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Tém tit

Gid sir A va B 1a hai dwong cong trong P?(C) khong c6 chung thanh phdn bt kha
quy. Vdn dé ching toi quan tam 1a xdc dinh béi giao cia A va B va méi quan hé giiza bgi giao
Vdi bdc cua cdac phwong trinh rut gon cua chdng. Trong bai bao nay, ching toi sé trinh bay vigc
dung két thize dé gidi quyét vin dé néu trén.

Tur khoa: Két thirc, béi giao, dirong cong xa dnh, phwong trinh rit gon.

1. Mé dau

Hinh hoc Dai s6 ¢6 thé xay dung trén trudng bat ky. Pa c6 nhiéu cong trinh dugc cong
bd vé& Hinh hoc Pai s6 trén trudng truong sé phirc. Puong cong dai sé 1a mét trong cac ddi
tugng nghién ctu quan trong cua Hinh hoc Pai s, ngdy cang dugc quan tim vi ngudi ta tim
thay nhiéu tng dung quan trong cua no trong nhiéu linh vuc cua Toan hoc nhu: Hinh hoc, S6
hoc, Giai tich,... M6t trong nhirng van dé quan trong khi nghién ctiru vé duong cong dai s6 trong
P?(C) Ia tinh Ki di, tim giao diém, xac dinh boi giao va mdi quan hé caa ching véi bac cia
cac phuong trinh rat gon. Trong bai bdo nay, ching tdi s& trinh bay viéc dung két thirc dé tim
boi giao va chitng minh mdi quan hé giira boi giao cua hai dudng cong xa anh A va B trong
P?(C) véi bac cua cac phuong trinh rat gon ciia ching véi gia thiét A va B khdng c¢6 chung
thanh phan bt kha quy.
2. Ngi dung
2.1. Két thiic
Dinh nghia 1. Cho cac da thic f va g thuoc K[ x], co bac nguyén duong

f =ax +ax™*+..+a, a,#0,
g=bx"+bx"*+..+a,, b, =0.
Ma tran Sylvester cia f va g d6i vsi X, ki hiéu la Syl(f,g,x), la ma tran vudng cip

| +m, duogc xac dinh nhu sau
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(cac chd trong trong ma tran déu bang 0).
Dinh nghia 2. Két thic cia f va g déi voi X, kihiéula Res( f,g,x), ladinh thirc cia ma
tran Syl (f,g,x).
Pinh nghia 3. Cho f,g eK[X,...,X,] 12 c4c da thic bac duong theo X, VSi I 1a mot s6
nguyén nao d6, 1 <1< n. Taviét
f=ax +..+a, a,#0,
g=byx"+..+b,,b,#0 (D
voia;,b; € K[X, .., Xy Xiyg0eee X, 1. Két thic ciia T va g xde dinh bai X; 1
Res(f,g,x ):=det (Syl(f,g,x)).
Ménh d@é 4 [Xem 1]. Cho f,g e k[Xl,..., Xn] la cac da thuc bac duong theo X, . Khi do,
il Res(f,qg,x)=(f,g)K[X,,...X.];
i/ Res( f,g,%)=0 khivachikhi f va g co nhan tir chung trong K[X,,...,X,] véi bac
duong theo X, .
Ménh @& 5. Cho f,geC[x,...X.]. Goi a,b, eC[X,,...,X] nhu trong (1). Néu
Res(f,g,x%) € C[X,,...,X,] triét tiéu tai (C,,...,C, ) € C"™" thi
i/ a, hoic b, triét tiéu tai (C,,...,C,) hodc
i/ Tontai ¢, € C saocho f va g triéttiéu tai (C,...,C,).
Chirng minh.
pit ¢=(C,,..., C,), f(%.,€)=f(X,C,,..., C,). Giasir @y(c) # 0 va by(c) # 0. Kni do,
taco
f(x,C) = a,(C)x +...+a,(C), a,(c) 0,
g(x,c)=by(c)x" +...+b,(c), b,(c) =0, (2)
Do gia thiét, h=Res( f,g,x,) triét tiéu tai C nén
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Tur (2) va (3) ta thdy 0=h(c) = Res(f (x.¢),9 (xl,c),xl). Theo Ménh dé 4, f(x,,C)
va g(xl,C) c6 nhan tir chung trong C[x ], suy ra f (Xl,C) va g(xl,C) c6 nghiém chung,
hay tn tai ¢, € C saocho f (x,,c)=0(x,c)=0.m
2.2. Bdi giao va méi quan hé giita bgi giao ciia hai dwong cong trong P?(C) veéi bac cia

