6 thé tim thiy trong [1]. Tuy
nhién, dé tién theo ddi, tic gia xin trinh bay ngan gon CQ4
dugc trinh bay trong bai bao nay. Mot diém can noi suy co
toa do X(x, y) trong phan tir tir gidc c6 bdn nit lan luot i, j,
k, m duoc minh hoa trong Hinh 1. Nhu mé td trong hinh vg,
chung ta co cac mién phan t S, S,, Sk va Sm 1a cdc mién
chira tat ca cac phn tir c6 lién quan 1an luot dén cac nut i, j,
k va m. Nhu vay, nhiing nit hd tro cho diém x trong phan
tir CQ4 bao gom tét ca cac nit cuia mién phan tir S, Sj, Sk va
Sm.
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- aDiém x can néi suy
Sj »Nitt anh huong dén x Sj

Hinh 1. Hinh minh hoa CQ4 trong 2D

Theo d6, mién hd trg CQ4 cho diém X thi rong hon mién
hé trg Q4 trong FEM chuan. Loi giai gan dung tai diem x
¢6 thé viét nhu sau:

((x) = Z N, (x)d, = N(x)d (1)

Trong phuong trinh (1), ham dang ngi suy kép dugc xac
dinh nhu sau [1], [2]:
R = AN 40+, 00+,

Iy X

k L Ik NI i
+ﬁ< N I[ : + ﬂ(x N I[,x] + ¢ky NI[,y] + ¢m N I[m] + ¢mx NI[,T] + ¢my NI[,?] (2)

Trong d6, di 1a chuyén vi tai nat, con Nl[i] la ham dang
clia nut i va ns 1 tong sb nut hd trg c6 lién quan dén diém x.
Trong cong thirc ndi suy, viéc xay dung dao ham trung binh
tai nat i (qnhfryng nat khac twong tu) dugc thyc hién nhu [1]
[2], c6 thé viét nhur sau:

NI = D NETENS = SN @

ee§; ee§;

[i1[e]
1,x

Trong phuong trinh (3), thanh phan N ’ la dao ham

cua N ,m dugc tinh trong phan tir e, va We 1a ham trong s6
cua phén ttr e €Sj, nd dugce dinh nghia nhu sau:
A
W, = ——
A
€§;
va Ae 1a dién tich cua phan tir e.
Trong phuong trinh (2), cac ham s ¢, @i vagyla cac da
thire co s¢ ¢ lién quan dén nat i phai théa man diéu kién
Ssau:

Vo e €S (4)

€

™}

¢ () = G dx(x) =0,y (x) =0
dix (X)) = 0, (X)) = S, By (x1) =0 (5)

gy (1) = 0, diyx (X)) = 0, diyy (x1) = S
Trong do, | 1an luot 13 mot trong cac chi sd i, j, k vam, va
5 1 if i=I )
"o i il
Can luu y rang, cac didu kién trén ciing can ap dung
tuong tu cho cho cac ham so6 khac nhu ¢, dix, dy; &, dx,
DyVadm , dnx, @my. Sau cung, cac ham da thic co so trong
CQ4 dugc dinh nghia nhu sau:

¢ =L +LL; + L + Ly, — LS —LLg - LLa

i = —(% — X I(LFL; + pLiLjLy + pLL;Ly)
— (% =X (L + PLiLycLy + pLiL L)) (7)
— (% = Xn)(L L + PLiLnL; + pLiLyLy)
y = —(¥i — YL + pLLjLy + pLL;Ly)
— (i = YL L + pLiLyc Ly + pLL L))
—(%i = Ym) (L Ly + PLiLy L + pLilyLy)

Trong phuong trinh (7), p = 1/2 va cac ham sb ¢, ¢,

Bys As Doy Dy 3 Py Pox s Py cling dugc thyc hién tuwong tu
bang cach xoay vong céc chi s i, j, k va m. Theo do, Lj, Lj,
Ly va Lm 12 hé truc toa do6 dién tich cua diém can noi suy x
trong phan tur tir giac i, j, k va m.

Tét ca cac tinh chat cua phan tir CQ4 c6 thé duoc tim
thy trong [1] va mot diém quan trong can nhic dén ¢ day
d6 1a ham dang cia CQ4 thi tron va min hon Q4 chuan
duoc thé hién trong Hinh 2.

