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BAT PANG THUC TiCH PHAN TRONG CAC KY THI
OLYMPIC TOAN SINH VIEN

Pao Thi Kim Chi”
Truong Pai hoc Phu Yén

Tom tat
Trong bai bao nay, chiing t6i gidi thiéu mot sé dang bdt dang thirc tich phan da xudt
hién trong cac Ki thi Olympic Toan. Bén canh dé gidi thiéu voi déc gia cac cach phan tich va
gidi cdc bai todn cé lién quan dén bdt dang thire tich phan.
Tir khéa: Bdt dang thire, tich phan, Oympic Toan

Abstract

Integral inequality in the Mathematical Olympiads
The aim of this paper is to introduce some forms of integral inequalities that have
emerged during the Mathematical Olympiads. In addition, the researcher would also like to
propose some methods of analyzing and solving the math problems regarding integral
inequalities.
Key words: inequality, integral, Mathematical Olympiad

1. Giéi thiéu. Tuy khdng xudt hién thuwong xuyén trong cdc ky thi Olympic Todn nhung bat
dang thire tich phéan luén la mét trong nhitng bdi todn xudt hién nhiéu cdch gidi thong minh.
Khong c6 cach gidi chung cho dang todn nay va méi bai 6 mét cach gidi ddc trung riéng,
doi héi nhitng ky thudt khéo 180 ciia nguroi gidi. Mot sé bai todn trong dé thi sé cho cdc ban
thdy diéu nay.

Bai 1. (Olympic SV 1998) Cho f(x) € ¢'[0; 1] va f(0) = 0. Chitng minh rang

1 1 1 ,
[ror@a <5 [(ro) a
Lo gidi. Bat £ (x) = [LIfFIIf (©)] dt

6 =5 f 0% (f (6))? dt

Khi do F'(x) = [f()f'(X)]; G'(x) = %fo" (') dt + 2 (f (1))
Mat khac vx € [0; 1], f(x) = [ f'(¢) dt. Ap dung bét dang thirc Cauchy — Schwarz

X 1/ 1/2
< f dx

0

or f (F(©)* dt

f fi(Hdt

Khi do, ta co
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N |-

Fef @< Vx| [(f (t)

O\R

N |-

|[f ) f @] < Vx (t) If ().

Og’x

, 1 ; X/, 2
SIFCF @I <5 [ 2@ de+ 3 (£00)
0

S Vx € [0; 1]F (x) < G'(x) - F(1) — F(0) < G(1) — G(0)

1 2
- [ir@r@an <5 [ (F@) ar
0

Paéi véi bai toan trén, nguwoi gidi khéng chi tim ra sie két hop khéo léo cdc diéu kién cia dao
ham va tich phan ma con si dung bdt dang thire Cauchy-Schwarz quen thuéc.
Bai 2. (Olympic 2009) Cho ham sé f:[0; 1] = R ¢6 dao ham cap hai lién tuc va f"(x) > 0
trén [0; 1]. Chitng minh rdng 2 folf(t) dt >3 folf(tz) dt — £ (0).
Loéi gidi. Ta st dung tich phan timg phan voi fol f?)dt = fol f( d(\/f)
Pitu = f(t)dv = d(Vt) thi du = f'(t) vachon v = vt — 1. Taco

1 1

1 1
[ reyde=roWE-1)| - [ FOWE-1)de =0 + [ FO(1-E)de

Tiép tuc ap dung tich phan ting phan vai f ! f '(t)(l - \/f) dt , ta dugc
f'(o
[ roa-voa _Q—f P (x - 26 - 3)
Dodo, [} F(t?)dt = F(0) + 22— [ (o) (x = 222 - 2) dx

Véi tich phan [ f(¢)dt, ta dat u=ft),dv=dt thiu=f(t)vaichonv=t—1, ta
duoc

1 1 1 1
[ f@vde=r@e-v1y- [~ Drod=ro+ [a-or@ad

Tiép tuc ap dung tich phﬁn ting phan voi f 1(1 —t)f'(t) dt, ta dugc

f'(0)