cac phuong trinh rit gon
Cho f 1amot da thic trong K[X,,..., X, ], ki hi¢u

V(f)={(@a,,..a,) k| f(a,...a,) =0}.
Pinh nghia 6. Cho C=V(f) voi f 1a mot da thic thuan nhit trong K[x,...,X,] va
f=f%.1% voi f,.., f 1acacthanh phan bt kha quy phan biét cua f . Pa thic f,...f,
1a da thirc dinh nghia c6 bac bé nhét cia C va phuong trinh f,...f, =0 duoc goi 13 phuong

trinh rit gon cua C .
Phuong trinh rit gon xac dinh mot cach duy nhat, sai khac mot hang s6 khéc 0.

Béad7.Cho f, geC[X,Y,2] la cic da thicc thuan nhat ¢6 bac lan luot la M va n. Néu
f(0,0,1) va g(0,0,1) khac khong thi két thic Res( f,g,z) 1a da thic thuan nhét bién
X,y c6bacla mn.
Chitng minh. Viét cac dathac f va g thanh cac da thirc theo Z

f=a2"+..+a,

g=bz"+..+a,.

Vi f la da thic thuan nhat bac m nén mdi & € C[X,y] 1a céc da thic thuan nhat

bac |. Hon nita, do f (0, 0,1) #0 nén a, #0. Tuong tw, b € C[X, y] 1a cac da thirc thuan
nhit bac i va b, #0.

Taco kétthac cua f va g xac dinh boi Z 1a dinh thic cip m+n
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& day cac chd con trong 1a sb 0. Bé chitng minh Res( f,0, Z) 1a da thtrc thuan nhit bac mn,

goi C; laphantir 6 hang i cot j trong ma tran trén. Ngoai céc vi tri 1as6 0, ta c6

a; néu j<n
C.. =
ij ~ .
b, néu j>n.

Do d6, mdi C; # 0 la mot da thuc thuan nhét bac i— j néu j<n hogc bac n+i—; néu

m+n
j>n va Res(f,g,z) Ia téng cua cic hang tir ] [c,,, Vi o la mot hodn vi cua
i=1

{L..om+n}. Ta co thé gia si mdi c

+ H Cioti) H Cinti) thi

o(i)sn o(i)>n

trong tich trén khac khong. Néu ta viét

io (i)

tich ndy la mot da thac thuan  nhit  bac

D> (i-o()+ D, (n+i-o(i). Vi o lamot hoan vi cia {1,...,m+n} nén tong thir nhat

o(i)sn o(i)>n

c6 nsb hang, tong thir hai 6 m s6 hang va tt ca cac i nam gitta 1 va m+n  xuat hién dung
mot 1an. Do d, ta co thé sip xép lai tong nay dé duoc

m+n m+n
mn+(2i—20‘(i)}=mn+0:mn.
i=1 i=1
Suy ra Res( f,Q,z) latong cua cac da thuac thuan nhat bac mn . Vay ta c6 didu can ching
y

minh. m
Bé d@é 8. Cho F e C[X, y] 1a mot da thirc thuan nhat khac khong. Khi d6, F c6 thé duoc viét

thanh F =c.(sX—hy)™...(sXx—rY)™ véi 0=ceC va (r,s,),...(K,S,) 1 cac diém
phan biét cua P*(C) . Hon nra, V(F) ={(1,,s)),..., (;,5)} = P".

Ching minh. Pat f = F(x,1) e C[x]. Giast f =a,x"+..+a,,a €C,a,#0.Vvi C
1a truong dong dai s nén f co da M nghiém. Do do,

f =a,(x—x)™...(x=x)"
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voi M +...+m =m .bat X, =—+,1=1...,t. Khi do,
Si

I I
f=a,(x—2)™. .(x—2L)™
1 St

& t
:W(Slx_ ™. (sXx =)™,
1 "t

bit ¢ =%,ta duge F = " =c(sx—ry)™...(sXx—ry)™.
S5,
Xét da thirc khdng thuan nhat trong tng voi F 1a

f =F(x)=c(sx—r)™...(sx—r)™ eC[x].