1

A

0.6

0.4

(a)

EE———

(b)

Hinh 2. Ham dang cua Q4 (a), CQ4 (b) trong 2D.
2.2Mé rong xap xi CQ4 cho nitt

Ciing giébng nhu y twong chu dao cia XFEM [3] 1a sir
dung mot chuyén vi xap xi c6 kha ning mé ta chinh xac su
bt lién tuc va ky di ciia ving 1an can dinh nit.

Do d6, xap xi mé rong CQ4 cua chuyén vi cho vét nit co
thé viét nhu sau:
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Phdn tich bai todn nitt phing dan hoi tuyén tinh bang phan tir hitu han mé réng tir gide néi suy kép (XCQ4)

u"(x) =Y N ()u;+ > Nj()[H(X)-H(x;)] a

+Z; N (x)Z[F () - F“(x,) ] bf

(8)

Trong d6, N (x) dai dién cho ham dang CQ4 lién quan dén
nat i dé ndi suy truong chuyén vi tiéu chuan, J* 1a tap hop
cac nat ma rong thudc phan tir bi vét nat cat qua, KU 1a tap
hop cac nat mé rong thuoc phan tir chira dau vet nat, u; 1a
vecto chuyén vi cua nit i. H(x) 1a ham Heaviside c6 gid tri
+1 trén duong nut va — 1 dudi duong nat, a; 1a chuyeén vi
bac tu do mé rong thuoc J*. Cubi cung, b 1a bac ty do
chuyén vi tai nat K thugc K% phu hop véi ham mé rong
tismcan F*(X).

Dbi voi bai toan dan hoi tuyén tinh dang hudéng 2D, ham
F“(x) dugc dinh nghia nhu sau:

e
VTCO{ j
)

\/Fsin(— sin(@)
\/_co{ jsm(e)

Trong do, (r,0) 1a hé toa d6 cuc dia phuong co géc toa do la
dinh nat.

m|¢b N

[F“(x),a =1,...,4]= 9)

2.3 Phuong trinh roi rac

Cac hé théng roi rac cua phuong trinh can bﬂéng tuyén
tinh trong dieu kién dan hoi bién dang nho c6 thé duoc thé
hién nhu sau:

Kd=F (10)

Trong do, K 1a ma trdn d6 cung tong thé, d 1a vecto chuyen
vi nit tong thé bao gom nut tiéu chudn va nit mo rong. Déi
v6i phan tir duoc 1am giau, ma tran d6 cang phan tur thu
duoc:

b
ki’ ki Kjj

k§ =] K§ k;ﬁ kG (11)
Ko ke KD
Trong khi d6i v6i phan tir tiéu chudn thi
ki =kjj’ (12)
Vai
ki = () ( )dQ r,s=u,a,b (13)

Trong do, B ma tran tinh bién dang, 1a dao ham ddi xing
roi rac cia ma tran ham dang mo réng. Cac thanh phan cua
B dugc cho nhu sau:

N 0 (NjH), o
BI=| 0 Ni,|:Bi=| 0 l\~le)’y :
Ni,y le (NJH)'y (NjH),x
NF.), o
BEa‘a—1234 - 0 NicFa Y (14)
o (Nszx),y Nde X

Trong phuong trinh (10), F la vecto lyc nat tac dong tir
bén ngoai va ban than cua phan tr dan dén vecto luc tong
thé phan tir dwoc viét nhu sau:

T
fie — {fiu lfia,fibllfibz ,fib3 :fib4} (15)

Dbi v6i phan tir tiéu chuan thi
fie = fiu (16)

Céc thanh khéc 1a cua phan tr mé rong, chung dugc dinh
nghia chi tiét nhu sau:

= [Njtdr+ jN bdQ 17)
0Q°
fi= | Ni[H(x)—H(xi)]tdF+jNi[Hx ~H(x,)] ba@ (18)
"] iree = [ N[Fe0-Fx) ] Wr

00Q°
+[ N [F 00-F(x)] bd@ (19)
Qe
v6i bva tlan luot 1a luc ban than trén mot don vi thé tich
va luc tac dung 1én bién.

