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Trong bai bao nay, cac tac gia thao luan van dé nhan gia tri va duy nhat cia toan tir sai phan va tich sai phan doi véi

ham phan hinh trén trudng so6 p-adic.

Tir khéa: Gia thuyét Hayman, ham phdn hinh, todn tir sai phédn, truwong khong Archimedes.

Chi s6 phin loai: 1.1

The problem of value-sharing
and uniqueness between the difference
operator and the differential equation
for the meromorphic function
of a non-Archimedean field

Ngoc Hoa Pham, Xuan Lai Nguyen®
Department of Mathematics, Hai Duong College

Received 5 February 2018; accepted 30 March 2018
Abstract:

In this paper, we discuss the value-sharing and
uniqueness problem for difference operators and
differential multiplications of meromorphic functions in
a p-adic field.
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1. Mé dau

Phan b gia tri va van dé xac dinh duy nhat da duge nhieu
nha toan hoc trong va ngoai nude xét trong moéi lien hé véi
dao ham ctia ham phan hinh vi dnh nguge ciia cac diém rieng
ré. Ngudi khéi xudéng huéng nghién cttu nay 14 Hayman. Nam
1967, Hayman [1] d& chting minh két qud sau day:

Dinh 1y A. Cho f 13 ham phan hinh tréen C. Néu f (2) #
0va f*) (2) # 1 v6i k 1a mot s6 nguyen duong nao dé va véi
moi z € C thi f 1a hing. Nam 1967, Hayman [1] cling dua
ra gid thuyét sau day:

Gia thuyét Hayman. Néu mot ham nguyén f théa man
7 (2) f (2) # 1 v6i n 1a mot sd nguyén duong nao dé va véi
moi z € C thi f 14 hing.

Gia thuyét Hayman da dugc Hayman kiém tra d6i véi ham
nguyen sieu viet va n > 1, da duge Clunie [2] kiém tra déi
véi n > 1. Céc két qua nay va cic van dé lien quan da hinh
thanh nhanh nghién ctu duge goi 1a sy lya chon ctia Hay-
man.

Cong trinh quan trong dau tién thic day huéng nghien
ctiu nay thuoc vé C.C. Yang va X.H. Hua [3]. Nam 1997, hai
ong da ching minh dinh 1y sau day:

Dinh ly B [3]. Cho f va g la hai ham phan hinh khac
hing, n > 11 la mot s6 nguyen va a € C - {0}. Néu f"f'va
¢"¢ nhan gia tri a CM thi hosicf = dg v6i d"*! = 1 hosc
f(2) = c1e” va g (2) = ce™, & d6 ¢, c1, 2 14 cdc hing s6
va théa man (cic)" 2 = —a.

Trong trudng hgp p-adic, két qua dau tién theo hudng
nghién ctu nay thuoc vé J. Ojeda [4]. Nam 2008, J. Ojeda
da xét vAn dé nhan gia tri cia f +Tf" v6i T 1a ham hitu ty.
O do6, J. Ojeda da nhan dugdc két qua sau:

Dinh ly C [4]. Cho f 1a ham phéan hinh trén C,, n > 2 la
mot s6 nguyen va a € C), - {0}. Khi dé néu " (z) f' (2) # a
v6i moi z € C, thi f 1 héng.

Trong nhitng nam gan day, van dé trén dugc nhiéu nha
toan hoc trong va ngoai nudc xét trong mdi lien hé véi da
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thitc sai phan cta ham phan hinh va anh nguge ctia cac
diém rieng ré. Nam 2006, Halburd va Korhonen [5] da thiét
lap tuong tu ciia ly thuyét Nevanlinna cho toan ti sai phan
ctia ham phan hinh ¢é bac hitu han. Nam 2007, I. Laine va
C.C. Yang [6] da thiét 1ap tuong tu Dinh 1y A cia Hayman
cho mat kiéu da thic sai phan dac biet cia ham nguyen siéu
viét c6 bac hitu han. Hai ong da ching minh két qua sau day:

Dinh 1y D [6]. Cho f 1a ham nguyén siéu viét c¢6 bac hitu
han trén C va ¢ 1a mot s6 phiic khac 0, n 13 mot s6 nguyén,
n > 2. Khi d6 f"(2) f (2 + ¢) nhan a, a € C, vo han lan.

