TAP CHI KHOA HQC VA CONG NGHE Tap 45, sé 6(DB), 2007 Tr. 141-178

TOM TAT MA TRAN NGHICH BAO SUY RONG VA IPNG DUNG
NGUYEN TOAN THANG, NGUYEN THUY ANH, NGUYEN NGOQC SAN
GIOI THIEU

Vai tro cua dai cuong hda 4nh xa ndi chung va ca ma trin noi riéng dang dugce xac lap
trong cac nganh khoa hoc khac nhau va 1a muc tiéu nghién ciru cia mét trong cac téc gia. Bai bao
trinh bay tom tat nhimg van dé thudc li lugin co ban vé nghich dao suy rong va mot sb img dung da
duoc céc tac gia dé xuat dé xir 1 cac bai toan nhén dang hé dong hoc thude li thuyét hé thong,

I. TOM TAT LI THUYET MA TRAN NGHICH PAO SUY RONG

1.1. Sy ton tai ciia ma trin nghich dao suy rong
I.1.1. Hé cde phuong trinh Penrose

Nim 1955, Penrose chi ra ring tit ca cdc ma trin 4 c6 kich thudc hiru han, ¢é cdc thanh
phan thuc hay phirc deu ton tai mdt ma trén nghich ddo suy rong duy nhat X thoa man dong thoi
bon biéu thirc sau:

AXA = 4 (1.1.1)
’ XAX =X (1.1.2)
(AX) = AX (1.1.3)
(XA)" = X4 (1.1.4)

trong d6, ddu “*” biéu thi chuyén vj phirc cita ma tran trong déu (.). Do tinﬁ:iduy nhit cia ma
trdn nghich dao suy réng thoé’mﬁn cd bon phuong trinh trén dugce E. H. Moore nghién ciru truée
do nén X thutng dugc biet dén 1d nghich dao Moore-Penrose hay twa nghjch dao va duge ki
hiéula A .

Ta thudng quan tdm t&i cac ma trén nghich dao suy rng thoa man mét vai chu khéng phai
toan bd bdn phuong trinh trén. Vi mbi loai nghich dao suy rong c6 cée tinh chét khac nhau, nén
ta c6 thé quy udc céc tén goi riéng thuong gap trong cdc tai liéu tham khédo chuyén nganh nhu
sau:

(i). Mgt nghich ddo suy rong chung cia A 14 X = 4= 4" € A{1} thoa man (1.1.1),
(ii). M9t nghich dao suy rong phan thdn (reflexive) cia 4 13 X = 4" = 4" = A{1,2} thoa man

(L.1.1)va(l.1.2).

(iil). Mot nghich ddo suy rong trdi yéu (left weak) cia 4 14 X =4" = A*Ve 4{1,2,3} thoa man

(1.1.1} (1. 12)va(l 1.3).

(iv). Mot nghich ddo suy réng phai yéu (right weak) cladlaX=4"= A('*" Ve 4{1,2 4} thoa man

(L.L1), (1.1.2) va (1.1.4).

Dé tién, ki hidu C™ hodc [ R™" ] hay C™ hoac [ R™" ] biéu thi I6p cic ma tran cb cac

thanh phan phirc hoic {thirc], kich thude mxn di véi trudmg hgp khong néi t&i hang hay ¢
‘hang r.
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1.1.2. S tdn tai va tink chdt cua cdc nghichj dao {1}
Dinh nghia 1.1.1: Mgt ma trén trong C™ hodc [ R™ | dwoc goi l1a c6 dang Hermite chud,
hay dang bdc thang theo cdc hing néu:

(i). MGi mét trong r hang ddu tién chira it nhdt mgt thamh phdn khdc 0; cde hang con lai ch
chira cac thanh phan bang 0.

(ii}). r cOt ddu tién ciia ma trén don vi I, xudt hién trong cac cft ¢y, €3 ..., €.
Béng cach ap dung phép hoan vj thich hop cic ¢dt, mdt ma trin c6 dang chuin Herimt
HeC™ ¢6 thé duge phén thanh khéi nhir sau:

gl £ (1.1.5
0 o
“ L3 p— I3 I3 M A
trong do, O biéu dién khdi ¢6 tht ca cac thanh phan bing 0.

Dinh i 1.1.1: ChoA;Cfx",EECfI” vaPeC™, sao cho:

. EAP = £, K (1.1.6
' 0 9]
véibat ki Le CY 7" ma rgn kich thude nxm c6 dang nhw sau:
g ! K
‘ 0 L
la mgt nghich dao {1} cua A. o

Chirng minh: Biéu thirc (1.1.6) c6 thé dugc viét thanh 4 = £ [f) K } P! Tir 46 ta thiy b

L
ké X nao xac dinh bai (1.1.7) déu thoa man (1.1.1).

Bidé 1.1.I: Cho AcC™ , 1eC thi:

@. (AV) e 4741},

(b). Néu A khong suy bién thi A" = 47,

(c). A'4" = ({1},

(d). Hang AV > hang A,

(). Néu S va T khong suy bién, T'AVS" = S4T{1},

(). A4V va AV4 & dang Iup va e6 hang bing hang cua A.

Chitng minh: Chc diéu kién v& hang thu duoc nhir bat ding thirc Sylvester vé hang clia ma trér
tich dem lai.

. Dbi véi mdt ma trin A4 kich thude mxn, cac nghich dao [1] 1a nghich dao tréi néu c6 hang
day du theo ¢t va 1a nghich dao phai néu ¢6 hang day du theo hang.

B3 dé 1.1.2: ChoAeC™ , thi:
(). AVA =1, khiva chikhir = n,
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(b). A4V = I, khi va chi khi r = m.
Chimg minh: Dung B6 dé 1.1.1.
1.1.3. Co so cua khéng gian xdc dinh va cua khong gian khéng
Vi AeC™ batKi, ta sir dyng ki hiéu:
R(A)={y=C"y=Ax véi x € C" } 12 khong gian xic dinh ciia 4,
N(A)= {x =C": Ax = 0} 1a khong gian khong cia 4.

1.1.4. Sir 160 tai va cdu triic cua cde ngic dao {1,2}

Bjerhammar @3 chi ra su t61n tai nghich dao {1} cua 4 bét ki am chi sv tdn tai nghich dao
{1,2} cla ma trin d6 va dugc thé hién & bd dé sau day.

Bodé 1.1.3: ChoY,Z e A{l1} vacho X=YAZ ThiX € A{1,2}.

Chimg minh: Do A va X xuit hién dbi ximg nhau trong cic pi\uong trinh Pensore nén
Xe A{1,2} vade X{1,2}.

Pinh i 1.1.2: Cho A va Xe A{1}, thi Xe A{1,2} khi va chi khi hang ctia X bing hang cua A.
Chizng minh: Ding bé dé 1.1.1.(f) chimg minh khi va bé dé 1.1.2 chimg minh chi khi.
1.1.5. Su 1on tai v cdu triic cua nghich dao {1,2,3}, {1,2,4}, {1,2.3,4}

D61 véi mot ma trén bét ki 4 c6 kich thudc hitu han, sy ton tai nghich dao {1,2,3} va
ngich dao {1,2,4} clia ma tran do c6 nghia la sy khéng rong cia 4{1,2.3} va4{1,2,4}.

Dinh Ii 1.1.3: V6i ma trdn bdt ki A c6 kich thudc hiru han thi: ‘
Y=(4'4)"4 € 4{1,2,3) U (L)
va Z=A(44)" € 4{1,2,4} (1.1.9)

Chimg minh: Dung B6 dé 1.1.1.(d) va Dinh li 1.1.2 dé chimg to hang Y bang hang 4 va AY, AZ
¢6 dang Hermite.

Binh I 1.1.4: Vdi ma trdn A ¢6 kich thwoe hitu han thi:
AN 449 = 4 ‘ . (1.1.10)
Chimg mink: Ki higu bén tréi cia (1.1.10) 1a X. T Bd dé 1.13,X e A{l,"z} . Hom nita,
AX = AA"?, XA = A"Y4, ca hai déu dang Hermite. Vi vay, Xe€4{1,2,3,4} va duy rhat,
1.1.6. Thira s6 hoa A’
Bo dé 1.1.4: Cho A C™ , r>0. Thi ton tgi ma trgn Fe C™ va Ge C!™ sao cho:
A=FG , (1.1.11)

Chimg minh: Chon F ¢6 céc ¢t la mdt co sé cua R(A) thi FeC™, Ge C™ duge xac dinh
duy nhét vi mi cot ctia 4 chi ¢6 thé dugc biéu dién boi mot t hop tuyén tinh duy nhét theo cac
¢dt cua & va c6 hang 13 ». Biéu thirc (1.1.11) dwge biét dén la thira s6 hod theo toan hang cua A.
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Dinh i 1.1.5: Néu Ae C™" . ¥>0, c6 thira 56 hod theo toan hang dang (1.1.11) thi:
=G (FAGY'F’ (1.1.1
Chimg minh: Trugc het dung Bo dé 1.1.4 (¥ "AG'=(F'FYGG")) & chi ra F'AG" khong suy bi

Sau d6 dat X = G(GG'Y'(F Fy 'F* va dé thay X thoa man (1.1.1) - (1.1.4). Do 4" 1a thanh ph
duy nhét ciia 4{1,2,3,4} nén (1.1.12) dugc thiét 1ap.

1.1.7. Khai niém vé cdc chudn va bdn kinh khong gian dnh xa

" L a
Dinh nghip 1.1.2: Béi véi p > 1, ham 56 ||x" = {Z| x!|P} g mét chudn vécto trén C"
P
g goi g chudn 1, cua vecto. '

Chudn phé bién nhdt khi p = 1, 2 va « Chudn /i x|, =D |x,|. % hay Eucli
J=1

|-, = fitl‘.lez = (x"x)""? va l, hay Tchebycheff: ||x|| = max{}x}[ :j=1,2,..,n }
1=l

Néu tdn tai hai gi4 tri vo huéng o = inf{"x"z |, = 1}, B =sup{||x||2 =, = 1} 530 ¢
a|x, < "x“2 < ﬁ"x”I thi chuan | |, va | |,twong dwong nhau trén C™. Hai chuén bét ki t
C"™ déu tuong duong néu lim x| =o.

0

. . L
Dinh nghia 1.1.3: Mgt ham thu’c” " trén C™" goi la chudn ma trén néu thod man:

(@). 4] 20, |4 =0 chikhi A=0,

®). |a 4| =|e||4]. voi moi acc,

©). |4+ B|<|4|+||B| voi tdt ca 4, BeC™,
(d). | 48] <]4| BJ| khi ma trdn tich AB xdc dinh.

Tuong tw nhu chudn vécto, chudn ma trin ”A”Pthuf)‘ng gip nhat khip = 1,2 va oo,

Dinh nghia 1.1.4: Myt vécto x va mét ma trgn A dugc goi la chudn te hop néu Ax xdc dinh

A
<1l i, - supl "”

Dinh nghia 1.1.5: Bdn kinh dnh xa §(A) cua ma trdn vuong Ae C" la gid tri tuyét dsi lom n
trong r gid tri riéng cua A; ((A)= max{|Ai|: A la mot gid tri riéng cua A}.

DPinh nghia 1.1.6: Mjt ma trdn vuong A dwoc goi la hi néu A*— 0 khi k> 0, h

Z( A =(+4y hoacZ(H)fAf—(f A"

J=0
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1.2. Pic tinh co ban ciia cac loai nghich dao suy rjng
1.2.1. Nghiém cua cdc hé phuwong trinh tuyén tinh
1.2.1.1. Tinh chdt cvua nghich déo {1}

Dinh1i 1.2.1: ChoAeC™ , BeC™,DeC™  Thi: AXB=D (1.2.1)
c6 nghiém khi va chi khi véi mot 56 AV, BY hop thire theo nghia:

AAVYDBYB=D (1.2.2)
va nghiém tong qudt co dang: X =AVDBY + Y- AVaYBYB, Vye (C™ (1.2.3)

Chimg minh: Néu (1.2.2) dang thi X = 4"DB™ 1a mét nghiém cia (1.2.1). Nguoe lai, néu X 1a
mét nghiém cua (1.2.1) thi D = AXB = AAVAXBBYB = A4VDBB". Hon nira, tir (1.2.2) va dinh
nghia A" va B suy ra ring tit ca X ¢d dang (1.2.3) déu thoa man (1.2.1). Mit khac néu X 1A
mot nghiém bt ki cia (1.2.1), X = AVDBV+ X - AVAXBB" ¢6 dang cia (1.2.3).

HE qui 1.2.1: Cho Ac C™ , AVe A{1}. Thi: A{1} = {AV+ Z - AVAZAAV . ZeC™™ } (1.2.4)

Ching minh: Tap m6 ta bén vé phai thu dugc bing cach viét Y =4+ Z

Dinh Ii 1.2.2: Cdc phwong trinh ma trdgn: AX=B,XD=E (1.2.5)
¢6 nghiém chung khi va chi khi méi phuong trinh riéng 1é ¢6 mgt nghiém va AE = BD.