3. TICH PHAN TUONG TAC VA CACH TINH SIFS

Pé thu duoc SIFs, dang mién cua tich phén twong tac
dugc chon trong bai viét nay [4]. Hai trang thai cua tim

chira vét niit dugc xem xét. Trang thai #1 (O',(Jl), ,(11) ,u(l)) 1a

trang thai thuc twong tng véi Sy lam viéc hién tai, con trang
théi #2 (§?, £ ,ufP) 1a trang théi 4o, trang thai xp xi, 1a

trang thai dlI()’C chon nhu 1a truong t|§m can khu vuc dau
dinh nat cho mode I va mode II. Mo6i quan hé gitra tich
phén tuong tac va SIFs da mode nhu sau:

2
ME2 = 2 (KPKD + KPKI) (20)
Trong do, M®2 13 tich phan twong tac va duoc dinh nghia
nhu sau:

out
_ Gi(jZ) i

M &2 :L_ W(1’2)51j _

2
) ou;

1

Trong (20), E 1a tham sé vat liéu va duoc dinh nghia nhu
sau:

) E, Ung suat phang
E= N E >, Biéndang phang (22)
-v

vatrong (21), W&? =50l = 5D L.

Néu trang thai #2 duoc gia dmh la truong tiém can cua
mode | véi K@ =1 va K@ =0, sau ¢6 SIF mode I cho
trang thai #1 thu dugc nhu sau:

E M (1,Model)

K® =
2

(23)
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Tuong ty cach tinh trén, SIF mode II cho trang thai #1
thu dugc nhu sau:

KO = % M (LModel)
Tich phan M@ trong (21) khong pht hop 1im véi phan
tir hitu han, gy rat nhiéu khé khan trong tinh toan. Vi thé,
n6 duoc chuyén sang tich phan mién bang cach nhan thém
mot ham trong 6 bién q(x), noé duwoc minh hoa nhu Hinh 3,
gi4 tri cia né thay déi tir 1 khi & gan dinh nut va bang 0
trén duong vién bén ngoai theo quy dinh. Cubi cung, tich
phan tuong tac trong hinh thé méi dugc xac dinh boi:

M@”:j{a?éﬁ:ﬂﬁagi—waa@JjﬁdAQQ
A 0% 0% OX;

Mot vin dé can luu ¥ thém khi thuc hién noi suy kép
trong ham x4p xi, d6 1a mién hd tro cho cac phan tir thudc
J-domain trong XCQ4 1a 16n hon XQ4 chuan. J-domain
dugc thé hién trong Hinh 4a cho XCQ4 va 4b cho XQ4. Do
d6 hé sé SIFS thu duoc tir XCQ4 c6 d6 chinh xac cao hon
XQ4 va duoc kiém chimg trong cac vi du sd.

1
0.8
0.6
0.4
0.2
0

0.6

(a
0.4
_ 0.2
(b o
Hinh 3. Hinh anh minh hoa ham trong so q(x) dung trong tich

(24)

phdn tuwong tac: (a) mat bang, (b) mar dimng
| 1T T] [ ]
0 B I\ ¢
my .
C\ e ) 0\ /AN
L] L LTI
(a) (b)

Hinh 4. Hinh anh minh hoa J-domain giiza Q4 (a) va XCQ4 (b)
4. ViDu sO

Hai vi du vé bai toan co hoc ran nut dan hdi tuyén tinh
hai chiéu bao gdm mode don va hdn hop duwoc xem xét. Hé
s6 cuong do tng suat (SIFs) dugc tinh bang tich phan
tuong tac thu dugc tir XCQ4 sau d6 so sanh voi XQ4 ti€u
chuin hoic cac phuong phép sb hién c6 khac. Cac phan tich
vé tdng sb bac tu do, cach chia lu6i quy tic hay bat quy tic,
ban kinh tich phan tuong tic nhim danh gia mic d6 hoi tu
cling nhu d6 chinh xéc cua phuong phéap. Trong cac vi du
s6, diéu kién bién dang phiang duoc ap dung.

