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1. PAT VAN PE

St dung cic phuong phdp quy hoach todn hoc dé giai bai todn tdi wu dugc ing dung khé
rong rai trong cdc linh vure ki thudt va trong cdc bai toan kinh té. Tuy nhién, ddi véi cdc bai todn
d6i xtmg tryc trong co hoc, ing dung nguyén I cyc dai Pontryagin [1, 7] cho phép ta dat dén két
qua nhanh gon hon. Dudi ddy ta xét bai toan t&i wu héa vo try, tim tron ¢6 gan ting cudng bing
nguyén li cuc dai Pontryagin.

2. BAITOAN TOI UU VO TRU CO COT
2.1. bat bai toan
Bét ki két cau vo dbi xtg truc chiu tai trong ddi xing & trang thdi gioi han nao, theo N. V.

Akhvledianhi [6] déu c6 3 bac ty do. Ddi v6i vo tru chiu tai trong doi xng, bai toan don gian di
rat nhiéu.

Hinh 1. Phan tb vd chiu tai trong dbi xirng truc

~ Hé phuong trinh can be‘ing cua phan t6 vo tru (hinh 1) chiu tai trong dbi xung theo [5] duoc
viét dudi dang:
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B(N(Pro)

20 —Ngrcos@—1,Q, +1,5Y =0;

9 (Qq,ro )
¢

NI, + Nor sin @+ +1,5Z=0; (1)

a(M(prO)

20 —Mgrcos@—r,5,Q, = 0.

trong do: N(p, N, - ndi luc tdc dung theo phuong kinh tuyén va phuong vong; M,.M, - momen
uén tic dung theo phuong kinh tuyén va phuwong vong; Q(p - lyc cét; 1o - ban kinh mit cit vanh

khuyén dang xét c6 toa do ¢; r; - ban kinh cong theo phuong kinh tuyén; Y, Z - cdc thanh phan
ngoai lyc. Pua hé (1) vé dang phuong trinh vi phan dao ham thuong:

d(N,) . .
d—(pq) =@ =t (—N(pr0 + Ngrcos@—1,Q, —rOrIY);
d(Q,) (o . 2
d(pq) =¢, =1’ (—Qq}r0 — N1, — Ngr; sin (p—rOrIZ); (2)
d(M ,
d(p(p) =@, =1," (-M,1, + Mgr,cos@+1,5Q, ).
Khi d6 ta c6 bai todn diéu khién t6i wu [1]:
X =0, (X, Xy, 000 X3 0, Uy, 000, )
3)

T
I=x, zj(podt—nnin, ue Q.
0

trong d6 X,,X,,...,X - toa do cua h¢; u,,u,,...,u, - bién diéu khién. Trong trudng hop nay:
N(p, Q(p,M(p, J - déng vai tro toa do; Ny,M,, va cdc thong sb cua cdt 1a céc bién diéu khién; Q
- mién diéu khién cho phép.

Xét truong hop mot dau vo try tron bi ngam tai ¢=0, cac dai lugng N(p, Q(p, M(p, J coi nhu
cho truée. Khi d6 ta c6 truong hop dbi xtng tryc.

Phuong trinh cin bang s& c6 dang:

M, N,
dz*

trong d6, z 1a phuong doc theo dudng sinh.

P=0 “)

Doi voi vo c6 cot, bai todn toi wu dat ra la: cho trwdc dic trung hinh hoc vo va tdi trong,
Yéu cau xdc dinh cdch bo tri cot va so lwong cot sao cho tong trong lugng cot la nho nhat.