1 1
f(l—t)f(t)dt— Ej(l—t)zf"(t)dt
0

Dodo [ f(t)dt = f(0)+ % +2 =) de
Bét déng thc can chimg minh 1a

2(f@ +22+ 2t - 02p @) de) 2 3(£0) + L2~ 1 o) (e~ 262 - D) ar) -
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£(0) hay [J(1 - O)f"(t) dt > [} f"(£) (Zt% +1— 3t) dt

Tuy nhién, dé thdy (1 —t)? > 2tz 413tV e [0; 1] vi bét dang thirc nay twong duong
Voit+ 12> 2t o142 2VE, dung theo bat dang thirc Cauchy.

Céch dung tich phan tirng phan dé bién doi tich phan vé dang thich hop dé &p dung gia thiét
cling kha phd bién va dang dugc chl y. Nho né ma ta da chuyén ham sé dudi dau tich phan
dang £ (x2) thanh £ (x) va tan dung duoc f"(x) = 0,Vx € [0; 1].

Duéi day 1a mot bai tuong tu.

Cho ham s6 f:[0;1] = R & mgt ham kha vi cap hai va théa man f"(x) > 0 trén [0; 1].
Chiing minh bét ding thire sau 2 [, (1 — x)f (x) dx < [ f(x?) dx.

Bai 3. (Olympic SV 2006) Cho ham sé lién tuc f:[0;1] — [0; +). Pat g(x) =1+
Zf()xf(t)dt va ta gida sz rang ludn c6 g(x) = [f(x)]? vx € [0,1]. Chizng minh rang
gx) < (1+x)2.

Loi gidi. Dat F(x) 1a ham s6 théa man F(x) = [; f(t) dt. Suy ra g(x) = 1+ 2F(x) va
F(x)= f ().

Theo gia thiét thi

2 . 2F
1+2F(x) =g(x) = (f(x)) nen \/%13(35) =le 2 1+;J;)(x) =1

Tacanchangminh 14+ 2F(x) < (1+x)? © 1+ 2F(x) — (1+x) <0.

2F (%)

Xét ham s6 h(x) = /1 + 2F(x) — (1 + x) thi ta c6 h'(x) = e 150 nén h(x)

nghich bién trén [0; 1].

Suy ra h(x) < h(0) =1+ 2F(0) — 1.

Ch y rang F'(0) = [ £(t) dt = 0 nén h(0) = 0.

Do d6 h(x) < 0 véi moi x € [0; 1] hay

g(x) < (1 + x)? voi moi x € [0;1].

Bai toan dwoc tao ra khé thi vi khi két hop giita cac diéu kién lién hé gitta ham $6 va tich

phdn cua no dé tir d6 dwa vé khdo sat ham sé va dao ham. O trén ta xét dao ham ciia can

béc 2, ta hoan toan cé thé thay bdng can bdc n va tao ra cac bai todn tuwong tu.

Bai 4. (Olympic 2008) Cho ham sé f (x) lién tuc trén [0; 1] théa mén diéu kién
xf(y)+yf(x) <1 vx,y€[0;1]

Chitng minh rang folf(x) dx < %

Lot gidi. Pat x = sin @ véi ¢ € [O;g] thi ta co
1 s
I =f f(x)dx = fzf(simp) cospde
0 0
Mat khac, néu dat x = cos @, @ € [0;%] thi tacd

1= folf(x) dx = fogf(cos @) sin @ d.
Do do
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T

2 = fgf(sin @)cospde + ]f(cos @) sin@dp = Jz(f(sin t)cost + f(cost)sint) dt
0 o 0

Theo gia thiét xf (y) + yf(x) < 1 véi moi x,y € [0; 1] nén suy ra

= s s
21s\f02dt:5ha‘1ylsz. o
Nhiéu ban cho rang danh gida theo cdach doi bién thanh ham luong gidc nhu trén cé hoi
thiéu tw nhién va c6 vé gia thiét dwoc sir dung chua triét d@é (gia thiét cho bar dang thirc
diing véi moi x,y va ta chi sir dung mét lan khi dat x = sint,y = cos t). Tuy nhién, gid
thiét do dwoc dwa ra dé huwdmg dén dang thirc c6 san

1 ud
2 ] f(x)dx = Jz(f(sin t)cost + f(cost)sint) dt
0 0
Bang ching chinh 1a sé 1 trong bdt dang thirc xf (y) + yf(x) < 1 hodn toan c6 thé thay

bang sé khdc.