4.1 Baitoan 1

Trong vi du nay, mot tim hiru han chtra vét nut canh chiu
lyc cit phan bd phan bd déu tac dung vao canh bién trén
nhu Hinh 5.a. TAm c6 chidu rong W = 7, chiéu cao L = 16
va chiéu dai vét nut a = 3.5. Luc cit c6 cudng do ©=1 duoc

ap vao bién trén cua tim. Dudi tac dung cua lyc nay, tam s&
bi pha hoai theo hai trang thai ¢6 1a mode 1 va mode 2. Loi
giai chinh xac [1] cho két qua K = 34.0, Ky, = 4.55, 1a diéu
kién ding dé so sanh voi XCQ4.

T g
- ottt
a
=] a |
w w
X -
) (@) ) (b)
Hinh 5. Tam hitu hgn chira vet niit canh chiu luc cat (a) va luc
kéo (b) )
Bdng 1. D¢ hgi tu cua SIFs vai mdt dg ludi cua tam hizu han
chiu lyc cat
I © 9x19  19x39  29x59  39x79

XQ4 31.3742 33.0055 33.4473 33.6480
XCQ4 31.7094 33.1934 33.6175 33.8123
XQ4 4.4075 4.4632 4.4775 4.4839
XCQ4 4.4987 45301 4.5635 45553
XQ4 31.1810 32.8235 33.2693 33.4731
XCQ4 31.5365 33.0080 33.4352 33.6361
XQ4 4.3953 4.4522 4.4698 44774
XCQ4 4.4467 4.4764 4.4838 4.4911
XQ4 31.2015 32.8516 33.3274 33.5318
XCQ4 31.3362 33.0001 33.4795 33.6808
XQ4 4.3912 4.4477 4.4664 4.4737
XCQ4 4.4265 4.4563 4.4709 4.4989

Sw anh huong cuda tich phan J phu thudc vao ban kinh R
dugc mo ta nhu Hinh 6.

Trong nghién ctru nay, ban kinh J-domain R dugc khao
sat & ba gia tri khac nhua bao gém R=2,R=25 R=3.
Mat d6 chia lu6i hay tong sé bac ty do 1a mét trong nhitng
yéu t6 anh huong rét 16n dén két qua tinh toan. Theo do,
bén cach chia ludi cé quy tic 9x19; 19x39; 29x59 va
39x79 dugc xem xét. Két qua tinh toan cua mdi mién tich
phan cung vai cach chia ludi dugc thé hién trong Bang 1.
Két qua s6 thu duoc 1a rat tét, sy chinh x4c cia hé sé SIFs
cang ting gan vai loi giai chinh xac khi s6 phan tir ting 1én.
Dong thoi, gia tri trong bang 1 ciing cho thay rang két qua
SIFs thu dugc tir XCQ4 1a tot hon XQ4 truyén thong. Tam
anh huong ciia ban kinh J-domain khi tinh hé s6 SIFs & ché
d6 da mode 1a nhe nhang va khong dang ké. Tuy nhién, mot
ban kinh mién khong qua 16n ciing nhu khong qué nho
dugc chon nhim dam bao tinh chinh xac ciia phuong phép.
Do d6, R = 2; 2.5 hoidc 3 c6 thé duoc dung.

Sai s6 twong di cua hé s6 SIFs khi tinh bing XCQ4 va
XQ4 ¢ mode I va mode II so véi loi giai chinh xac dwoc
phac hoa ¢ Hinh 6 cho cac ban kinh mién J khac nhau. D&
dang nhan thiy tdc d6 hoi tu cua ca hai mode la tuong ty
nhau.

Diéu d6 ¢ nghia rang toc do hoi tu cia XCQ4 cho cac
truong hop R khac nhau thi tét hon XQ4 cho ca hai mode.
Do d6, khi thyc hién véi XCQ4 thi it suy bién hon XQ4
truyén théng.

18 Tap chi Khoa hoc Lac Héng S6 04



Phdn tich bai todn nitt phing dan hoi tuyén tinh bang phan tir hitu han mé réng tir gide néi suy kép (XCQ4)

—H—XQ4 (K)
—©—XCQ4 (K) |

10* 10°
Number of nodes

—%—XQ4 (K)

‘\'3\;9-:3(,4 )

10‘ e
Number of nodes

—¥—XQ4 (K)
—o-XCa4 (K)

Re

‘ -  [exaa) |
AL O XCA )

Re

10! 10°
Number of nodes

Hinh 6. Ké qud héi tu cia mode I va mode II
thu duoc tir XCQ4 va XQ4 véi R khac nhau

4.2 Baitoan 2

Tam hiru han chiu luc kéo nhu so do tinh thé hién trong
Hinh 5.b.