Nam 2009, K. Liu va L.Z.Yang [7] da chiing minh duge
két qua tuong ti Dinh Iy D cho toan ti sai phan cia ham
nguyeén siéu viét c6 bac hitu han, da chiing minh dugc két
qua tuong tu Dinh Iy B (xem [3]) cho mot kiéu da thitc sai
phan dac biét ctia ham phan hinh.

Gan day, Ha Huy Khoai va Vit Hoai An [1, 8], Ha Huy
Khodi, Vit Hoai An va Nguyén Xuan Lai [9] d& xét phan b6
gia tri va van dé duy nhat déi véi dao ham bac cao ctia ham
phan hinh trén mot truong khong Archimedes. Ho da chiing
minh duge két qua tuong tu ctia Yang - Hua (Dinh ly B)
cho (f)*) v6i f 1a ham phan hinh trén mot truong khong
Archimedes.

Trong bai bao nay, chung toi xét van dé nhan gia tri va
duy nhat déi v6i toan ti sai phan va tich sai phan ctia ham
phan hinh trén mot truong khong Archimedes.

2. Van dé nhan gia tri cia toan tit sai phan va tich
sai phan ctia ham phan hinh trén moét trudng khong
Archimedes

Trong bai bao ta ludén gia thiét K 1a mot trusng dic sb
khong, day di véi chudn khong Archimedes va dong dai so.
Cac khai niem, ky hiéu va két qua dung trong bai bdo nay &
cac tai lieu [1, 8-10]. Trudc tién ta phat biéu Gia thuyét Hay-
man cho toan tt sai phan trén mot truong khong Archimedes
(p-adic).

Gia thuyét Hayman cho toan ti sai phan p-adic.
Néu mot ham phan hinh p-adic f théa man f"(2) A.f (2)
£ 1 vdin la mot s6 nguyén duong nao dé va vdi moi z € K
thi f la hang.

Ta can cac bd dé sau:

B dé 2.1. Néu ham phan hinh f tren K théa man A.f (2) =

0 vdi moi z € K thi f la hdng.
Chitng minh: Gi4 s nguge lai, f khac hing. Do f 1a mot
ham phan hinh trén K, khi d6 ton tai hai ham nguyén fi, fo

sao cho f1, f> khong c6 khong diém chung va f = ?1 Do f
2

khac hing nén it nhat mot trong hai ham fi, fo khac hing.
Khong giam tong quét, gid st f; khac hing. Vi A.f (z) =0
[z hz+0)
£ " bt
z € C,. Khi d6 fi(z) = afi(z + ¢). Ta ching minh f(2)
khong c6 khong diém c6 mo dun 16n hon |¢|. Gia st nguge
lai, f1(2) ¢6 khong diém c6 mo dun 16n hon |¢|. Goi b 1a khong
diém ctia fi(z) sao cho |c| < [b]. Dat [b] = 7. Do |¢| < |b] nén
|z + me| = |z| v6i |z| = r,m 1a mot s6 nguyén duong bat
ky. Chii ¥ ring, tap hop cac khong diém c6 cting mo dun
ctia mot ham nguyén la hitu han. Do fi(z) = afi(z + ¢) nén
b,b+c,...b+me... la cac khong diém phan biét ¢6 cling mo
dun ctia fi(z) v6i m 1a mot sd nguyen duong bat ky. T day

vél moi z € K nén = a,a # 0 v6i moi
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ta nhan duge mau thuan. Vay fi(z) khong c6 khong diém cé
md dun 16n hon |¢|. Do d6 fi(z) 1a da thiie véi bac n nao do6.
Tit f1(2) = afi(z+c) nhan duge f;(z)" 1a da thiic véi bac
Lva fi(2)" Y = afi(z+¢) "D, Viét fi(2)""V) = dz+e. Khi
dé afi(z+¢)"V = a(d(z+c)+e) va dz+e = adz+adc+ae.
Tu day suy ra a = 1,¢ = 0. Mau thuin véi gid thiét ¢ # 0.
Vay f 1a hing.