Bai 5. (Olympic SV 2012)

a) Choham sé f kha vi lién tuc cdp 2 trén R. Gia siz f(1) = 0 va folf(x) dx = 0. Ching
minh rang vei moi @ € (0; 1), ta c6 | [ £ (x) dx| < Zmaxoeezlf" ().

b) Cho ham sé f:[0;1] — R la ham 18m (con goi 14 Iéi phia trén), kha vi lién tuc théa
man £(0) = f(1) = 0. Chitng minh rdng

Jl + 4gr<1ixlf2(x) < f /1 + (f’(x))2 dx <1+ Zgggggf(x)
0

Loi gidi.
a) Tacé
1 1 1 1
[ 2@ ar=xr@l - [ reoax =@ - [ reax =0

Do d6 " ’

[reax=a p@ndx = a [ @0 - 1) - @@= Dxf Gldx

0 0 0

=ala — 1)2f@x2dx

Suy ra i

a 1 " 9 1 2

ff(x) dx| = |a(a - 1)2f¥x2dx — la(a - 1)2fx7dx 17"(0)]

0 0 0

2a+1—a+1—a)3 4

, r1x? 3 1 . 1 1
Tacofo%dx:x—uzgvaa(a—l)z:E.Za(l—a)(l—a)sg( . —

6
Tur do, ta c6 dugc

|5 £ () dx| < 2.2 1f"(0)] < - maxoeye |f"(x)|. Pay chinh la diéu phai chimg minh.

27"
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b) Goi x, la diém cuc dai va v, 1a gia tri cuc dai cua f(x) trén mién [0; 1]. Ta c6
LIF@ldx = [ fG) dx + [, —fG) dx = (f(x0) = £(0)) = (F(1) = f(x0)) =
2f (xto) nén max f (x) = f(xo) = f,/If ()| dx.

Bét dang thirc thir nhat twong dwong véi

1+ ([1reldx) < ([ VTF Fadx) )

Taco
2 2

fl 1+(f'(x))2 dx | — flf’(x)ldx
0 0

1 ! 1
= f ( /1 +(Fr ) + |f’(x)|> dx. dx > f dx =1
° 0 1/1 +(f) +Ifel 0
Tir d6 suy ra bat dang thire (*) dung.

Bit ding thic thir hai twong duong voi f) /T + (f'())2dx < 1+ [[|f' ()| dx (**)

f /1+(f'(x))2dx—f|f'(x)|dx
0 0

=f01< /1+(f’(x))2—If’(x)l)dx=Ofmﬂf’(x)lxsofdx:1

Tir d6 suy ra bat dang thirc (**) cling dung. Vay ta c6 diéu phai ching minh.

Ca 2 cdu ciia bai todn nay déu khé nhung trén thiee té, hau hét cac thi sinh déu chon cdu
b (c6 mét y dé xir li hon). Cdu a doi héi phdi chirng minh déng thire

f () dx = a(a — 1) f f—"gg ) 2

Néi chung ddy la mét két qua khong dé dang cé thé khai thac dwoc tir gid thiét néu khong
nam viing khai trién Taylor. Néu da hoan tat viéc chimg minh dwgc dang thire trén thi cong
viéc con lai hoan toan tu nhién.

Doi véi cdu b, 16i giai bang hinh hoc dwedi day sé cho ta thdy ré ban chat van dé hon.