2.2. Thuat toan
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Néu cho canh tay don cua cap ndi lyc khong dbi, thi cac hé s6 ¢t li¢u theo phuong doc va
phuong chu vi dugc xac dinh theo cong thurc sau [6]:

m Z‘Mw‘. i :M‘ (5)
" 86,h” " o,h
oy - gi6i han bén cta cbt; h - chiéu cao mat cit; 8 = constant - canh tay don cua cap ndi luc.
Thé tich cbt duoc viét duéi dang [6]:
L
V:j(ul"'uz)dz (6)
0
Theo ki hiéu cta If thuyét didu khién, c6 thé viét (6) nhu sau:
L
XO(L)=J.(‘X1‘+5‘U‘)(1Z @)
0
trong d6 u = Ny, - diéu khién bién ddi trong khoang 0<u < pR. L- chiéu dai vo.
Ap dung nguyén Ii cuc dai Pontryagin [1,7], dua phuong trinh (4) vé dang:
. . u .
X, =X,; x2=P—E; Xy =x,[+8|ul. (3

Véi cdc diéu kién bien: x,(0)=x,(0)=x, (0)=0. Du gid tri tuyét ddi ctia x; va u bd qua

vi u>0, va tr u<pR clng diéu kién ban dau suy ra x, >0 va X, >0. Ti d6 ta c6 ham

Hamilton:
szo(xl+8u)+\p1x2+\u2(P—uR)=max. 9)
va hé phuong trinh lién hop:
Vo =0 W, =—ys; W, =y, (10)
Véi diéu kién bién twong tmg: v, (L) =, (L)=0; , (L) =—1,diéu d6 c6 nghia la:
y,=-1; y,=—L+z y,=-0,5(L-z) (11)
nhu vay, ham Hamilton sé dugc dua vé dang:
2
L-—
H1=(L—Z)x2—0,5(L—Z)P—x1+[( & Z)) —5]u. (12)
a

Léyi giai t61 wu theo [1, 7] tim dugc khi H; = max theo u. Khao sat cuc tri ham H,, ta nhan
duogc két qua:
0 khi (L—z)’ <28R
u= . (13)
PR Kkhi (L—z) >20R

Tu (7) suy ra md6 men udn c6 phu thudc sau:
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dz[Pdz khi (L-z) <20R;
ZO ZO . (14)
0 khi (L-z)’>28R

z,=L—-+2RS

Xy

2.3. Tinh to4n s

Xét Ong tru tron kiéu éng xyld ding dé chira vat liéu dang hat (hinh 1a). Vat liéu nén 1a
bétdng mac 300, cot bang thép CT3. Loi giai tdi uu dugce thuc hién bang ngdn nglr Matlab cho
trén hinh 1b, Ic, 1d)

2R$‘ 12m

=
2 ‘ 12,2
4 \

: 14,2 W,

| P M,

| 15,8 — .

| 1,45
a) | 7 b) 16,8 ¢) d) MT

Hinh 2. M hinh éng xy 18, biéu d mé men va tai trong
a)-kich thwéc hinh hoc; b)-tai trong; ¢)- cbt vong; d)- cbt doc
3. BAI TOAN TOI UU TAM TRON CO COT
3.1. bat bai toan

Hinh 3. TAm tron vanh khuyén bi ngam xung quanh (p-ban kinh bét ki)

Xét tm tron bi ngam bién ngoai, ¢6 ban kinh trong r, ban kinh ngoai R, chiu tic dung boi
xung phan bb déu, v6i van tdc ban dau vo (hinh 3). St dyng dinh 1i Martin [8], khi giai bai todn
t6i wru tAm chiu tc dung boi xung phan bd déu, dugc dua vé tim chiu tai trong tinh:
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R
ch pmvédp mvg (R2 - r2) (15)
TCTm dra

trong d6 U - d6 vong cho phép tai bién tam.
Gia su tdm dugc bd tri gan ting cuong theo phuong chu vi va phuong huéng kinh. Khi do,

bai todn tdi wu dwoc dit ra nhu sau: Xdc dinh cdch bé tri cét tang cwong ciia tdm, sao cho ham
muc tiéu [6]:
R
T=[([M,[+[M,|)pdp — min (16)
vi M, <0 nén dau tuyét dbi ciia s6 hang thir 2 ¢6 thé khong can viét.
3.2. Thuat toan

Phuong trinh dao dong cua tAm tron duoc viét duéi dang [3]:

2 2
19| p 0 [0V 19U}, 129 U_,. 17
pap| plap® pop ot
ER’

trong d6: U(r,t) - 0 vong, D = - dg cung try; v - hé ) Poét-xong, y - khéi luong
12(1-v?)

riéng, p - ban kinh tim, h - bé day tim; p - tin s6 dao dong riéng.