Dinh Iy sau day tra 16i chua tron ven Gia thuyét Hayman
cho toan tu sai phan p-adic.

Dinh 1y 2.2. Néu ham phan hinh f trén K théa mén
M (2) Acf (2) # 1 vdin > 6 la mot s6 nguyén duong nao do
va vdi moi z € K thi f la hdng.

Chiing minh: Gia st ngugc lai, f khac hing. Theo B6 dé
2.1 ta c6 A.f khong dong nhat khong.

Dit G = f(2) A.f. Ta thay rang, moi cyc diém ciia G chi
6 thé xay ra tai cic cyc diém ctia f, f(z + ¢), vA moi khong
diém ctia G chi c6 thé x4y ra tai cac khong diém ciia f, A, f.

Ap dung Dinh 1y chinh thit hai, thit nhat va két hop vdi

B6 dé 3.1, 3.2 [8] ta c6

(n=1)T(r, f) <T(r, f"(2)Acf)+0(1) < Ni(r, G)+Ni(r, é)

ﬁ) “logr + O(1) < T(r, ) + T(r, ) + T(r, f)

+27(r, f) + Ny (r,

+N1,G (T,

1

Do do6

(0= O)T(r, )+ logr < Na(r, ) + O()

Tit f khac hing van > 6 ta c6 G nhan gia tri 1, mot mau
thudn. Vay f 1a hing.

Dinh Iy 2.2 gép phan khéng dinh Gid thuyét Hay man p-
adic.

Cau héi dat rala: Véin = 1,...,5 thi Dinh Iy 2.2 con ding
ntta hay khong?

Sau day ta trinh bay Gid thuyét Hayman ddi v6i tich sai
phan ctia ham phan hinh trén mot truong khong Archimedes
(p-adic).

Gia thuyét Hayman dude phat biéu cho tich sai phan ciia
ham phan hinh p-adic nhu sau:

Gia thuyét Hayman cho tich sai phan p-adic.Néu f
la mot ham phan hinh trén K théa man [ (2) f(z +¢) # 1
vdin la mot s6 nguyén dwong nao dé, ¢ # 0 va vdi moi z € K
thy f la hang.

Dinh Iy sau day tra 13i chua tron ven Gia thuyét Hayman
cho tich sai phan p-adic.

Dinh 1y 2.3. Néu mot ham phan hinh f trén K théa man
() f(z+c) # 1 wdin > 5 la mot s6 nguyén duong nao do
va vdi moi z € K thi f la héing.

Chitng minh: Gi& st ngudc lai, f khac hing. Theo Bd
dé 2.1 ta c6 f(z + c) khac hing. Dat F = f"(2) f(z +¢). Ta
thay riing, moi cuc diém ctia F' chi ¢6 thé xay ra tai cac cuc
diém ctia f, f(z-+c), va moi khong diém ciia F chi c6 thé x4y
ra tai f, f(z +¢). Ap dung Dinh 1y chinh thit hai, thit nhit

va két hop véi BS dé 3.1, 3.2 [8] ta ¢6

(n=1)T(r, ) <T(r, f"(2)f (2 + ¢))+O(1) < Ni(r, F)+No(r, %)Jr



Nl,F(T *lOgT"Fo(l)

1
7 F . 1)
ST, )+T(r, F)+T(r, [)FT(r, f)+Na(r,

Do do

1
o 1)7l<)g r+0(1)

(n=5)T(r, f) +logr < Ni(r )+ O(1)

o
"F—1

Tit f khac hiing van > 5 ta c¢6 F nhan gia tri 1, mot mau
thudn. Vay f 1a hing.

3. Vin dé duy nhét ciia tich sai phan ctia hAm phan
hinh trén mot truong khong Archimedes

Cau hoéi dat ra la: Véin = 1....,4 thi Dinh 1y 2.3. con diang
nita hay khong?

Tiép theo, ta c¢6 cac két qua tuong tu ctia Dinh 1y B cho
tich sai phan ctia ham phan hinh p-adic.