& himg minh: (+) Khi: Vai AV, DY bit ki thi X =A4"B + EDY - 4AY4ED™ 14 mét nghiém chung
cba (1.2.5) khi AE = BD va A4"'B = B, ED'D = E. Theo dinh 1i 1.2.1, hai phwong trinh sau
tuong drong v6i sur thod méan cia cac phuong trinh (1.2.4) khi dugc viét riéng. (+) Chi khi: Hién
nhién, ' Eh
1.2.1.2. Tinh chit ciia nghich dao {1,3} va {14}

Pinh i 1.2.3: Tap A{1,3} bao gém tdt ca cdc nghiém X ctia AX = A4 (1.2.6)
trong do, A" Ia mor thanh phdn bdt ki cia A{1,3}.
Chimg minh: Néu X thoa man (1.2.6) thi AXA = A4V 4 = 4. Vi 44" 1a mot Hermite nén

XeAd{1,3}. Mit khac, néu Xe4{1,3}, thi

p

AAOD = AXAL"D = (AX) A = XA AOYA = XA = AX.
Hé qui 1.2.2: Ae C™ A Ve 4{13}. Thi: A{1 3} = (A" + (- A" Z. ZeC™ ) (12.7)
Chiing mink: Ap dung dinh 1i 1.2.1 d6i v&i (1.2.6) rdi thay ¥ bang Z + 4™,

Pinh Ii 1.2.4: Tdp A{1,4} gbm tdt ca cdc nghiém X cua XA = A""4 (1.2.8)
trong ds, A la mét thanh phdn bét ki cia A{1,4}. '

Chumg minh: Tuong tu nhu chimg minh Binh [i 1.2.3.
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H¢ qud 1.2.3: Cho AeC™ A" e 4{1,4}. Thi:

A{1,4) = (4" + Y - 447Y): Ye C™™ ) (1.2.8

Chung minh: Tuong ty nhu Hé qua 1.2.2, ap dung Dinh 1i 1.2.1 dbi voi (1.2.8).
1.2.1.3. Tinh chét cia nghich dao {2}, {1,2} va cac tip con cia {2}

_ Biéu thirc (1.1.2), X4X =X, c6 tinh phi tuyén d6i v5i X, nén ta khong thé thu duoc tin
chét cia 4{2} néu chi &p dung Dinh 1i 1.2.1.
Pih li 1.2.5.Cho AcC™ , r>s >0. Néu dimg s dé chi hang ciia tdp con ta c6:
, A{2},={¥YZ: Ye C™ ,Ze C™", ZAY =1I}} (1.2.1¢
Chimg minh: Cho X.= YZ 1a phép thira sé hoa du theo hang thi ¥, Z va X c¢6 hang bing s. Ho
nita, XAX = YZAYZ = YZ = X. Mit khéc, dit XeA{2},, thi Ye C™, Ze C*" va YZAYZ = Y
Ngoai ra, néu ¥", Z" Ia cac nghich dao {1} bat ki thi Y'Y= ZZ" = Tirdéta c6 Z4Y =1,

Hé qud 1.2.4: Cho AeC™ . Thi: A{1,2}={YZ:Ye C"™ ,Ze C™ ,Z4Y =1} (1.2.11
Chimg minh: Theo DPinh li 1.1.2 thi 4{1,2} = A{2},.

Dinh If 1.2.6: Cho A C™" , r>5 >0. Néu dimg s dé chi hang ctia Idp con ta cd;
A{2,3},= (Y(AP)': AYe CT™} (#2.13
A{24},= {(AV)'Y: YA CT™ (1.2.12

Chumng minh. Tuong ty nhu chirng minh Dinh 1i 1.2.5.
1.2.2. Ma trén ddng lup va phép chiéu

1.2.2.1. Ma trin déng lup
Dinh nghia 1.2.1: Ma trén A c6 tinh chdt A* = A thi dwoc goi la ma trdn ding lup.

Bé dé 1.2.1: Béi véi ma trin ding lup Ee C™ , thi:
(a). E" va (I - E) la ddng lup,
(b). Cdc tri riéng cua E 1o 0 va 1. S6 tri riéng c6 gid tri 1 la hang cua E,
(c). Hang cua E bdng trace E,
(d). E(J-E)=(-E)E=0,
(e). Ex = x khi va chi khi x e R(E),
(0. E eE£{1,2},
(). N(E)= &(I - E).
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Chimg minh: Tir (a) t&i (f) rit ra tir dinh nghia vé tinh khdng dbi. (g) thu dugc tir viée phuong
trinh Ex = 0.

Bé @é 1.2.2: Cho ma trén vudng E duoc thira 56 hod dii theo hang E = FG. Thi E la déng lup khi
vachikhi GF = I.

Chimg minh: Néu GF = I, thi (FGY* = FGFG = FG. Mit khac, do F c6 hang day di theo cbt, G
¢6 hang diy du theo hang, nén F'F = GGV =1. '

1.2.2.2. Phép chiéu

Vi hai tap bat ki L, Mtrén C", dinh nghfa téng cia L va M nhu sau:
L+M={y+z. yeL, zeM}.

Néu L, M la cac khdng gian con cia C”, thi L+M cling la khéng gian con cua C". Hom
nira, néu LM = {0} thi L+M dugc goi 12 1ong truc tiép va ki higu 12 LOM. Hai khong gian L va
M ciia C" duge goi la bit nhau néu C” = LOM, khi dé ¢6 thé biéu dién mdi xe C” mét cach duy
nhitx =y +z ( yel,zeM}vay duge biét dén 13 hink chiéu cua x trén L theo phuong M. Ki hi¢u
Py s 12 hinh chiéu trén L theo M.

Ax = yvoi AeC™  x €C", yeC" ¢6 thé duge coi nhu phép bién dbdi tuyén tinh A thuc
hién anh xa x vao y.
1.2.2.3. Quan hé giita ma trdn dding luy va phép chiéu
Dinh Ui 1.2.7: V6i méi ma wan ding luj EeC™ , ® (E) va ME) la cdc khong gian con bu voi
nhau: E=F, & xe . (1.2.14)

Ngueoc lai, néu L va M 1a cdc khdng gian con bit nhau, thi ton tai mbt ma trdn ding lup duy
nhdt P{‘.M sao cho R(P[M) = L, MPL,M) =M.

Chimg minh: Gia sir £ 1a m§t ma trin déng luy bic n. Ding B6 dé 1.2.1.(e), (8) va hai phuong
trinh x = Ex + (I - E)x va Ex = (I - E)y dé suy ra tuong img R (EYOME) =C" va REME) =
{0}. Nghia 1a ® (E) va ME) bu nhau va Ex la phép chiéu cua x trén R(E) theo phuong ME).

GOi {x1, X2, +vy X1} VA (Vs Y2 -+, Y} 18 CC cO 3F clia L va M. Néu Py y ton tai thi s& dugc
Px=x(i=12, ., 1)
Py =x(i=12, ., m)
bién, Py = [XO] [X¥T" nén P,y [XO] = [XO] hay P, khong dbi.

xac dinh duy nhét bai { , hay Py [XY] = [XG)]. Vi [XY] khong suy

Hé qua 1.2.5: Néu A va X Ia cdc nghich dao {1,2} cta nhau, thi AX la phép chiéu trén R (A)
theo phuong MX), va XA la phép chiéu trén R(X) theo phuong MA).

Chiimg mink: Hién nhién.

Dinh 1§ 1.2.8: Cho AcC™ | R(A)=L, MA)=M, L& S=C"vaM® T=C" . Thi:
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(a). X la mét nghich dao {1} cua A sao cho MAX) = S va R (XA) = T khi va chi khi AX =
P XA = Pryy,

(b). Biéu thirc tong qudt: X = PrydVP s + (I, - AVDYU,, - AA™), trong do, AV Ia mgt
thanh phdn ngdu nhién ciia A{1} va Y la mot thanh phdn tup y ciia C™

(c); A,}Is?) = Pr, MA“)P,_‘ s 1@ nghich dao {1,2} duy nhdt cua A c6 khong gian xdc dinh T va
khong gian khdng S.
Chteng minh: Dung Binh 1i 1.2.7 va céc phin (e), (f) va (d) cua BS dé 1.2.1, Trong do, chi v
X= P,MA }P, ¢ la nghlch dao {1} cia A4, cd hang bang hang cta P, 5 14 r nén X 14 nghich dao

{1,2} cda A4 va coé mién T va khdng gian khong S thod mén X4X = X, Nghia 14, ca (a), (b) va (c)
c6 mot nghi€m chung.

Dinh li 1.2.9: Cho AeC™ , U eC™ , VeC* va X=UVADY"V, véi (VAUYV I thanh phdn
khéng doi, bat ki cia (VAUN{1} thi:
' (a). Xe A{1} khi va chi khi hang ciia VAU bangr,

(b). Xe A{2} va R(X) = R(U) khi va chi khi hang cua VAU bdng hang cua U,

(). Xe A{2} va N (X) = N(V) khi va chi khi hang ctia VAU bang hang cua V,

. X= Agcf))ml/) khi va chi khi hang cuia U bdng hang ciia V bing hang cua VAU vi
bang r.

Chuing minh: Hién nhién. C6 thé sir dung dinh 1i nay dé chirng minh Dinh 1i 1.2.8 vdi cdc nghich
dao {2} khac, khong chi cac nghich dao {1,2}.

Dinh li 1.2.10: Cho Ae C™™", T kich thwoc s < r I khdng gian con ctia C" va S kich thudce (m-s,
la khong gian con cua C". Thi A ¢6 mét nghich dao {2} duy nhdt ki hiéu X sao cho RX)=T vc
N(X)=Skhivachikhi AT®S=C".

Chimg minh: Vi VAU khéng suy bién nén X = U(VAUY'V la mdt nghich dao {2} cua 4, c(
khong gian x4c dinh T va khong gian khong S. Hon nita, AT = R (4X) va § = N (X) = N (4AX)

Sau d6 dung phép chiéu dé chimg minh tinh duy nhét dbi véi cac nghich dao {2} cua 4 c6 miér
T'va khong gian khéng S.

H¢ qui 1.2.6: Cho A C[™, T la khéng gian con ctia C" ¢6 kich thude r va dit S 1a khéng giar
con cua C" ¢ kich thudc (m-r). Thi ba phdt biéu dudi ddy la twong duong:

(a). AT® S=C",
). RA)BS=C"vanNA) & T=C", (1.2.15
(c). T6n tai mét XeA{1,2} sao cho RX) =T va N(X)=S§. (1.2.16)

Chimmg mink: Hién nhién tir Dinh 1i 1.2.10.
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1.2.2.4. Phép chiéu truc giao
C6 mjt vécto xe C” va mdt khong gian con L cia C”. Thi t6n tai trong L mdt vécto u, gin
nhét voi x theo nghia khoang cich lx—u| 1a nho nhit khi # = u,. R6 rang, x - u, 1 tryc giao véi
u, duoc ki hiéu.bdi (x - 1) L u, va vécto gén nhét u, dugc goi 1a hinh chiéu trirc giao ciiax 16n L.
Phép bién d6i tir mbi vécto xe C" 161 phép chiéu tryc giao cila vécto d6 trén L dugc goi la
phép chi€u trye giao trén L va ki higu 1a P;. Nhu vy, c6 the bicu dién phép chieu tryc giao bai
mdt ma trén vudng, cd tinh dang luy va trong trudng hop ¢ diy con la Hermite.
DPinh li 1.2.11 (Pitago): Cho Y va Z la cdac khdng gian con cua C". Thi Y L Z khi va chi khi
2 2 2 '
||y+z" -—-"y” +||z|| voimoi yeY, zeZ

Chimg minh: (+) Khi: Cho yeY, z€Z, taco (py) + (z.2) = | y"2 +|1z||2 =y + z"z , trong khi (y + z,

y+2)=(y)+{z2)+ .2) + (zy) nén (.2) + (z.y) = 0. Thay z = iz (cing trong khdng gian Z) ta
laico (nz) - (z,p) = 0. Vi vay, (v,2) =(z,y) = 0. Nghia la y L z. (+) Chi khi: Cho ¥ 1 Z. Khi do,

voi bitkiyeY, zeZtaco |y + z||2 =tz y+tz)=(@y +E)= ||y||2 +.||Z||2 do (y,2)=(z.y) = 0.

1.2.3. Phan phdt trién mo ring
1.2.3.1. Tém tdt nhitng tinh chdt hi¢u dung cia cdc nghich dao suy réng

Nhu trinh bay, A{1} dong vai tro trong vige gidi cac hé phuong trinh tuyén tinh, 4{1,2}
@ong vai tro ddi ngiu trong mdi quan hé doi ximg voi X{1,2} trong h bon phuong trinh cia

Penrose, va A{1,3}, A{1,4} trong cac bai toan tdi wu c6 rang budc. Tom tat: mang tinh hi¢u dung
cac ket qua da trinh bay: ‘

A} ={AV+Z- AV 424" :ZeC™). - (12.17)
R& rang, 4'” 1 thanh phin cé dinh, nhung 4{1} gdm ca cic thanh phin tuy y, trong do,
AeC™ . Nhu véy, néucho Fe CF"™" K" e C™™ " Be C™ img véicic cit co so clia
N(A), N(A4") va RA4) thi ta ¢6 thé chimg to nghiém tdng quat cia (1.1.1) 1a:
X =AY+ FY+BZK o (1.2.18)
trong 46, Ye C" "™ va Ze C™™ M a tuS/ y. y
- . Khi AF = 0 va K4 = 0, vé phai cta (1.2.18) thoa man (1.1.1). Vi ®(Z, - 4V4) = ¥ (4) va
R(Iy - AAV)" = N (4") nén tén tai duy nhét G, H va D sao cho cac tich FG =1 — A4,
HK =1 - AA", BD = AV A khéng déi nén GF = DB =1I,, KH=1,, GB =0, DF = 0. Tix
d6 thu duge: Y=G(X-A"),Z=D(X - A"YH (1.2.19)

Khi cho X la thanh phan tuy y cua A{1}, thdy (1.2.19) thoa méan (1.2.18). Thyc chét
(1.2.16) 1a nghiém tong quat cia (1.1.1). Noi cach khac, (1.2.18) cho ta tinh duy nhét cia X theo
Yva Z, con (1.2.19) cho ¥, Z duy nhat theo X. , o
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Nhu A{1}, néu cac cot cia F 1a mdt co so ciia N (4) thi cb thé viét lai (1.2.6):
4,3} ={4" 1 Fy .y e Cmm (1.2.20)
R& rang biéu thire nay hig¢u qua hon so véi (1.2.6) va (1.2.18) vi khi ¥ thay ddi trén toan bo
khéng gian C™ , sb cac tham sé tuy ¥ chi con 1 m(n-r). Khi 7 = m, tit ca cdc nghich dao suy
rong {1} la nghich dao suy réng {1,3}.