V(f)z{sr—l,...,sr—t};

V(f h) :V(F) :{(;-_1’1)”(3’1)} = {(rlisl)’---’(rt;st)} (- ]P)l.l

1

Taco

Pinh i 9 [Xem 1]. Cho A va B 1a hai dudng cong trong P?(C) khong c6 chung thanh phan
bat kha quy. Néu bac cua cac phuong trinh rat gon cia A va B lan luot 1A M va n thi
AN B c6 nhiéu nhat 1a mn diém.
Chieng minh. Gia st A B ¢6 nhiéu hon mn diém. Chon mn+1 diém trong sb chung, dat
3 Pyyes Py VA VST 1< < j<mn+1, dat L 1a duong thang di qua P, va p;. Khi do
chon mét diém q € P*(C) sao cho
qe AuBU( L, (4)
i<

Ta da biét, mdi ma tran M € GL(3,C) cho ta mot anh xa M : P*(C) — P*(C).
Dé tim dugc mot ma tran M théa man M (q) = (0,0,1) .

Néu ta xem M nhu 1a mot phép ddi toa do thi g cd toa do 1a (0,0,1) trong hé toa do
mai. Ta c6 thé gia st q = (0,0,1) trong (4).

Giasir f va g lan luot c6 bac 1a m va n. Khi do, tir (4) suy ra f(0,0,1) =0 vi
(0,0,1) ¢ A va g(0,0,2) =0 vi(0,0,2) ¢ B.. Do dé, theo B6 dé 8, két thuc R(f,g,2z) la
mot da thire thuan nhat bac MN theo cac bién X,y. Vi f va g c6 bac duong theo Z va
khong c6 nhan tir chung trong C[X, Y, Z] nén theo theo Ménh d 4 ta c6 Res(f,g,z) khac
khong.

Néu lay p;(u.,V;,W,) thi vi két thirc nam trong idéan ( f,g) (theo Ménh d& 4) nén
Res(f,g,z)(u;,v,)=0 )
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Cha y rang duong thang néi q = (0,0,1) va p;(u.,V;,W.) cat duong thang Z =0 tai
(U;,v;,0).

Tir (4) tathdy g =(0,0,1) ¢ L;;. Do d6 mn+1 duong thang qua q va p; cat duong
thang z=0 tai mn+1 diém (u,v,,0) phan biét, nghia 1a Res(f,g,z) trict tiéu tai
mn +1 diém phan biét. Bidu nay mau thuan véi Res(f, g,2) 1a da thic thuan nhat bac mn.
m

Nhu vay ta ¢ tiéu chudn dé giao cua hai duong cong xa anh trong P*(C) 1a hitu han.
Budc tiép theo ta s& dinh nghia bgi giao cho mdéi pe ANB.

Cho A va B la céc duong cong xa anh trong P?(C) , khong c6 thanh phan chung bét
kha quy va cac phuong trinh rt gon lan luot 4 f =0 va g =0. Véi mdi cap diém p #Q
thugc AN B, dat L, 1a duong thang xa anh di qua p va q.Chonmatran M € GL(3,C)
sao cho trong hé toa do mai xac dinh bai M ta co

0,0)eAUBU | L, (6)

p=q trong ANB

Theo chang minh cia Binh i 9, néu p=(u,v,w)e ANB thi két thac
Res(f,g,z) triét tiéu tai (U,v). Do d6, theo B6 dé 8, vX—uUy la mot nhan tir cia
Res(f,q,2).
Pinh nghia 10. Cho A va B 1a cac duong cong xa anh trong P?(C) , khong c6 chung thanh
phan bét kha quy va cac phuong trinh rat gon lan luot 1A f =0 va g =0. Chon hé toa do
trong P?(C) sao cho (6) thoa min. Khi do, cho P = (U,V,W) € AN B, bgi giao I, (A B)
la s6 mii caa nhan tir (VX —UY) trong su phan tich thanh nhan tir caa Res(f,g,z).
Pinh 1i 11 [Xem 3 ]. Boi giao | (A, B) ton tai va duy nhat cho tat ca cdc duong cong xa anh
A va B trong P?(C) va théa man cac tinh chét sau day:

il 1 (AB)=1,(B,A).

i/ 1,(A,B) =00 néu p nam trén mot thanh phan chung cua A va B, con nguoc lai
thi n6 1a mot s6 nguyén khong am.