Luc kéo c6 cuong 6 o =1 dit tai bién trén cuia tim, Vi
diéu kién cua bai toan nhu vay thi chi c6 mode I bi pha
hoai. Tuong tu nhu luc cit & trén, ta cling di xét sy anh
hwong caa ban kinh mién tich phan J nhung chi hai gia tri R
=2 va R = 2.5 duogc xem xét. P hoi tu cua hé sé SIF vao
mat do ludi ciing duogc phéan tich. Két qua sé hé sb SIF
mode I duoc kiém ching véi 101 giai chinh xac dwoc cho
b&1 Ewalds va Wanhill [5].

K, =Covma (26)

- 8.7292
- 8.7808

: . : : +XQ4(KI)

——XQ4(K) |
——XCQ4 (K) -

O O O S

Number of nodes

Hinh 7. Két qua hgi tu ciia mode | thu dueoc tir XCQ4 va XQ4 véi
hai gia tri R

Trong d6, hé s6 diéu chinh C dugc tinh nhu sau:

2
C=112— 0.231(1j +1o.55(3j
W W

3 4
- 21.72(3j + 30.39[ij
W W

Két qua tinh toan va gia tri 10 giai chinh xac dugc thé
hién trong Bang 2. Nhu mong doi, dé dang quan sat dugc
su chinh sat cia két qua sé thu duoc khi tinh hé sé SIF
mode | boi XCQ4 1a t6t hon XQ4 thong thuong. Puong
biéu dién két qua s6 SIF cua nghién ctru nay tiém can voéi
l6i giai chinh xac khi ting s6 lwong phan tir dugc thé hién &
Hinh 7. Ciing gidng nhu vi du ¢ truéc, sy anh huéng cua
ban kinh mién tich phan J ciing tim thay trong vi du nay.

@7)

Bdng 2. B hoi tu cua Ki phu thude vao mdt do heoi

9.1050 9.2137 9.2649 9.3721

9.1499 9.2591 9.3105
- 8.6869 90602 91681 9.2192
- 87362 91012 92108 9.2632

Hon nita, sai s6 tuong ddi cua hé sé SIF mode I duogc roi
rac hoa theo ban kinh mién R cua tich phan J duoc minh
hoa trong Hinh 8 rd rang cho thay thém 1an nita 1a XCQ4
t6t hon XQ4.
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Két qua cho thay rang viéc sir dung phan tir XCQ4 véi
thu tuc noi suy kép dugc de xuat trong nghién ctru nay cho
truong tng suat min mang hon XQ4 truyén thong.

5. KET LUAN

Mot phuong phéap s6 mo rong bang cach st dung cac ham
sb co ban cua CQ4 dé mo hinh hoa chinh xéac cac vét nut da
dugc phat trién boi ki thuat 1am giau. N6 bao gom ham bét
lién tuc Heaviside va mot trudng tiém can gan dinh nut.

Nghién ciru di sir dung cic mé rong cua phan tor CQ4
(XCQ4), n6 dic biét phi hop cho mé hinh vét nut, dé phan
tich hé sd cuong do Gng suit va mot s Van dé trong bai
toan co ran nat dan hoi tuyén tinh 2D. Trong mdi truong
hop nghién ctru, cac SIFs va d6 hoi tu cia né duogc tim thiy
khop véi cac phan tich twong tmg nhu XQ4 ndéi chung va
cac phuong phap sé khac noi riéng.

N6i chung, cac két qua sb thu dugc tir XCQ4 cho thiy
dat mot hiéu suat cao vi n6 mang lai su chinh x4c cao hon

6 phan tir thong ‘thuong. Mat khéac, XCQ4 con thé hién duoc
" truong (g suat min mang ¢ dinh nut ma khong thé dé dang
thu dugc tuong ty & phan tir théng thuong.
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