Tuong tu, néu cic cot cua K~ 12 mdt co s& coa N (A4 ") thi c6 thé viét lai (1.2.9):
A{L,4}={4" +¥K :Y e C™" "} (1.2.21)

trong d6, 4™, ¢b dinh nlimg c6 cac thanh phén tuy y cia 4{1,4}.

pé thay tinh hiéu qua cia 4{1,2}, ta cho 4" 1a mét thanh phan ¢6 dinh nhung tuy y cua
A{1,2} vagid thiét ring 4 = YoZg la mét phén tich theo hang day du. Cho cic cOtciia Fva K

Ung vai cac co s¢ clia A (A) va V{4 M. Thiy X thoa man (1.1.1) va (1.1.2) néu:
A2} ={(¥, + FUXZ, +VK): U e C" " ¥ e C™m 0} (1.2.22)

Hon nita, néw FG = I, = A"4, HK = I,, = 44" thi U = GXAYO,V Z,AXH , vé phai

ctia bidu thire trén chi con c6 X, Bidu thirc (1.2.22) chira r(m+n-2r) tham sb, nhé hon  (m-r)}(n-r)
cua A{1} trong (1.2.18). Khi 4 c6 du hang thi moi nghich dao {1} 1a mdt nghich dao {1,2}.

1.2.3.2. Cdc nghich dao suy réng cd diéu kién rang bugc
Trong thuc t_é, nhiéu khi doi hoi Ax = b, véi A e C™ , be C" ¢6 nghidm x thude mot khong

gian con § di biét cia C”, din dén mot phuong trinh tuyén tinh c6 diéu kién rang budcgVé

nguyén tic, phuong trinh tuyén tinh cé rang budc vira néu twong duong véi hé phuong trinh
tuyen tinh khong rang budc sau:

A
x= b VP =1-F hayAper=Ax,xe S (1.2.23)
P o
trong d6, Ag ki hiéu phép bién dbi tuyén tinh gi6i han cia 4 16i khong gian trong S.

Nguoce lai, phép bién ,_déi tuyén tinh gi¢i han A t6i khéng gian con trong S, sau d6 dugec m&
rong t&i C" dan dén sy m& rong Ai €L(C",C™), ki higu ext(4y,)) = APs va dugc xde dinh nhu
sau:

Ax khi xe§8
= 1.2.24
ext(4) {0 khi xeS* ( )
nén, nghiém tdng quat ciia (1.2.23) la:
x=P(AP) b+ P (1~ (AP)")y (1.2.25)

v6i (APs)" e(APs){1} bitkivay eC".

Tir (1.2.25) thdy chinh PS(APS)(” chir khéng pha: A" dong vai tro nghlqh dao suy rng{1}
khi xtr li voi phuo*ng trinh tuyen tinh ¢6 diéu kién rang budc. Nhur viy, cén thiét khao sat nghich
dao suy réng cua ext(A) = APs.
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Dinh nghia 1.2.2: Cho AeC™" va khong gian con S cua C". Ma trén Xe C™" la mét nghich
dao {1, ], ..., 1} rang budc S cua A khi: o

. X = By(APY*~" (1226)
Vi bt ké (AP D € (AP G, o Dy |

Khi xem xét hé phuong trinh c6 didu kién rang budc:

Ax+y=b, xeL, yelL (1.2.27)
| v6iAeC™, beC" va mdt khong gian con L caaC” , thi nghiém duy nhét thu duge:
x=P (AP, +P )'b, y=b-Ax (1.2.28)

trong do, P, (APLi + P‘,‘L )~ duge biét dén 1a nghich ddo rang bujc cua A.

Dinh nghia 1.2.3: Cho A C™" va khong gian con L cia C". Néu (AP, + P.) khing suy
bién, nghich dao Bott-Duffin cia A twong img véi L la nghich ddo cé rang bugc cuia A va dwoc

ki higula A) = P (AP, +P.)".

Binh 1i 1.2.12: Cho (AP, + P ) khing suy bién. Khi do:
o (). Phuong trink (1.2.27) c6 nghiém duy nhdt (1.2.28) voi moi b,

(b). Quan hé gitra A, P va Ay, dwpc thé hién boi cdc biéu thitc cdn phai thod man sau:

F = A((LI))AP& =P, 44

(D e gD _ D _ gDp
ay va Ay = Puduy = 4B

Chimg minh: (+). Két qua (a) thu duge tir vige chuyén twong duong tir phwong trinh tuyén tinh
¢o rang bufc sang tuyen tinh khong rang budc; (+). Dinh nghia cia nghich dao Bott-Duffin
(PAG) =A43)) nen A7) AP, = P,. Do d6,A;)P, =0 va A)P, = A;). Nhan biéu
thic y =( - AA;))b v6i P, thu duoc (P, — P,AA;))b = 0. véi moi b. Vi thé

— (-1}
Py =P A4, . y
Tir cac két qua trén thiy rang khi nghich dao Bott-Duffin A((L])) ton tai thi nghich dao {1,2}

cta(P, AP, ) s& co mién L va khong gian khong L*.
B6 @2 1.2.3: Néu (AP, + P ) khong suy bién, thi:
@). A\ = (4P = (P A7) =(PAP) Y,

(b) (A((;_l,})(-” — PIAPI .

wy -
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Chimg minh: Tir dinh 1i 1.2.14, ding céc diéu kién v& kich thuéc cia L, hang P, va hang 4;

dé két ludn hang A(( béng kich thirde cia L va ®( AS l)) L™ A((LI))) L

Nghich dio Bott-Duffin chi ton tai khi va chi khi (4P, + P,) khéng suy bién. Nhun
nguoc lai, c6 thé dua khai niém suy rong cua nghjch dao doé nhu sau:
P(AP, +P Y0 (1Li], ., 15 4). (1.2.2¢

Tuy nhién, nghich dao Bott-Duffin suy rong s& dugc trinh bay trong mét dip khi dé cap t¢
céc bién dbi suy rong khéc trong céac khéng gian Hibert.

1.3. Ma tr@n khoi, nhém ma trin va thira s6 hoa “UDV”
\ .
1.3.1. Cdc nghich dao suy réng ctia ma trgn khoi héa
Cho phuong trinh: Ax=1b ' {1.3.1
trong do, ma tran 4, vécto b dugc gia thiét khi hoa:

v 1, r| %] _ F
AT

Dinh li 1.3.1::(}:‘& thiét Ae C™ duoc khéi hod nhur trong (1.3.2). Thi:

o]
(a). Mot nghich ddo {1,2} cuaAlaA“z)—Q i 0lp,
0 0] ‘
-1
(b). M6t nghich déo {1,2,3} ciia 4 Ia A" = Q{Ao” (1,+ S'S)"[ 1, 8P

- . > » X ] -\
(¢c). M6t nghich dao {1,2,4} cua A la A" = Q[T: ]( I +TT ) ' [A;j 0]P,
. 3 3 + I LI\ » £ ]
(d). Twea nghich ddo it A" = Q{T’,}(I, +TT) 41(1 +8 ;)[1, s*]r.

(€). Phép chiéu P gy = P' [;}(z +S‘s)" [, s"]P

TS 7| 1, 'y .
(). Phép chiéu PRM_) o' [T'](Ir+TT )’[[r T]Q ;

(8). Phép chiéu p, =0 - I_ +T°'T r_r .10,
(A) I B

*

(h). Phép chibu p = p' {‘S
N(A) I ~

}(1,,,_, +88'Y'[-s 1,.,]P.

r
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Chimg minh: Tir (a) dén (d) thu dugc qua so sinh thira s6 hod A4 theo hang diy du (4 = FG,
I,
FeC™, GeC™) véi A trong (1.3.2) thiy F = PT[S:|A” va G =[I, T|Q" va ap dung

cac dinh 1i lién quan trong phin trrde. Tir (e) dén (h) thu dugc nhé ap dung nghich dao Bott-
Duffin,

1.3.2. Nghijch ddao nhom (Drazin) suy rgng

1.3.2.1. Nghich ddo nhém ma trén

Bén phurong trinh Moore-Penrose ap dung d6i véi ma trgn bét ki. Tuy nhién, khai niém suy
rong con ap dung ngay ca khi ma tran vudng, khéng suy bién théng qua cac phuong trinh sau:

XAX =4 (13.3)
A'x4 =4 (1.3.3%
XAX =X o (1.3.4)
AX = XA (13.5)
A'x = x4 (1.3.69
AX* = X4 : (1.3. 79

trong d6, k 12 mdt s6 nguyén dwong dung dé dién ta nghich dao, vi du nhur nghich dao {3*, 4, 5}
cua 4 chang han.

Dinh nghia 1.3.1: Nghich dao suy rong {3,4,5} cua ma trdn A thoa man phwong trinh (1.3.3),
(1.3;1) var (1.3.5) ¢6 tén goi la nghich déo nhém cia A va ki higu A'.

Dinh If 1.3.2: Mot ma trén vuéng A co nghich ddao nhom khi va chi khi ¢6 chi sé 1 hay hang cua
A bing hang cua A° .

Chimg minh: Sir dung biéu thirc 4 = FG, d& dang thdy hang clia A’ bing hang ctia GF.
Dinh 1§ 1.3.3: A" = A" khi va chi khi A Ia ma trdn c6 khdng gian xdc dinh Hermite,

Chimg minh: Dudng chéo hoa 4 va sir dung R(4") = R(4) hoic MA") = N(4), diéu kién khéng
gian xac dinh Hermite.

_ Nghich déo nhém chi tén tai ddi véi ma tran c6 chi sb 1. Nhung, bt ké ma trdn vudng nao
déu c6 ma tran nghich dao suy rong {3*,4,5} duy nhét dugc biét dén 12 ma tran twa nghich dao
Drazin.

1.3.2.2. Twa nghich dao Drazin va chi sé ctia ma trdn vuing

Ta thdy tap ba phuong trinh (1.3.3%), (1.3.4) va (1.3.5) twong duong véi tap:

AX = XA (13.8)

A x =4 (1.3.9)

AX =X : (1.3.10)

R& rang, khi thoa mén (1.3.9) di véi mdt s6 gia tri nguyén duong & nao d6 thi cling s& thoa

nan d6i vai bat ki 7 > k. Tir (1.3.9) ta c6: Hang ciia A* = hang cua A"/ (1.3.11)

Vi vay, mc}t‘ nghiém X cia (1.3.9) va dan dén nghiém cda tdp ba phuong trinh (1.3.8),
1.3.9), (1.3.10) ton tai chi khi thoa man phuong trinh (1.3.11).
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Dinh nghia 1.3.2: Gid tri k nguyén dwong nho nhdt gdn duoc cho bdc cua A, thoa man (1.3.11)
dwrge goi la chi 50 cua ma trdn A.

Dinh li 1.3.4: Néu AeC™ c6 chi s6 k. Thi A c6 nghich déo suy rong {3",4,5} duy nhdt, ciing la
nghich dao suy rong {3',4,5) vdi bdt ki 1 > k va c6 thé biéu dién nghich dao suy réng 36 dudi
dang mét da thirc theo A.

Chimg mmh Goi g(4) la mdt da thire theo 4. Thi, A" "q(Az A" nghi‘a 12 g(A4) 1a m{t nghich dao

suy rong {345} cia A. Diéu nay ciing chi ra ring X = A%(g(4))""' 12 mét nghich dao suy rong
{3".4,5) ciia 4.

H¢ qua 1.3. I Néu Y lg mot nghzch déo suy rong {3', 5} ciia mét ma trgn vuong A ndo do, thi
X=AY"la mét nghich ddo suy rong {34, 5}

Chimg minh: Tacd A.'Y = 4, AY = YA. R& rang, X thoa man (1.3.8). Viy ta ¢6:
AXA =AY - g = AP AlvaXAX = AT P g -~ x

H¢ qud 1.3.2: Cho AeC™, thi t6n tai mgt nghich ddo suy rong {1,2} ciia 4 ¢6 khd ndng biéu
dién dugc dudi dang mdt da thirc theo A khi va chi khi A co chi so 1. Chi ¢6 nghich dao do mai
la nghich ddo nhom cia A va dwoc xde dinh boi A" = A(g(A)y’.