Cac thanh phén ndi luc dugc tinh theo céac biéu thuc:

2
M :_D[E) U+v E)U]

' o’ pIp
2
M, =-p|v2Y 19U} (18)
ap” pap
R
Q, = [ 2mpqdp.

Dé giai bai toan trén bang nguyén 1i cyuc dai Pontryagin [1,7], do ddi xtng tryc, ta dat bién
nhu sau:

P
M =—x;; My=u; X0=j(‘u‘+xl)pdp (19)
va dua bai todn vé dang chinh tic cua If thuyét diéu khién tdi wu:
X, = (|u| + Xl)p,
%, = xl+u_&, (20)
PP
Qr = ’thzup'
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Dau chdm biéu thi dao ham theo p. Theo nguyén Ii cuc dai Pontryagin, ta thiét 1ap ham
Hamilton khi cho tan s6 dao dong riéng p = constant [4]:

H=wo(|u|+x1)p—w1(x‘p+“+%j. @1)

trong d6 Y, Y, thod min h¢ phuong trinh lién hop sau:

V=0, Y, =y,p+ Wlp_l- (22)

Giai cdc phuong trinh (22) véi diéu kién hoanh [2]: (R)=-1; y, (R)=0. Thay loi giai
nhan dugc vao ham Hamilton (21), ta nhan dugc:

H=—(R-2p)[u... (23)

Sau dau ba chdm 12 céc s6 hang khong chira diéu khién nén c6 thé bé qua [3].
Khao sat ham Hamilton (23), ta nhan dugc 101 giai tdi uu:

Khi r<p<R u>0, M, =0, MQ:Q(p—r);

3 (24)
Khi R<p<R u=0,M,=0,M =0|Z 5|
2 3(p

Tu (22), ta dé dang nhan dugc céc thong $6 t6i wu.

Nhdn xét: Khir = 0, ta nhan duoc 10i giai twong tu trong [2] ddi voi tAm tron chiu tai trong bét
ki: bén trong vong tron ban kinh R/2 - dat cot vong, bén ngoai vong tron dat cot hudng tam. Khi
> R/2 - trén tam toi wu chi dat cot hudng tam.

4. KET LUAN
D6i v6i céc bai todn ddi ximg truc, 10i giai toi uu nhan dugc khd dé dang néu 4p dung
nguyén li cuc dai Pontryagin

Tir két qua sd nhan dugc, ta thay & déy vo try ludn ludn xuat hién mién hi¢u (mg bién ddi
voi moémen (hinh 1d). Déi voi 6ng ngin hiéu g do6 ¢6 thé xut hién trén toan bo vo, diéu d6
nguoc voi i thuyét tinh vo mong: ludn ludn ton tai mién phi mémen khi nghién ciru trang thdi
ing sudt trong vé mong.

Vi tri va cach dat cdt tdng cuong cho tam tron tdi wu, phu thudc vao bén kinh cia tam.
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SUMMARY

OPTIMIZATION OF RIBBED CYLINDRICAL SHELLS AND ROUND
RIBBED PLATES USING PONTRYAGIN MAXIMUM PRINCIPLE

An application of the modern control theory — Pontryagin maximum principle — for solving
the problem of optimizing ribbed cylindrical shells and round ribbed plates is presented in this
paper. By changing the equilibrium equations in form of high-order partial differential equations
into system of canonical ones, the optimum solution is to establish the Hamilton function and
investigate its extreme. The calculation results show that the weight of the optimal reinfoced
concrete shells and round plates can be considerably decreased.