Dinh ly 3.1. Gia st f,g la cac ham phan hinh trén K.
Néu Epnfzrey (1) = Egugiare)g (1) van > 13,0 la s6 nguyén,
thi f = hg vdi h"*' =1 hodc fg =1 véi "' = 1.

Chitng minh: Ap dung Bé dé 3.3 [8] v6i céc truong hop
sau:

Truong hop 1.

Dat A= f"f(z+¢),B = g¢"g(z+ ¢). Khi d6 ta c6

1

T(r, A)+O(1) < Ni(r, AJ+NF(r, A+ Nar, A)+N1A( ik
1 1

Ni(r, B) + NZ2(r, B) + Ny (r, E) + N2 (r, E) — logr +O(1)

Két hop véi Bo dé 3.2 [8] ta c6

(n—=1)T(r, ) < T(r, A)+O(1) < Ny(r, A+ NZ2(r, A)+Nir, %)

1
: Z>+N1(r7 B)+N2(r, B)+N(r, B

(n=1)T(r, g) < T(r, B)+0(1) < Ny(r, A)+NZ2(r, ANy (r

+N7A(r )+N1>2(r 7) logr+0(1),

1
) Z)
1 1
A) + Ni(r, B) + NZ2(r, B) + Ny(r, B) + N (r, E)
— logr + O(1) (1)
Moi cie diém ctia A chi c6 thé xay ra tai cac cuc diém clia
f, f(z+c). Két hgp véi Dinh Iy chinh thit nhat va B deé 3.1
8] ta co

Ny (r, A) + NF2(r, A) < 2Ni(r, ) + (N1, f(2 + )+
NZ2(r f(z+¢)+0(1) < 2N(r, f) + N(r, f(z +¢)) +
20(r, )+ T(r, f(z+¢) + O(1) < 3T(r, f) + O(1)
Suy ra
Ni(r, A)+N2(r, A) < 3T(r, f)+0(1) (2)
Ta thay rang, moi khong diém ctia A chi c¢6 thé xay ra tai
cac khong diém ctia f, f(z + c).
Tuong tu (2) ta nhan duge
1 1
FURIY

+ N

0(1) <

Ni(r,=)+Ngi(r, <) <3T(r, )+0(1) (3)
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Tuong tu d6i véi B ta ciing co:
Ny (o0, 7)+N3(00,1) < (k+2)T(r)+0O(1)
Nyp(0,7)+ N30, 7) < (k4+2)T(r, g)+0(1) (4)

T (1)-(4) ta co

(n - I)T(T, f) < 6(T(T7 f) + T(Tv g)) - 10g1‘ + O(l)
Tuong t
(n=1)T(r,9) <6(T(r, f) + T(r,g)) - logr+O(1)

Suy ra ta ¢

(n=1)(Ty(r) +Ty(r)) <12(T(r, f)+T(r,g)) — 2 logr+ O(1),
(n—13)(Ty(r) + T,(r)) + 2logr < O(1)
Do n > 13 nén ta gap mau thuan.
Truwong hop 2.
f"f( 0)g"g(z+¢) = 1. Khi dé ta cé (fg)"(f(z+c)g(z+

¢) =
Dat l = fg va gia st [ khong phai ham hing. Khi d6 ta c6

1

) <T(r,(z4c)+0(1) < T(r,1)+0(1)

Diéu nay mau thuan véi n > 13. Vi vay [ phai 1a ham hang.
Do d6 fg=1v6i " =1,
Truong hop 3.
A= fflz+c) =

khong phai ham hiang. Khi dé ta c6

B =g"g(z+¢). Dat h = i Gia st h
g

1

Wi(z) = h(z+c)

Theo B6 dé 3.1 [8] ta c6
nT(r,h) =

() =10 !

TC)) <T(r,h(z+c))+0(1) < T(r,h)+0O(1)

Diéu nay mau thuin véi n > 13. Vi vay h phai 1 ham hang,
kéo theo K"t =1, do d6 f = hg v6i h"*L =1.
Dinh 1y 3.1. dugc chimg minh.
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