Chimg minh: (t) Khi: Néu A c6 chi sé 1, thi A c6 nghich dao nhom ciing la nghich déo suy réng
{1,2} va trung v6i tya nghich dao Drazin, nén ¢6 thé dugc biu dién dudi dang da thac theo 4.
{(+) Chi khi: Mgt nghich dao suy rong {1,2} cua 4, nghia la mot da thirc theo A4 thi phai hoan vi
voi A nén la mt nghich dao suy réng {3,4, 5} cia 4 hay 1a 4" cia A. Vi vy, 4 co chi 56 1.‘

H¢ qué 1.3.3: Cho AeC™. Thi, ¢6 thé biéu dién A* dudi dang mét da thitc théo A khi va chi khi
A la ma rdn co khing gian xdc dinh Hermile.

Chteng minh: Hién nhién,

Dinh Ii 1.3.5: Mt ma trdn vuong A bdt ki chi c6 mot phan tich duy nhdt theo chi sé 1. D6 I
A = BN, trong do B la mdt ma trdn co chi s6 1 va N ia mét ma trdn co ddng luy bdng 0. Khi do,
BN = NB = 0 va B = (A, trong d6 A" ki hiéu nghich dao suy rong Drazin cua A.

Chimg minh: Vi B =B(B'Y = (B"YB nén B'N = NB" = 0. Do 46, AB" = BB = B'A. Hom nita, do
BN =NB=0taco A(B'Y = B(B*Y =B nénd' =(Bt+NY = B+N, voibatkil=1,2,....Khi/du
16n dé N' = 0 (d3ng luy 0) thi 4' = B va 4" 'B" = B"'B = B". Nhu véy, khi X =B° thoa man
(1.3.8), (1.3.9) va (1.3.10) la nghlch dao Drazin s g rong, ki hiéu A Ro rang, B c6 chi s6 1.
Viét lai, N = 4 - (49 va chd y ring (A%’ = 424 thi 15 rang, BN = NB = 0 dung. Nén, 4" =
B+ N = AXADYY + N = A4 + N Do do, N = 0.

1.3.3. PhOn giai “UDV" theo cdc gid tri suy bién

1.3.3.1. Duong chéo hod cdc ma trdn chit nhdt

Cho mét phép bién dbi tuyén tinh 4 : C" >C" va hai co so U= {u,, u3 ..., un} va V= {v,
Vy, ..., Vp} tuong fing cua C" va C".

Ma tran bidu dién phép bién tuyén tinh 4 tuong ng véi hai co s U va ¥ ki hiéu 1a 4,
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= [a;] eC™" duge xac dinh béi: Av; = Za..u. j=1,...n (1.3.12)

Binh If 1.3.6: Cho 0 # A€ C™ va gia si cdc gid tri riéng ciia A dugc sdp xép theo:

a2 2o >0 (1.3.13}
va cé bt ké cdc 56 vé hirdng phire dA) = {d). ..., d.} ndo thod man diéu kién:
' ld|=a, i=1 ..r (1.3.14)

Gia sw {u;, uz, ..., u,} la tdp cdc vécto riéng truc chudn ciia AA" img voi cdc gid tri riéng
khdac khong:

Ad'w=alu, i=1,..,r (1.3.15)
(u,‘, uf) = 6,1 I,j = ], [ o (]3!6)
va {1, vy .., v} duoc xdc dinhboi  v,==Au, i=1,..,r (1.3.17)

Thi {v), v, ..., v,} 1d mgt tdp vécto riéng truc chudn cia A'A img vdi cdc gid tvj riéng khdc
khong:

Aav,=alv, i=1,..r (1.3.18)
(v, v} =6, if=1..,r (1.3.19)
b ,
Hom nita, w==Av, i=1.,r. (1.3.20)
[ ] d.

I

Ngwge lai, cho trucc cdc vécto {v,, v, ..., v.} thod mdn (1.3.18) va (1.3.19) va gia siwr {u,,
Uy s 4y} diegrc xdc dinh e (1.3.20). Thi {uy, vy, ..., ,} thod man (1.3.15),(1:3.16) va (1.3.17),

Chiing minh: Néu v, xé¢ dinh nhu (1.3.17), v6i i = 1, ..., r. Thi,

A Ay, =Z_II—A'AA*u,. =dA'u=ay, "

i

. I 2 & I » d K e X

va (v, v)==—- (A u Au ) ==—(44"u ,u Y=—(u, ,u )=45,. Tuong ty d6i véi phdn ngugc
) d,dj( : ,) d,d}.( Hy) d,.(‘ D=9, )

chi thay A bing 4"

;
Pinh Ii 1.3.7: Cho 0 # Ae C™" va gia sic d(A) = {d), ..., d,;} la cdc 56 v6 hedng phitc thoa mén

diéu kién ld| =@, i=1, .. r trongdoa; 2a;2.. 2a > 0lacde gidtri riéng cua A. TH, ton
tai cdc ma trgn dom vi Ue U™ va Ve V™ sao cho:

(1.3.21)
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Chimg mink: Gia sir céc vécto {u;, us, ..., 4.} trong C" thoa mén (1.3.15) va (1.3.16) nén co thé
x4y dung mét co s& truc chuén coa Q{(AA') = R (A). Goi {uy.;, Ur.2 ..., Up} la mdt co s truc
chuin cia R (4)' = W(fi'). Thi {u), Uz ... Uy, ty. 1, Uy 3 .., Up} }& MOt co s& trirc chudn cia C”
thoaman (1.3.15)vad w; = 0, v&i i = r+1, ..., m. Vathu dugc ma trdn don vi bac m, U= [u,, u,,

o Upy Up g, Up o ..., U] Tuong tu RAT) va r:’((A‘)l = W (4) dugc xdy dyng va ma tran don vi V
c6 bac n duge chu tric. T diy, D= UAV = [d,),véii=12 .. mj=12 .. n céd;=
u, Av, =0, khii>rholicj>rvad, = u, Av, =8, khi i j=12 .. 4.

H¢ qud 1.3.4: Cho A, D, Uva V nhu trong dinh 1i 1.3.7. Thi A" = VD U trong do,

"y

Chimg minh: Hién nhién, sir dyng (1.3.21).

HE qua 1.3.5: Dgj véi hai ma trgn A), A;C "™ ba phdt biéu sau twong deomg:

(a). Tén tai hai ma trgn don vi Uva V d@é ca D, = U'A;V va D, = U'A,V déng thoi la cdc
ma trdn dwong chéo,

. . . . o
(b). Ca hai ma tran A | A, va A, A, déula Hermite, '

(c). Ton tai mét da thirc fsao cho A | A, = f( A, A, yva A A, =f (A, A).
Chimg minh: Hién nhién.
1.3.3.2. Déing cr thanh phin

Binh nghia 1.3.3: Phép bién doi tuyén tinh U. C" — C" duwge goi la ding cw thamh phdn khi
bao toan dwgc chudn trén phdn bii trwe giao cuia khdng gian khong ctia phép bién doi do. Nghia

la, néu "Ux” = “x” véi bdt ki xe MV = & (U) hodc ”Ux Uyll = "x y" voi bdt ki x, ye &
("

Mot dding cy thinh phan khong suy bién thi duoc goi la ding cu hay phép bién doi co ban
(unitary). Mgt ma trgn Ue C™ dugc goi la ma tran coban khi U’ = U’.

Pinh If 1.3.8: P6i v6i mdt ma trgn Ue C™" |, cdc phdt biéu sau ddy la tuong dieong:

(a). U I mgt déing cue thanh phén vé U’ ciing Ia mét dding cw thanh phdn,
(b). Ca U'U va UU" déu la cdc phép chiéu truc giao,
©.UUU=UvaUUU =U", '

(). U = U va U la mgt ding cw thanh phdn.
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Chimg minh: Sir dung dinh nghia déng cy thanh phén va céc tinh chét cua phép chiéu tryc giao
dé chirng minh (a)<(b), (a)=>(c) va (b)e(c)<>(d) va ap dung tuong ty dbi v6i phan dbi ngau,

Vidy, (ay=(b). Vi, UU= P R (U )nen (P e x) = (x, x) = (Ux, Ux) = (U Uz, x). Néu dat H

= P& o UUeC™, thi (Hx, x) =0 dbi véi moi xe R(U')" = A(U) nén H la mét Hermite. Va
khi f{ 1a mét Hermite thi U‘U=PR( . Nguge lai, (Ux, Ux) = (U Ux, x) = (P % x} = (x, x)

néu xe R ( U‘).

Dinh dé 1.3.1: Cho U la mét dang cw thimh phdn kich thude nxn. Gia st A la mot gid tri riéng

P
R{U7) <1.

cua U img vdi vécto riéng x. Thi | A,| =
4

Chirng minh: Tir Ux = Ax dan dén || ||x||—||Ux|| HU (") H—HPR«U.)x".

1.3.3.3. Phin giai theo cye

Dinh li 1.3.9: D6i v6i 0= Ae C™™ ¢6 thé viét A = GE = EH, trong do, E € C™ 1 mét déing cie

thanh phan, G va H la hai ma trgn Hermite va bdn xdc dinh duong. Cdc ma trdn E, G, H dugc
xdc dinh boi cdc biéu thirc sau:

o RE=RG)., RE)=RH) voi G =44’ H =4'4 E= UV,
Chiing minh: Ap dung phan tich “UDV” d6i véi truomg hop thir k, r < k < min{m,n}.

Dinh nghta 1.3.4: Cho f- C—C I bdt ké ham vé heong nao. Gia sic AeC™™ dugc biéu dién
theo pho A = Z y d.E . Thi ham s6 c6 bién s6 ma trgn f: C™" — C™" tuong img vdi f: C—C
tai A duogc dinh nghia la f(4) = me(d,)E, .Voi 1",

d, f{d,} 0
A=U,,D Y., D, = thi £(D(r))= )
d, 0 fid,)
i

sao cho  f(4) = U(r)f( IV (r)

DPinh dé 1.3.2: Cho AcC™" vdi A= > dE, va Ej:ZJ{dl:dI)E“jzj, 2. q. Goi
{d:j=1 2. ..q} latip cia cio {d:i=1 2, .., r} khic nhau va mdi j c6 duimg T,
khoanh d . Thi:

(a). Ung véiméij =1, 2, .., q, thi Ej I mor deing cir thanh phdn va
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it ) ] +
E =—2;J'r (zE - A)' dz (13.22)

(b). Néuf: C —C Ia ham gidi tich trong mién chira I” = U f' thi:

j=t

, . 1 .
Z,-=. S )E; =~ jr f(2)E - A) dz (13.23)
v truong hop riéng A" = L (ZE A)'dz
' 2
(1.3.24) |
Chimg minh: *
r ’ . 1 1 .
@.Vid=)' dFE nend =3)" @—E EE-4)'=) Py E; .
i k

dz ) .
[Zm J'F z—d, ]E* :Z{dk:@}Ek 2

(b). Tuong tu, ta tinh
L[ e o [ f2)dz
Efrff(z)(zE—A) dz—ijle—l[zni _[rj 2—d, J Z f(d)E

H¢ qud 1.3.6: Cho A, E, I" va f nhu trong dinh dé 1.3.2. Thi:

f(A)= E(—L jr F(2)E - A)*dzJE (1.3.25)
2mi

L

Chimg minh: Viét vé phai (1.3.25)
E(%m [ rexeE- A)+dsz = [Z E,J(if(d])E;J(i E, J - if(dj E, = £(4).

IL. VI DU VA NG DUNG
2.1. Cac vi du

2.1.1. Chuyén vO dang Hermite chuin tic v thira sé ho:a theo toan hang
Cho ma trén A:

2i i 0 4+2i |
A=10 0 0 -3 -6 -3-3i |-
2 1 1 4-4i 1
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va phin tir 1ay dé xir 1 dwa v& 1 duge gach chin & mdi bude.

0 2i i 0 442/ .1 1 00
T,={0 0 0 -3 -6 -3-310 1 0
0 2 1 | 4-4 1 {0 01
011 0 1-2i -4 '-4i 0 0
=0 0 0 -3 -6 -3-3i;0 1 0
000 1 2 1+i i 01
01+ 0 1-21 —4ii—-4i 0 0
T,=3l0 0 0 1 2 i+l 0 -1 0
0o00@G¢ 0 o0 i L 1
i 0 0

T 7, =[E4 E] ta thayE_[ 0

Hermite cia A.