iii/ 1 (A,B) =0 khivachikhi pg ANB.
Pinh I 12 [Xem 1]. Cho A va B 1a cac duong cong xa anh trong P?(C), khong c6 thanh

phan bit kha quy chung va m,n lan luot I bac cua cac phuong trinh rit gon cua ching. Khi d6

> 1,(AB)=mn.

peANB
Chieng minh. Goi f =0 va g =0 lan luot 1a phuong trinh rat gon cia A va B, ¢6 bac lan
luot 14 M va N. Gia sir ta di chon dwoc hé toa d6 thoa man (3). Theo Bb dé 8, ta c6

Res(f,g,z) =c(v,x—u,y)™...(v,x—u,y)™ vei C Ia mot hang s6 khéc 0.
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Vei mdi (u;,v;) thoa man Res(f,g,z)(u;,v;)=0, ton tai w;eC va
m; = ij (A,B) saocho p; =(u;,v;,w;) € AN B (theo Ménh dé 5).
Ngoai ra, néu p':(up,,vp,,wp,)eAmB thi trong su phan tich Res(f,qg,z)

. N VT 1y (AB)
thanh nhén ta, lubn ton tai nhan tir (V,X—UY)

Res(f,g,z) =C H (VpX—Upy)lp(A’B),

peANB
trong d6 C la mot hang s6 khacOva p = (U ,V,,W,).

. Nhu vay ta c6

Do Bo dé 7,taco Res(f,g,z) cobacla mn.
Mzt khac, ¢ | | (vpx—upy)"’(A’B) c6bacla D 1 (A B).

peANB peAnB

vay > I (AB)=mn.m

peANB
Vi du 13. Cho f=x"—yz va g=%x"+4y>—8yz la cic da thirc thudn nhit trong
C[x,V,z]. Kyhieu A=V (f), B=V(Q) lacac dudng cong xa anh duoc dinh nghia bsi f
va g. D2 thiy cac duong cong A, B bét kha quy trén C . Hon nira, ching khdng cé thanh
phan chung, f =0 va g =0 lan lugt la phuong trinh rat gon ciia A va B. Taco
-y -8y

2

& xiaayy = XY= Y(WTx+2))(W7x-2y).

Res(f,g,z) =

Theo Ménh dé 5, ta c6 cac diém thugc A B ¢6 toa do théa man y =0 hoic ﬁx+ 2y =0
hoac ﬁx—Zy:O. Kéthopvoi f =0 va g =0 tadugc
ANB= { p(0,0,l),q(Z,\ﬁ,%), r(2,—\/7,—%)}.
vi diém p(0,0,1) e ANB khong théa mén (6) nén theo Pinh nghia 10, két thic
Res(f,g,z) khong cho ta gia tri diing ctia cac boi giao. Vi vay, ta can thuc hién phép doi toa
d6. Cha y rang diém
(0,1,0) g AuBuU L, VL, UL,.
Ta xét phép bién ddi xa anh M : P?(C) — P?(C) xac dinh bsi M (X,Y,2) =(z,X,Y), théa
min M (0,1,0) =(0,0,1) . Bé tim phuong trinh rat gon caa M (A) va M (B) tachdy rang
(u,v,w) e M(A) & M *(u,v,w) e A<= f(M*(u,v,w)) =0.
Do d6 M(A) va M(B) lan lugt dugc xac dinh béi cac phuong trinh
f(y,z,X)=—xz+y*=0va g(y,z,x) =4z -8xz+y* =0.
- X 0 4
Res(M(f)M(g)2)=| y* —x  —8x|=-y*(NTx+2y)(7x-2y).

2 2

0 y y
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Ta thay (0,0,1) g M(A UM(B)uU Lviioma@ Y Lviomo Y bv@me V2

M (p) = (1,0,0), M(q)=(%,2,ﬁ), M(r>=(—%,z,—ﬁ). Vi vy, theo Dinh

nghia 10 va Dinh Ii 11 ta suy ralp(A, B) =2, Iq(A, B)=11(AB)=1 cho nén
> 1,(AB)=4=deg f deg g, thoa man Binh Ii 120

peANB
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Abstract
A and B are supposed to be the two curves in P*(C) and they do not have the

same irreducible compositions. The problem we are interested in is to determine the
intersection multiplicity of A and B and the relationship between the intersection
multiplicity with the degrees of their reduced equations. In this paper, we will present the
use of resultants to solve the above problem.
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