1 0 0 T
Ma tran hoan vi P lam EAP = | 1 0 0 2 I+i| vatidothiy 4 duge thira s hoa
0 O 00 0 0
(4
1 -4
theo toan hang la 4 = (AP, )G =0 -3 0 2 I-2i f
0 0 2 I+

2.1.2, V& cic dang nghich ®3o suy rjng
(a). V& A la ma tran trong vi dy trén. Tu bidu thirc thu’a sb theo toan hang, nghich dao suy
ia ta o]
- 0 0
I 0 i
réng {I} cia 4 codang X = p E= ip
L

w—
™

,VOia, By vaé lagac thanh phén.
0

L=
|

p
0
Y
8

QD ™R wi

I—
~ .
Cn

Wi

cvia L dugc xac dinh theo P.
9-3; 12~4i 10-10;
(b).Cho , _ 1 _ 3-3i 4-4 0 |, ta nghich déo, céc nghich dao suy rong {2}, {3}

10 |6+6i 8+8i 0
6 8 0
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va {4} ki hi¢u X5, X; va X, thu duoc chinh xéac nhu sau day:

0
A*=%= 0
| 35+35i
[—9_3;
X, = =|12-4
60 ]
25425
63+21F
X, =——|g4+28i
; 35+35i
0 2i i
(¢). Voig=|p 0 0
] 2 1

6+6i
8+8i
-5-15{
3+3i
4+ 44
—5-15i

15+15i

20+ 20i

5+15¢

0 44-2i

-3 -6

1 4 -4

12-12i
16-16i
-30+10

6—6f
8-8i
=30 +10i

3030/
40 - 40i
<30-10i

1
-3-3
1

~

{1, 3} ki hiu X va {1,4} ki hiéu Y co dang nhu san diy:

0 0 0 1000 ©O© 0
A10i 3 9| [0 0 -4 0 -142i L
110 0 0] 001 0 0 0| ,voibitkizeC™,
X =— + zZ
38| 2 122l |oo0 0 0 -2 -1+
0 0 0| |00 OO0 1 0
0 0 0] |00 OO O 1]
X} 0 o |
0 20-18i 42 o
- . 1 '%l - Py AL 1 3
1|0 10-9i 21 , v&i bat ki ZeC™,
Y=—- +Z|0 0 0O
2760 -29-9i .9-27;
0 0 0
0 -244i 24+30i
|0 -29+30i -3643i
2.1.3. Vé vmg dung nghich dao Bott-Duffin
Cho m{t mang dién gém n, i=1,2, ..., mnat va n nhanh (cdp not) ki hiéu b, j=1, 2, ...

n, Nhir dé biét, ma tran t&i ki higu M= [m;] duge dinh nghia nhu sau:

(i). Hang thir i cua Mimg véinitn;, i=1,2, ..., m,

(ii). Cot thir j cia M (g véinhanh by, j= 1,2, ..., n,
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1, i=k
(iii). Néu b= {m, ni} thim,= | ;| ;=) véimoi j=1,2,..,n

0, izk,l

Hai nit ny hodc n, twong g véi hai hang ciia M duge goi 12 ndi truc tiép khi {n,, n;} hodc
{n;, n} 1a mdt nhanh (trong M ton tai mdt cdt cb gia trl khac khong tai cac-hang k va 1). Goi hai
nat n, hodic ny twong dng véi hai hang cua M duoc ndi néu tdn tai mot day {ny, ny, ..., ny} trong
do bat ké hal niat ké nhau déu dwoc ndi trre tlep MGt mang goi 13 duge ndi khi tat ca cic cdp nat
déu duogc néi.

Tir dinh ngh’ia cila M nhu trén, ¢6 thé mé ta quan hf; gilta vécto chira cac dién ap trén cac

nhanh x =[x}, j = , N, V@i vécto chira cac dign thé tal cacnatp=|[p),i=12, .., m b
biéu thirc x = M, p Co the VIet dinh luat Kirchhoff déi vai dong dién trén céac nhanh bcn biéu
thirc My =0, v&i y ={y,],j = 1, 2, ..., n, vécto chira cac dong dién trén cac nhanh.

Nhu véy, dinh luit Kirchhoff xdc dinh hai khéng gian con tryc giao bl nhau (MM) dbi vai
dong dién vaR (M) dbi voi dién ap). Nén, c6 thé tim dugc dong dién y va dién ap x trén cac
nhanh b?ing cach ap dung dinh luit Ohm trong diéu kién han ché 1a: Ax + y=Av + w,xe ®
(M), ye MM) trong do, A = [diag a;] chira dién dan cta cac nhanh, vécto v va w chira cac ngudn
dién ap va cac ngudn dong va M 12 ma tran t6i d4 noi dén & trén.

Ap dung dinh li Bott-Duffin, nghi¢m ctia bai toan nhu sau:
= A Av+w) va y=(1 - A4 WAV +w)

(R(M ) (R(M7))
trong do, thanh phén (i), i j=1,2, ..., n cia ma trdn truyén dat A(‘;(’M,. . biég dién dién 4p sut
trén rhanh b; do tac dong ctia ngudn dong dwa vao nhanh b,
Vi 4 khong suy bién, ¢6 thé viét lai hé phuong trinh cé diéu kign phia trén;
Aly+x=d'w+v, yeMM), xe®M)
va c6 nghiém y = (™)), (4'w+v) VA x=(1 - A (A" )y A W), trong d6, ma trén
truyén dat d8i ngdu (4™ )|y, 6 thanh phin (i) biéu dién dong sinh ra trén nhanh b, do tc
dong cioa nguon dién ap song song voi nhéanh b,

C6 thé dé dang nhan thdy A" (4D + 4D 4=17.

(N (M) (RMT )

2.1.4. Cac vi dy vé déng cr thanh phin va ham suy r6ng f

1 .o
Vi dy 2.1.1: Dang cy thanh phin /=0 f% 0 tmg véi A=0 co x—|g|eNU):;
0 )4 0] 1
| (0] 0 0
A=l x=0|eRU" ) A=",x= f/ = f/ 0[] 3 lek(U"),| 0 |eN(U)
0 AN A

la cac hé riéng.

Vi du 2.1.2: Cho mét ham ma tran £ C™" = C™ {mg v&i ham vo hudng fz) = 2 voi bt ki &
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" nao ki hiéu £4) = A® duoc goi 12 56 mii suy rong hay lup thira suy réng clia A. Dinh nghia 1.3.

cho thiy A% = deE,. hay 4% = U(r)D(t)V(r) Luy thira suy rong A thoa man:
i=1

_ E, khik=0
AP = APE A khik 21 trong trudng hop riéng A = 4.
A*PE 47 khik <1

Vi du 2.1.3: Néu AeC™ 12 ma tran thong thuémg va néu cac sé v huéng d(4) duge chon sa

P 4+, khi k >1
cho d(4) = ofd) thi AV =< P .,  khik=0.

4"y, khik<-1
Vi du 2.1.4: Cho Ae C™ biéu dién theo cuc 4 = GE =EH. Theo dinh nghia 1.3.4, ddi véi b
ké& ham /nao thi déu c¢6 f4) = AG)E = EAH). Cir vi dy, A% = G'E = EH, v&i bat ki k nao.
Vi du 2.1.5:'Da thirc theo bac 3 (tam nguyén - ternary powers) cla 4 la da thirc cé dan

ZpkA<2k+l) - Zpk(AA‘)kA
k k

2.2. Ung dyng vao bai toAn danh gi4 tham sé mé hinh

2.2.1. Xday dung bai todn vi irng dung

Mot hé dong hoc tuyen tinh béc n cé tinh nhin qua, bit bién theo thdi gian dugc cho bO’l ti
hiéu dap tmg gidi han tai dau ra trude tin hiéu kich thich gici han tai ddu vao. Xac dinh mé hin
giam bdc ¢ bic r (q < r < n) c6 tinh ddng thdi didu khién v quan sét sao cho 8i thiéu hoa har
mugc tiéu nhu dugi day:

’ (2.2.1

J= I[us (t) - #, (D] Rlu,(z) - u, (1)}dt =

trong d6, u(f) va u,(f) € R” 14 vécto tin hiéu ddu vao cda hé dong hoc va cia mé hinh giar

bac, va R € R” 1a ma tran trong s6, xac dinh khéng am.

B6 dé 2.2.1: Cho hai ma trgn c6 hang toam cgt va hang toan hang tuong img 1o G' € R™ va I'
R™ y <n, véi ddc tinh I'G" = 1. Thi ¢6 dwoc mot phép chiéu o bdc n: Hon nita, néu thira sé ho
toan hang twong tmg hai ma trgn I” va G da cho dé tir cdc thira sé cia chung xdc dinh mgt m
trdn duong, bdn don M € R™. Thi tlm dwgc hai ma trdn xdc dinh khdng dm bdcn, Q, P € r
sao cho tich cua ching dwgc thira 56 hod theo (G' MI.

* Chimg minh: Néu: IG" =1, (2.2.2

thi (G'1Y’ = G'IG'r = G'I" e R™. Nghia la, néu dinh nghia o= G'I" € -R"™" thi o' la mot m
tran dang luy. Vay ma tran o 1a mot phép chiéu béc n.

Nguge lai, vi G’ va I' 1a chc ma trin cb hang todn cdt vd hang todn hang nén c
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IT® = G™G" = L, trong d6 '™ v& G™ la c4c ma trén nghich dao suy réng phia phai yéu I” va phia
trai yéu G”. Vay, nhan (2.2.2) tréi v&i G, phai véi I®sé co6 IG' = 1.

Theo Pinh 1i 1.3.8, d8i v&i hai ma tran d3 cho luén tdn tai mot ma trin vuéng, di ximg @
€ R™ va mot masran X € R™, ca hai déu c6 hang r dé:

I'= d)rz;" VE‘iG = EG ¢G-

Bt luan @r va @ la xac dinh duong hay 4m thi déu c6 tinh kha nghich. Vay, /G = I, co
nghia 13 2. 2] = &®; ¢ R* va co thé tao ban don M = @;/®;' . Pic tinh xéc dinh duong
clia M dam bao @ va @& co cing diu xéc dinh.

Thiy ngay, Z,, @ Z; Xt @pZr= G M Tir do, co thé gan X, @, Z ;= Qva Z | &pZr=P
hoiic 2. (- @)X, = QvaX].(- ®)%-= P, tuy thudc dac tinh xdc dinh cia @rva @; dé QP =
(G'MT). Tuy nhién, bét luan dic tinh xdc dinh nao, Q va P ciing déu la ddi xirng, bac n co hang
7, r < n. Nén O, P va ma tran tich (OP) d8u la céc xac dinh khong ani.

Nguge lai, gia sir Q, P € R™ la xac dinh khéng 4m thi phai chimg minh ring (QP) 1a ban
don khong dm. Hon nira, néur béan don khong am c6 hang r, r < n, thi s& ton tai ma tran hang toan
cot G'e R™, ma tran hang toan hang "€ R™ va ban don duong M € R™ sao cho QP = G'Mr
valG =1,

Thit vy, tir Binh li 1.3.2, ¢c6 mdt ma tran kha nghich T e R™" dé ca ' QT va T'PT" duoc
duémg chéo hoa nén (QOP) la ban don khéng 4m. Néu ban don khéng 4m d6 c6 hang r nhé hon
haskc béng béc n, (r < n), thi qua trinh dudng chéo hoa déng thoi O va P tuong duong vai viée
phén giai theo cyc “UDF” cha ban don khong am. Trong cach phén gii do, ca U va V' la cic ma

tran truc giao béc n, ¥ duge chon tuy ¥ sau khi cdu tric U, ma trén duc‘mg chgo D chira r vécto
riéng, xép theo thir tw giam dén (A,) ciia ban don khong &m.

1
]

‘ S A 0
Ciing ton tai mét ma trdn kha nghich S, bac r sao cho ¢4 thé biéu dién D = [ 0" 0] =

s , TS ) |
"|(S/4,8)[ S 0] Tréncossds,cothéxacdinh G = v} T | . r=[S; 0]vvam
0 0

= S§'4,S._. D& dang kiém ching lai ring I'G = I, va quan hé giira Tv6i S, ¢6 thé xdc lap.

i .
Trong trurong hgp khi 7 = 1, O va P khéng con xac dinh dm ma 13 dinh duong. B dé van
ding khi G va I" khong 1a chiy nhit ma vudng, c6 bac n va hang r, r < n. :
Lién quan dén cac bai toan danh gia tham sb mang vién théng, dinh dé va dinh nghia saun
day sé duge sir dung:

Dinh dé 2.2.1: Cho ma trdn c6 hang toan cét G', ma trgn co hang toan hang I” va hai ma trin
xdc dinh khdng dm bdc n, Q, P € R™" dugc dinh nghia theo bé dé 2.2.1, thi ta c6 cdc ddng thire
sau ddy:

- 1D, @ =Ipr, 0= 00 = 0, 5= GP,®;! =GPG", P = JP - Po

Chimg minh: Hién nhién.
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Dinh nghia 2.2.1: Phép (ma trgn) chiéu dwpe xdc Igp tir cde. diéu kién can dé mot ham biéu ¢
tiéu chi t0i wu tré thanh cuc g} thi duac goi la phep chiéu téi wu, va hai ma tran xdc dinh kh
am Q va P ciing duge goi 13 t0i wu néu thira s6 hod QP duwgc tao boi cde thiea s6 ciia phép cf
161 wu theo nghia cua b6 dé 2.2.1

Bé @@ 2,2.2: Néu ma trdn chira dit liéu do luong M v khdng c6 hang du theo hang, thi woc he
vécto tham sé qud tr?nh cua hé dong hoc danh gia theo tiéu chi trong sai s0 10i thiéu (W,
duroc xdc dinh bai biéu thic sau:

b’ =R ’RMI7 R} "R q, @

o ddy, ki hiéu M g'” biéu thi nghich ddo suy rong {1,3} cua ma trgn M v » Riva Ry la hai
trdn trong, xdc dinh dwong dwpce kich thude hod mdt cach phi hop.
Chimg minh: M L Rf/[ v vudng kich thude (2n + Igp c6 hang r (r <(2n + Dgp) nén lasuy b
C6 thé biéu didn ham phat dinh nghia trén co sd sai sé dau vao:
_ . ~ - . -2 ‘
J(p) = (i, "MNp)?Rf(uN-MNp)z ||uN_MNp"R (2.
vl .
& day, R; [a mot ma tran trong sd, xac dinh duong c6 kich thude Np x Np.
Tir 16p nghiém binh phuong sai s6 nhé nhét suy rong, GLS, chon mjt nghiém sao cho:

| pH =p"R,p (2.2.5)
la nho nhét, trong d6, R, 1a mdt ma trin trong s6, x4c dinh duong, khac R, & (2.2.4), ¢6
Y o

béng v&i hang cia ma tran M, .

Sur dung gia trj can béc hai duy nhét cia R, va R, dé bién dbi cac co s cua M , cling

hai vécto p vau, nhu sau:

M,=R’M,R"", p=R’p, u,=R/q, @
sao cho i, -M,p “?:_JN - MNEHR 2.
” ﬁ ”R, :\ E R, .

Bai toan tdi thiu hoa ham tiéu chi suy rong chuédn trong sé (2.2.4) chuyén thanh ct
Euleur (2.2.7) ¢6 nghiém chinh 13 nghiém theo tiéu chi GLS:

P =MPuy + - MM, )9 : @.

trong d6, ddu “*” trén p bidu thi nghiém theo tiéu chi LS, M}, Ia mot nghich dao suy 1
{1,3} cia M, va R 1a vécto bt ki c6 kich thuéc ((2n+1)-r) trong trudmg s thuc.
Sur dung cac phuong trinh trong (1.3.21), ta ¢6 wéc lugng tham sé theo WLS:
p __RfZRIZMU.?)RIZRIZ +R12(1 RIJM(IJ)RIZRIZM RI2)%, (22
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Hién nhién, tir (2.2.10), p ¢6 gia trj nhod nhat khi#® = ¢ va trd thanh p Tir d6 thu duge
(2.2.3) va bd dé da duoc ching minh.

H¢ qua 2.2.1: Khi Ry = Iy, va R; = I, véi r la hang cua M N » WOC legng vécto tham 50 qud trinh
cua hé dong hoc ddnh gid theo tiéu chi WLS cd dang don gian:

b =M{"q, : - 22.11)
Chumg minh: Vi hang cla M ~ lar, r <min (Np, (2n+1)gp) nén ton tai it nhat mt ma trdn con
khéng suy bién bac » trong M N Sap xép lai M n Sao cho r ¢gt va hang déu tién doc lap tuyén
tinh v&i nhau. Nghia la nhén trudc va sau M y Vi ma trin hoan chuyén dé ma tran con khong

suy bién bac » ndm & khdi trai phia trén cia M, nhy sau:

(MN)H | (MN)IZ FXr | r x((zn_’_’_ I)QP_’,)
(HN)JJ ’ (MN)H € (Np-r)xr I(Np‘r)x((2ﬂ+1)qp-r) (2.2.12)

trong d6, @ va X'la cac ma trin hodn chuyén trrgc va sau co bac tuong ing la Np va (2n+1gp.
Ca hai déu kha nghich va c6 dic tinh @' = @ va 5’ = 3.

oM X = [

Hang ciia (M, );; chinh 1a hang cia AZ’N . Vi vay, dé thyc hién chia khéi MN ta d& dang

thiy (M, )22 = (M, )2/(M,);,( M, );2 phai thoa man. Tir d6 lam xuét hién hai thira s& 2va A
co kich thudce (v x ((2n+1)gp-r)) va ((Np-r) x r) theo cach:

2=(M,);, (M) va A=(M,)u(M,);, @213
M M \"
thoa man (~”)” E M),y Q (2.2.14)
- M), | | (1,),
va (M), | (#1,),, | =4[, | @#1,),,]. 2

Tir céc dong nhét thirc & trén, c6 thé biéu dién M, theo dang méi: |

_ o7 | M | (M),
(A:IN)ZI (MN)Z.?

T _ 5T ]' ~ o
=o' (M), [1, ]9z (2.2.16)

I - I
Véi, I:Ir |:;i} va (MN )H [Ir ] I{2] =ZliQT
la co s& twong img cia khdng gian xac dinh cia M y Vdcoso chuyén vi ciia khong gian khéng
déivei M, .
Phuong trinh trong (2.2.16) tré thanh:

}(MN ), (2.2.17)
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e ———gp e S

X'p=é,. (2.2.18)

. I .
i, - o [z] M), 1,

Thyc hién chia khdi @ va vécto tham sb qué trinh cia hé dong hoc mot cach twong (mg;
(o] [ rxnNp I3 I rxl 2210
P=|—| e |\~ ———|vap=|—| € . 2.1
o, | € |®p-rxhp | P7|B,| € |@nrhap-nxl| @

Tir d6, ¢6 thé viét (2.2.18) dudi dang:
: I . P @',— . o~
| [}}} M), [ L}j [52 (@, -€,). (2.2.20)
‘l

Trong trudng hop tring khit, €, =, , nghia la sau khi thuc hién quy trinh i thiéu hoa,
(2.2.20) c6 nghiém téng quat sau ddy:

L _[B]L |y | 2[1 2 }

— A, (2.221)
P;

(2n-gp-r
trong do, #, 1a vécto c6 ((2n+1)gp-r) chira cac gia tri thuc tuy y chen.

Nghiém '(':iia (2.2.20) tbn tai hay (2.2.21) ¢6 gia tri khi diéu kién nhét quan sau day duge
thoa min:

D,(uy -€, )=AD,(il, - €,) P
. (MN)JJ:I(DI 5]
vi, Q0 M nén (2.2.11) dugc dan dén tir (2.2.21) v6i % =0. H¢ qua da dugec
chimg minh.

2.2.2. Quan hé gitka mé hinkh hé thng, mé hinh giém bdc va mé hinh gia ®inh

N&i dung chinh ciia muc nay ii€n quan dén su phat trién mébi quan hé gita mé hinh h¢ dong
h¢c, md hinh gia dinh va mo hinh giam béc trong cac phuong trinh quy chiéu tdi'wu co umng dl,mg
ma trdn nghich ddo suy rong. V&i muc dich nay, bai toén t6i uu trén co s& cac tham sb dé giam
bac mGt m6 hinh hé ddng hoc bic n, c6 tham s& chira biét dugc xdy dung dau tién theo khai
niém sai s6 dau vao.

2.2.2.1. Cdc két qua vé danh gid, woc hegng tham s6

Dinh I 2.2.1: P6i voi mét hé dong hoc cé tinh dong thoi diéu khién va quan sdt, co bdc n, ton
tai mét 1@p cdc mo hinh gia dinh cd tinh d'ong thoi diéu khién va quan sat, ¢6 bdc m, m > n, va
mot 1dp cdc mo hinh giém bdc c6 tinh déng thoi diéu khién va quan sdt c6 bdc r, r < n. Véi mo

hinh gia dinh chon trieée, ludn ton tai mét phep chiéu 101 uu c,= G I, bdc (n + r), cdc tham

50 ghep hop t6i wu dege mo ta theo cdc tham s6 ctia mé hinh gia dink va cdc thira s6 cua phép
chiéu nhu sau.
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-~ |4 0 .
A= [ i 4 }:agf(;; A, I8 . (2.2.22.a)

0
_ B o |
B=| |=-0G]B, (2222b)
¢ 0 1,
0 |: s j| - _Ql: }C r,of (2.2.22.¢)
0 C, 1,

rong do, £2 = [(R_,r -R) (R, - R’)] va chi 56 phu g viét phia trén ciia o, biéu thi ma trdn
1ghich dao suy réng cua o,
C6 hai ma tr@n t6i wu xdc dinh dwong béc (n + r), Q va P, sao cho voi phép chiéu o,
ruong hop chon riéng biét cia O¥ | cdc diéu kién phai thoa mén la:
p(Q) = p(P) = p(QP) = (n + r) (2.2.22.d)
G, A, I,0+0I A1G, + GIB VBIG, = 0 (22.22.¢)

_ — o, o R, -R !
I;4,G,P + PG AT, + I']C[1, Iq][ . ][ "}cmrz =0 (2.2.22.f)
~Rsr Rr Iq
'ronsdo', R: = a.\'Ras’ ‘R.vr = a.v Rar Vé 'Rr = arRar !
“himg minh: D& t6i thiéu hoa ham muc tiéu biéu dién boi biéu thic J <rQR rang buée boi
huong trinh didu kién AQ+(OA” + BV B" =0, ham Lagrangian duoc xdy dung nhu sau:

2(A,, B,.C,, Q. P, A,) = tr{ AQR+ (AQ+ QA" + BV_B" )P] (2.2.23)

rong d6, cic nhan tir Lagrange 4 >0 va Pe R/™™/*"™r) yhong duoe dbng thai bang
chdng. Hon nira, dé dam bao cho céac diéu kién rang budc ¢6 tac dung va hé cac phuong trinh -
rong diu vét la doc lap tuyen tinh, thi P phéi 12 mdt ma trén xac dinh duong. Ma trén Q 14 dbi
(irng, xac dinh khéng am, Tlen hanh phén chia Q va P nhur sau:

0, O Q13 P, P, P, (nxn) (nxm)y (nxr)
0=10, 0, 0| P=|B} P, Py|emm) (mxm) (mxr)
o, o o) |m oA Bllew em e

Thuc hién lay dao ham riéng clia Z°(.) theo céc tham s6 chura biét va cho cac két qua tim
hroc bing khéng, ta c6:

3;.. () =P,0, + PTQIZ + P,0p; = ' ' (2-2-24)
%, ()=(P,B, +P,B +P,B W, =0 (2.2.25)
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Z () =I(R, -R)CQ,,+ (R,-R)C,0},- (R, -R, + R,-R)C,0,]1=0  (22.26)

‘%u () = A:})H + RZ’JAM+ ICi (Rs - R:rr + Rr- ‘Rs’r)Cm = 0 (2227)
)Y=A"P,+P,A -IC"(R, -RI)C =0 (2.2.28)
17 el Rl ¥4 i125m s 5 S m
Y=AP, +P,A -ICI(R -R,)C.=0 (2.2.29)
3 m- 23 234 n r i
)=A"P, +P A +ICTRC, =0 (2.2.30)
1y st i 1H*%s 55 s
. Z, ()=A4 P, + P4 -IC/R,C, =0 (2.2.31)
| Z,,()=A4/P; + P4 +IC/RC, =0 (2.2.32)
Z, () =4,0, + 0,4, + BV, B,=0 (2.2.33)
Z, ()=A40, +Q,4, +BV,B,=0 (2.2.34)
L) =A4,0, + Qud] +BY,B =0 @239
2 () =40, + 0,4 +BV, B/ =0 c (2236
CZ()=A40,, + 0,4 +BV.B' =0 2.2.37)
13 sE13 1347 s' m™r
2 (V=40 + 0,4 +BV,B =0. (24.38)

Nhu da thay trong (2.2.27), (2.2.30) va (22.32) vi 4., A, va A_cén thiét phai 6n dinh,
néu A = 0,thi P,, P, va P,; ciing 1a cic ma tran khéng. Vi vy, khong thé gan cho A gi tri
khéng. Cho A =1, P, P, va P,; la xac dinh duong, nén kha nghich théng thuomg. Tu
(2.2.33), (2.2.36) va (2.2.38), ta nhén thdy ring Q,,, O,, va O, ciing kha nghich.

. - - rPIZ \ * Q!-? ;1 c \ A3
Dinh nghia P = pr vaQ = ;| ©0 kich thuée (n+r)xm. Tir (2.2.24), thiy rang:

23 23
G, =1,,v8i G, =P/PTeR™™" va G} =-0'Q;, e R""™™ 5, =GIG, e R,
GIM,I", = QP véi M, =-0Q" P'" =0, P,, € R™ 14 ban don duong.
Trén co so d6 dinh nghia hai ma tran dbi ximg:
Q — Q'QZ—;Q"‘T’ Il—) = P‘f)z—zlP'T e R(n+r)x(n+r)
Vrsn<m<(n+ritaco p(Q) =p(Q,) +p(0y)= (n+r) vi. Dodé P va Q la xac
dinh duong.

Tham chiéu Q°, P vira dinh nghfa va (2.2.24) - (2.2.38), bling mot vai phép bién déi s
hoc don gian ta dé dang c6 duge didu phai chimg minh.
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Trong truong hop hién tai (2.2.22.e) va (2.2.22.f) dugc noi dén 1a céc phwong trinh
Lyapunov bién dang. Trong hai phuong trinh bién dang nay, vai tro clia cac ma trin O va P
ciing gidng vai vai trd cila cdc Gramian diéu khién va quan sat ctia hé théng ghép hop trong h¢
cac phuong trinh Lyapunov chuén, do d6 hai ma tran 0 va P dugc noi dén dudi tén goi la cac
anagramian (tuong tr gramnian) diéu khién va quan sét.

Néu mét tap cac tham sé md hinh biéu dién trong khéng gian bién trang thai duoc dinh
nghia 1a L: = (4, B, C), thi khi téi thidu hoa Z'() theo tap cia tham sé md hinh gia dinh, tn
tai hai phép bién ddi ¢ va P, bién tir khong gian tham s6 ctia mé hinh gia dinh sang khong gian
tham s6 cia m6 hinh hé d6éng hoc va mé hinh gidm béc:

A, = A, 84, =4 (2.2.39)
sa0 cho (fFL, -f5L,) € Im(f) + m(f)] (2.2.40)

dé tdn tai tap cac nghiém chung, la mdt trong nhimg mat nghiém da bac mat (manifolds) tuong
duong sau:

FEL 4 B[ Bay + B ] [AFL -SEL] + [mCONML)] @240
FEL = Zis[ Bty + Sy | LFFL = FEL | + [(F)Nu(F)]  @242)
[FFL, + FEL TFAL + FEL] + [m(F)Nm(F)] (2.2.43)

[P )

viét & trén biu thi nghich dao suy rong ciia phép bién ddi trong img, pu(.)
biéu thi khong gian khdng ctia phép bién ddi duoc viét bén trong ddu ngodc, Em() biéu thi phép

deday, chi sb phy “g

bién dbi vao trong khéng gian Null ciia phép bién ddi twong img duoc viét troqg déu ngoic va ki
higu “{]” chi phin giao cia hai khéng gian khong.

Céc diéu kién cén phai thoa man bai céc tham sb ciia mo hinh hé > dong hoc va cua md hinh
giam bic dé dam bao cho da bac mit clia cac nghi¢m chung la khong rong, do d6 c6 thé duge rat
ra. Hon nira, ¢6 thé chimg to rang ca @_va @, khdng chi 1a cac phép bién d8i ma con I chc
phép chiéu va mdi mét trong nhimg phep chiéu d6 la mot ding cu thanh phan cia phép bién dbi
ghép hop ciia hai phép bién dbi d6. Ngoai ra, @, la mét ding cy thanh phén ciia @,, didu nay
c6 thé d€ dang nhan thiy néu thyc hién chéo hod @, va @, . Mot didu ciing da dugc chimg 16

rang cac tham sb t6i vu cha mé hinh hé dong hoc va cia md hinh giam béc lién he v@i cac tham
s6 ciia m6 hinh gia dinh béi hé cac phurong trinh qui chiéu téi wu.

2.2.2.2. Giai tich tinh chét t5i wu
Dinh I 2.2.2: Gia sir dé thu dugc cdc tham s6 ghép hop theo dinh 1i 2.2.1. Khi d6, ton tgi hai ma

trdn xdc dinh khong am © va IT déu bdc (n + r) sao xudt hién hai phép chiéu 16i wu nita va
tat ca phép chiéu t6i wu ghép lai véi nhau theo tay ba qua cdc thira s6 cua ching.
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P P x
Chirng minh: Dinh nghia @ = [Q” Q”] = [ . ”] , ¢a hai c6 bac (n +r). Dé dang

o, 0. LB B
nhan thdy ring ® va T 1a xic dinh khéng am. Dinh nghia @ =@ -0
VAP =P Pe g™

Tham khao dinh li 2.2.1, biéu thirc t& hop cac phuong trinh trong (2.2.26), (2.2.27),
(2.2.28) ¢6 thé duge viét: 4@+ @A™ + BV, B" = 0. Tham chiéu biéu thic cia @ va chi y
cac ding thic trong dinh 1i 2.2.1, biéu thirc (2.2.44) tr& thanh: 4@ + @A” = 0 va cho mét
nghiém duy nhit. Vi A phai én dinh, nén nghiém duy nhit ciia phuong trinh trén 1d mét ma trin
khéng.

Tuong ty, tham chiéu Dinh i 2.2.1 va 7 , bidu thirc t8 hop gdm (2.2.26), (2.2.27), (2.2.28)
dén dén phuong trinh: AIT + ITAT = 0 c6 nghiém duy nhét ciing 14 mdt ma tran khong.

Vi @& va IT 1a cac ma trdn khong, va Q;;va Py c6 the nghich dao duge, nén ta co thé dé
dang thu duogc cac ding thirc sau day:

Q, - szszQu =0 P, - sz_Pzz PI].; =0, Q- Q:zQ;zst =0, P, - sz‘Dzzr‘st =0
Oy - Qszgzést =0, Py '})zgf)z;g3 =0
Tur cac dang thirc nay két hop véi cac biéu thire (2.2.24)«(2.2.38), ta c6:
PO+ RQL = PPIPLO, + POIGAOL= - PO,
P00 + B'];QH = PzT;P;ezI(stQL + Pr?;;Qu)Q};st =- PziQB

Khi do, cac dfmg thirc sau dé dang dugc rat ra: *
QITZ = (2.2.44)
})HQH ¥ [R'_? Rfj] 7 - 0 vha
Qi}
T -le_‘ -
P, + [Py P =0 (2.2.45)
_Qzu
7 T FQn_ _ 27 46
PssQ_u + [Pn sz] =0 ( 2. )
|.Q23_

Nhu ¢ phan chimg minh Pinh li 2.2.1, @, Oy, Py va P33 ciing dugce chi ra 1A cac ma trin
kha nghich dao, khi dé:

- R'-ll [Plz PI.?][Q”}QH T fn (2.2.47)
0
- Pzz [ 23]|:Q” :lez T im (2.248)
Q; :
- P[P} P;Z]B”}Qﬂ : (2.2.49)
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. V6i ba phép chiéu thi vu dugc dinh nghia la:
| O'.r=G1TF;’ O'2=G:'F2, 0'3:G3Tr3
trong do, G, = Pr:[P;z ‘33]’ G, =- Q;:[Q;z Os). G, = Pz;[P/g Pyl
-05l0, 051, G, =PIR; Bl G, =-05l0; &l

D2 dang nhan thiy ring cac phép chiéu dugc ghép twong hé 13n nhau bai c4c thira s6 cua
chiing. Hom nira ta d3 biét:

L e o LR B
STl | T T T

ta co: Q;z = [In nxr]Q =- [1 n"r]QFZ’ Q.?J =- [ rxn IP]QFT’

Py =r [OI] = Gzﬁ[o{ﬂ' P,= Gzﬁ[o}:’]. (2.2.50)
Do d6, tir (2.2.45) va (2.2.46) ta c6 céc ding thirc sau diy:
P, =-[l1, 0.1PG; B,] [ } (2.2.51)
QH
Ps o o
' P.Q, =- [P} [0. I,]PGj] r Q{O"*'] = (2.2.52)
=1

Tir 46, d& dang thay ring P330;; la mot déng cu thanh phén cta P, ;Q; I Dleu nay c6 nghla
1a tich cac gramian didu khién va quan st cia mé hinh giam bac dwgc toi ru dbi voi tich cac
gramian diéu khién va quan sat cia m6 hinh hé dong hoc. Do d6, khong chi cd cac tham s& ma
cOn ca vécto trang thai, ca hai yéu td d6 ciia md hinh gidm bac déu duoc tdi wutheo cac tham sb
va vécto trang thdi cia mé hinh hé déng hoc. Dinh li 43 dugc chirng minh.

2.2.2. Dé xuitt phwong phdp ti wu trang thdi

2221 ) Cdc két qua lién quan dén t6i wu theo trang thdi ;

B4 dé 2.2.3: Cho vécto x,, chiza n trang thai doc Idp tuyén tinh ciia mpt hé déng hoc. Gid sir rdng
c6 mgt mé hinh gia dink dugc chon, c6 vécto X, chira m trang thdi déc lgp tuyén'tinh véi m < n.
Khi do, tén tai mgt phép bién doi khong dong dang T € R™" ¢6 hang m Ién vécto x, 3¢ thu dwoc
Xm S@0 cho néu sé ddu ra q cua hé dong hoc nha hon hodc bang ch m cua mo hinh gia dinh,
q < m, thi T'x,, dwa dén chudn cyc tiéu trong sé cde binh phwong t6i thidy sai s6 ddu ra.

Chimg minh: C6 thé viét Xm =T, T €R™ m<n. _ (2.2.53)

Dé m thanh phan cua x,, duge xac dinh doc 1ap, T phai cé hang du theo hang. Tuy nhién,
khé tim lai duoc trang théi gdc ciia m6 hinh hé théng tir céc trang thai da dugc bién déi. Goi x|
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13 vécto trang thai tim duoc bai mot phép bién ddi ngwge 18n x,,. Nghia 13, x: =1IIx, [T R™.
Khi d6, xuét hién sai s6 t6i rru trudc vécto x, gbc ciia md hinh hé dong hoc hay mét quy trinh t6i
wru trén co s& vécto trang thdi xudt hién. DE dang chi ra ring sai sb t5i ru theo nghia chudn dat
dugc khi //=T". Nghia la:

' 2
X -T _xm“Rdt = minimum (2.2.54)

J Sopi _E

trong do, chi s8 "R" am chi chudn duogc trong s6 hod boi ma trén xdc dinh khéng dm v&i Kich
thuéc phii hop. Biéu thirc (2.2.54) dugc biét dén 1a tiéu chi 16 weu theo trang thdi.

Gan R :zC':Tr R,C , trong d6 C, 14 ma trén kich thugc gxn, hang du theo hang, ¢ < n va R,
la mgt ma tran xac dinh khéng am, kich thuée phi hop. Tir (2.2.54), ta ¢é:

l‘ .
J()opf=,[1(cﬂ‘xn - CnT xrrr)T RI(Cnxn - CnTvxm)dt (2255)
va mot ham tiéu chi dé t4i thidu hoa dugc dinh nghia:
Jo = {0, -2 Ry, -, (2.2.56)

D6 chinh 12 biéu thirc bidu dién trong binh phwong sai s6 diu ra.

i

Nhan xét lién quan dén bd dé gdm: (i). Vi T 1a hang, nén x,, = T%,, (ii). Gia trj t3i wu cha
Cnla C = C.T", (iii). Do chua biét bac # cira md hinh hé dong hoc nén co thé m > n va x,,

khdng dugc xéc dinh chinh xac. Ta coi md hinh hé ddng hoc la phién ban t6i wu cia mé hinh gia
dinh, nén ch& dgi mt vécto gan dung cho x, tir:
2
dr= |
R ;

Bé d2 2.2.4: Cho vefctor trgng thai x, chira n trang thai doc lap ngzén tinh cua m¢t hé dong hoc la
vécto trang thdi bién déi cua mé hinh gia dinh:

2
R

L
dt =0 (2.2.57)

x -X

”n n

* HEXH Y +
x, -Ix, =¢,.£, e R"" m>n va _E“xn -T'Tx,

x,=T"x, , TeR™ p(T)=m<n, ' (2.2.58)
khi do, thira s6 hod phép bién d6i khong dong dang T = GE = EH (2.2.59)
wrong do, E=E(x,x.)eR™ la mpt ding cw thanh phin, G=E(xx)eR™, va
H= E(x_x])e R™ la cdc xdc dinh khéng dm va E(.) biéu thi gid tri ki vong hodc gid tri trung

binh cua biéu thirc trong ddu (.) khi t—o0 tuong vmg voi trudng hop tin hi¢u kich thich la nhiéu
trdng c6 cuong dé xdc dinh hodc cdc tin hi¢u tién dinh khdng twong quan.

Chimg minh: Nhan phia sau hai vé caa (2.2.58) lan lugt v&i x: va x: sau d6 iy ki vong toan
hoc. Ta duge E(x,x! Y = E(x,x ) e R™ di¢uki¢n dé E = E(x,x/ ) 12 mot 4nh xa thanh phan.
Trong khi E(x, x')va E(x,x!)la cac ma tran khong 4m. Nén, thyc hién tya nghich déo cua
GE' va E"H theo cach thdng thudmg. Do d6, ta ¢6 (2.2.59).

Nhin xét lién quan dén bd dé gdm: (i). BS dé dang voi ca khi x,, € R(T) va khi x,, & K(T);
(il). T = E'G = H E’; (iii). Cac ma tran o, = EE’ va 0y = E'E déu 1a céc phép chiéu t3i uu truc
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I
giao va ¢6 dang sau g, = |: " 0] va a3 = I; (iv). Phan tich G = UGAGVJ vaH= ‘UHAHV;

trong do, A; = diag (A, Ay, ..., &) voi 4,2 4,2 .2 A,, Ay = diag(uy, o, ..., tw) yéri M2 22
#tn. Diéu d6 cho phép twr duy dén viée rit E tir phuong trinh EG - HE = 0 dé cau tric bién dbi
khéng dong dang T.

2.2.2.2. Nghiém ctia bai todn wérc liwgng tham s6 mé hinh

Dinh Ii 2.2.3: Gia su cé cdc dai lwgng do luong phuc vy myc dich danh gid wéc hegng tham 56
mé hinh cua mét hé dong hoc ¢é bdc n. Gia sic mdt mé hinh g:a dinh c6 ddc tinh dong thoi diéu
khién va quan sdl dugc chon cé bdc m, m > n. Khi do, c6 mot phép chidu 161 wu truc giao
oc=EE" e R™ ,p(cd)=n,va Q HEWM_ET, pP= H*EW,,OET R™™ ca hai ma trén xdc
dinh khong dm cimg cd hang n, sao cho cdc tham s6 tao nén phan c6 tinh diéu khién va quan sdt
dong thoi cua mé hinh hé dong hoc co thé tinh dugc tir:

A =E"H A HE, B, =E'H'B_,C, = KC,HE (2.2.60.2)

thod mdn cdc diéu kién sau ddy:
o[H 4,0+ Q4H' +H BVBIH |o” =0 (2.2.60.b)
o" [ HALP + PA,H + HC,K"RKC,H |o = 0 (2.2.60.¢)

gong do, E=E (x,x1)Ye R™ la mpt ding cw thanh phdn, H = E(x,x!)Ye R™ ld ma trin
xdc dinh dwong, W, va W, la gramian diéu khién va quan sdt hé dong hoc d6 va ma irgn K la
phép bién déi neong tw dé dap ving déu ra cia mé hinh gia dinh tring khop. vdi ddp ung cua hé
' thong dong hoc. Y

Ching minh: Gia sir mdt mb hmh gia dinh c6 tinh chat diéu khién va quan sat dong thoi
dugc chon cé bac m vdi m > n mo ta bdi cac phuong:

x, =A,x, + B u - (2.2.61)
Y, =C.x,. (2.2.62)
Nhan trirée ca hai vé cia phuong trinh trong (2.2.61) véi T° va nhan truée hai vé cia
phuong trinh trong (2.2.62) voi ma trdn kha nghich K € R*™, p(K) =g, va sau do thay x,,
boi gia tri gin dang nhit cia né 1a Tx, ta co:
A =TAT,B =T'B,,C, =KC,T ' (2.2.63)
Tir ddy, tham khéo bd dé 2.2.4, biéu thirc trong (2.2.60.a) dugc rit ra.

DPé md hinh hé ddng hoc c6 tinh diéu khién va quan sat dong thoi thi A4, 14 mot ma trén 6n
dinh, gramian di¢u khién va gramian quan sat ciia hé déng hoc d6 1 nghiém duy nhat twvong img
clia phucmg trinh Lyapunov. Hai phuong trinh ndy, sau khi nhan trudc va sau tuong img v&i E
va £ va tham khao t&i cac biéu thirc trong (2.2.60.a), trd thanh:

EE'H'A HEW E' + EW _E'HA'H*EE" + EE'H'B VB'H EET =0 (22.64)
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EE"H A'EW E" + EW _E'H'A HEE™ + EE'HC'K"RKC HEE™ = 0. (2.2.65)
Dinh nghia o = EE", Q= HEW, E", P~ H EW, E', tit ca cic ma trén d6 déu c6 béc
m. Nhan thdy O vaP dbi ximg c6 p(0) = p(P) = p(c) =n<m, nén Q viP la xic dinh
khong dm va Qo = 0 va o' P =P. Vi vy, (2.2.60.b) va (2.2.60.c) thu dugc tir (2.2.64) va
(2.2.65) tuong ing. Dinh li dwge chimg minh.
2.2.2.3. Tinh bén vimg mé hinh hé dong hoc
2.2.2.3.1. Phét biéu bai todn
Cho mét hé dong hoc tuyén tinh bét dinh ¢6 bic n duoe md 14 boi: ) .
{ . -~ -
£(0) =A%) + Bw{), te[0, ) (2.2.66)

7,0y =C,% () (2.2.67)

va mdt mé hinh gia dinh ¢6 bic m, m > n, duge mo ta boi:
- O =A% @)+ Bwr), el o) (2.2.68)
§.) = C %, () (2.2.69,

‘t(A)n tai tiéu chi’ftéi uu trang thai sau:
2
oo = SupE {||x ~Tx,| R} T eR™ p(T)=n (2.2.70
<
va tiéu chi trong binh phurong sai s6 twong tg:
2 ’ -

S ops =SupE{ v, — K7, R},Ize R™ p(K)=¢ (22,71

Hay xac dinh cac gia trj han ché cita A, B, va C; sao cho md hinh mé ta bdi cac phuong
trinh trong (2.2.68) va (2.2.69) co tinh diéu khién va quan sat dong th&i.
2.2.2.3.2. Diéu kién di ctia chirc ning bén vifmg
Trong truéng hop hién tai:
£ =T"'x, TeR™ p(T)=nm>n. (2.2.72

Coi chudn vécto va chudn ma tran trong trudng hgp dang xem xét 13 nhét quan dé céc bién
ddi xac dinh Ax, din t6i mot gioi han AT va nguoc lai. V&i mdt md hinh gia dinh, thi

"xm” =x, la mjt hing s.(‘). Gia sir, khéng lam mit tinh tong quit:

ax ] = 2 |7l =2 v || =173,

trong d6 A, va A 1a trj riéng I6n nhét va nho nhét khac khong cia TT T

T+

Lay ‘chuén hai vé cia (2.2.72) va thuc hién mét sb phép bién dcf»i toan hoc, gidi han bién cia
nhimng bién ddi trong phép bién d6i khong dong dang T dwgce tim thay nhu sau:
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||AT[] J/m (4, +). e

-----

AT
""T"||_\/_+ "T" \/_ (]+\/_‘/_+ . (2.2.74)

Mbt cach tuong ty, ta ¢6; | - ﬁ_._ (2.2.75)

T K
Tiéu chi t&i wu trang thai biéu dién béi phurong trinh trong (2.2.70) tré thanh:
Too = |25 + |47 || %, | = 2 (2.2.76)
Gidi han rang bugc ciia K tim duoc tir tiéu chi :
Tom = E{jCu5 | + [RUCIE I} = 0 eam

va cho bdi biéu thire:

|&] = |7] |ax] = G4, + 260/J4, (24, +56). (2.2.78)

Tir d6 nhan thay ring mb hinh gia dinh déng vai trd quan trong trong trudmg hop thong qua
céc trj riéng cta TT'. Bat déng thirc:

v 172, <||*||<1/J_

tim duoc ur (2.2.72) giai thich ring néu mé hinh gia dinh khdng dugc chon pltd hop dé bao trum
cé khoang bién ddi vé bién d6 cua nhiéu loai nay, thi tinh chét t5i vu giira céc I«rang thai gbe va
cac trang théi bién dbi s& khong duge dam béo. Diéu d6 cé thé dan t¢i mot gid'tri ude lugng bj

sai 1éch mic di cAc déu ra c6 thé hoan toan dugce tring khép nhd vao vai trd cia K.
2.2.2.3.3. Céu tricc biit dinh
Giasa V = I,,K=R=1, va gia sir:
A, = diag(-a, ... -a,), B,B. =diag(B, ... B,). C,CI =diag(y, ... ¥.)»
trongdé: &, , B, y, = O0,véii=1 .., m. ;
Tuong Wing v&i Ax,, cdc tham sé clia hé bat dinh dang xem xét duge thay ddi boi

A4, ,AB va AC tir cac gié tri danh dinh twong img 4, , B, vaC, . Gia tri thay ddi 16n nhat 1a:

ac, | < rda, /3, + 0. @279)

Céc gia tri cyc dai cia cac tham s6 lac d6 duge gigi han béi: -
\/}' Ay (& + 2 ‘\l o)

[ o2t 2 g gt Selp,
N S N

|a4.| < 2Jey4, /x,

4B,| < B, /x,
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Ta thdy néu khong sir dyng phuong phap tdi wu trang thai thi khé xéc dinh anh huéng nhu
thé nao ciia bat dinh bién trang thai Ax, dén cac tham sb khac cua hé thc‘mg ddng hoc do, mic
du biét ching tr& nén bt dinh.

2.2.2.3.4. Tinh 6n dinh, diéu khién va quan st

Nhimg bién ddi ciia cac tham sb do tinh bAt dinh gay ra c6 thé lam cho mo hinh h¢ déng
hoc dang xét tr¢ nén khong On dinh, va do do ciing khéng con kha néng diéu khién, quan sat.
Di€u ma s& dugc chimg t6 1a md hinh gid dinh con dong vai trd quan trong lién quan dén tinh 6n
~ dinh, di¢u khién va quan sat ciia md hinh hé ddng hoc do.

Tir (2.2.60.a), ta thy néu H*A_H duge chéo hoa, thi thanh phin thir n trén dudng chéo
clia né tuong yng vdi tri riéng nho nhat cia A, . Ki hiéu trj riéng nho nhat nay cia 4, 1a -a,,
Khi d6, md hinh cua hé dong hoc d6 s€ gitt duge trang thai n dinh khi va chi khi gia trj cuc dai
AA_ khong lam vij tri ‘ciia céc cye tuong mg voi -ct,, dich vé phia phai ciia mit phang S. Bién
d6 han ché déi véi A4, duge cho boi biéu thirc:

a, A /x < (e - (2.2.80)

sn

Tinh chit dleu khién va quan sat cia mo hinh h¢ dong hoc s& khong bi thay ddi néu ma tran

A, 6n dinh va. eac hang cta ma trin B va C' cling khong thay dbi. Nhitng hang nay khéong bj
thay ddi khi ma sb céc tri riéng khic khéng ctia ma trin BJ Bs va C:Cs duge giir khong dbi.
Gia sir ring n trj riéng cha ma trin E’; ﬁ’f ¢6 thé duge tim tir phwong trinh trong (2.2.60.9) 12
khac vé&i n tri riéng cla é: C~'s . T viée gia thiét ring khong méot tri riéng ndo cia ma trin
és éf va C-:‘: éx bi triét tiéu do AB, va AC, twong img, cac gidi han chan cia AB, va
AC loe d6 duge tim nhur sau:

B, /x <

< Jrah /A 46 <y (2.2.81)

& day, B, va v, 1a cdc tfi riéng nho nhét khac khong cia B, B va C7C, tuong img.

Gia sit AA_,AB, va AC, thoa min céc giGi han theo céc bit phuong trinh trong (2.2.80)

\_fﬂ (2.2.81), do d(:) md hinh hé théng d6ng hoc dang xét trong diéu kién ¢6 nhiéu xa bat dinh 1a
6n dinh, di¢u khién, quan sat dugc.

Kihisu W, =E@&iZ)=W,_+2E(xAx")+E(Ax,Ax)=W _+W,
Vé PV(} ( §)=W\0+2E(£t Ax.v)+E(Ax.\-Ax.v)=W\‘n+W0’

Cac bét dz'mg thire diéu kién trong (2.2.80) va (2 2.81) giai nghia rdng cac cdp ma trin
(A B) va (C A ) c6 kha nang 1am md hinh dinh 6n dinh dugc va klem tra duge. Khi do,

W, va W 1a nghiém duy nhat cia cac phuong trinh:

5

AW +W A" +BB =0 (2.2.82)
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AW, +W, 4 +C'C, =0 (2.2.83)

Chu ¥ toi cac biéu thire ki hidu sau:

E=E(x & )=E+E(x,Ax )= E+AE (2.2.84)
va . G =EE" =0 + 2Eu, + pu, =oc + Ao (2.2.85)
cac phuong trinh (2.2.82) va (2.2.83) khi d6 tro thanh:
(G +AG)H* 4 (O+AQ) + (O+AQ)AH* + H*B B H* (o +40c)” (2.2.86)
(o +A40) [HAL(P+AP) + (P+AP)A H + HC!C, H(c +Ac) =0 (2.2.87)
trongdo, AQ = H(EAW_E" + EW_AE" + AEW_E" + AEW _AE™ +

+ EAW,_AE" + AEAW E' + AEAW _AE")
AP = H'(EAW E" + EW AE" + AEW,_E" +AEW AE' +
+ EAW _AE" + AEMW E' + AEAW, AE")

¢6 dang diéu kién bién ctia Petersen-Hollot.

Vi (AcH'A,,AcH \[B B ), (JCIC HAc,4 HAc) c6 kha nang 1am &n dinh va kiém
tra m6 hinh bét dinh dugce, nén tr (2.2.860) va (2.2.87) ta co thé suy ra:

HAQ+ QA H +20)+HBBH =0 (2.2.88)
v HATP + PAH + Q(P) + HCIC H = 0 (2.2.89)
trong 46, H'A AQ + AQATH = (0) L (2.2.90)
va HATAP + APALH = Q(P). - : (2.2.91)

Tir d6, thy rang AQ va AP 14 cdc x4c dinh dwong. Vi vdy, cac gi4 tri gidi han dbi vai
chuin cia AQ va AP duge tim thiy nhur sau:

[a0] < 0] +VB e = o + B /\/_ (2.292)
va |48 < |2+ {5, Naw =Jo. /v, e, @299

i
trong d6, v, va v, biéu dién trj riéng cuc dai va cyc tiéu ctia H, @, va ¢, la chun twong img
caa W va W ’

5

Két ludn: Khai niém "suy rong hay tong quat hoa" ndi chung va "nghich dao suy réng” néi riéng
14 mdt linh vye dang duoc nhiéu nha khoa hoc trong v ngodi nudc nghién ciru vé& ca mat Ii
thuyet tan khia canh ting dung. S& di nhu viy la vi tong quat hoa la phuong tién dé di dén mot
cai dich "vugt qua” nhimg khudn khé hay khudn miu dinh sin nao d6. Chung tdi hi vong tir
chuyén dé nay s& cé nhiéu hoc vién cao hoc va nghién clru smh chon dugc cho minh mjt huémg
di sao cho khéng bi nh& nhip trong ham nghla "khuén mau" trong cong tac va nghién ciru khoa
hoc.
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SUMMARY

A SUMMARY ON GENERALIZED INVERSE OF MATRIX

In this paper, generalized inverse of matrices is theoretically summaries with different
examples and proposes applications. The paper consists of two main parts. The first one is for
important issues on fundamental theories and the extended parts of generalized inverse, The
second part is for different examples and application proposes by the authors in the systems
parameter estimation aspects. The authors hope that readers can avail several ideas and methods
from this paper for their further studying in system theory.
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