Ta biét rang dai heong 1= [] /1 +(f'(x))" dx chinh la do dai cia duong cong y =

f(x) trén mién [0; 1]. Ta ¢6 thé minh hoa hinh hoc cho bai todn nay nhw sau
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Chon toa d6 cac diém A(0;0), B(1;0), C(1; y,), D(0; y,), E(xo, ¥o) nhu hinh trén.
Bit dang thirc cin chimg minh tuong dwong véi
V1+4y,2<1<1+ 2y,
Do db thi ctia ham s6 nay 15i 1én phia trén nén
l<AD+DE +BC+ CE =CD+ AD + BC =1+ 2y,
Hon nital > AE + BE = VAD? + DE% + VBC? + CE? > \/(AD + BC)? + (DE + CE)? =

ez

Bai toan duoc giai quyét hoan toan.

Bai 6. (2014) Cho f ham s6 lién tuc trén [0; +o0). Gid sir rang
x x3

f?(dt < 3 ,Vx =0

0

Chitng minh rang foxf (Hdt < x;vé’i moi x > 0.
Loi gidi. Tr gia thiét
X X
f f2()dt < f t2dt
0 0
Theo bét dang thirc Cauchy — Schwartz, ta c6
x 2 x x x 2
(J; tf ©dt)” < [ t2dt [ f*(O)dt < ([ t*dt)".
Vi vay
X X < X
Jytf (®©dt < [jt*dthaylaF(x) = [ t(t — f(£)dt = 0
Mat khac,
f (t— f @)t = f “t(t— f (@)t

F& (t)

= f?dF(t)

T do, [ (t — f(£)) dt = 0 hay la [ f (t)dt < fo tdt = 7

Chung ta thdy ngoai k¥ thuat sir Iy khéo 1é0, két hop cac mbi lién hé gitta dao ham va tich
phan thi con c6 bong dang ciia phuwong phap dénh gia hay sir dung bat déng thire Cauchy-
Schwarz, bat dang thire Holder hay dinh 1y gia tri trung binh. Dé thdy phwong phép danh gia
va cac bat diang thirc duoc sir dung “dep” trong cac bai toan thé nio thi ta s& di sau vao ting
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phuong phap.
2. Mt s6 phwong phap chirng minh bat dang thirc tich phén.
Phwong phap 1. Tong quat phuong phap ching minh bat dang thirc tich phan bang phwong
phap déanh gia
Dé chimg minh f: f(x) < A ta thyc hién cac budce sau:
Buwéc 1. Xac dinh mot ham s6 g(x) thda mén cac diéu kién sau:
f(x) < g(x),Vx € [a,b]

]bg(x) <A

Buic 2.f(x) < g(x) = [, f(x) < [, g(x) = A. Diu "=" cua bt ding thic xay ra
khi f(x) < g(x),Vx € [a, b]. Sau ddy ta s& phan tich timg dang bai cu thé
Vi du 1. (Olympic SV 2000) Cho ham sé f(x) xdc dinh va lién tuc trén [0,1] va théa mén
diéu kién

X2

[ rreor ax <

X1

Véi moi x4, x, € [1,2] sa0 ¢ho x; < x,. Chitng minh rang

x5 — X
3

2
3
ff(x) dx < >
1
Loi gidgi. Taco
5 3_ .3
X5 — X
[rreorar <2251
X1
Hay
X2 X2
f[f(x)]zdx < f x? dx
Xq Xq
Vay

X2
f [x2 = [f(x)])?|dx =0 Vx; <x,
X1
Suy ra ton tai ¢ € [x4,x,] sao cho [f(c)]? =c? <0
Do ham h(x) = x% — [f(x)]? lién tuc trong [1,2] nén (f(x)?) —x%2 < 0 Vx € [0,1].

Vay [f(x)] <x Vx € [1,2]. Tirdo [ f(x) dx < [[|f ()] dx < [/ xdx =2

Bai toan trén sir dung k¥ thuat nham muc dich duara |f(x)| < x dé di dén két luan bai
toan
Vi du 2. Chitng minh bat dang thirc:

1 1 419 1
20i/§<f0 e <20
Loi gigi. vx € [0,1]thi 1 < V1 + x6 <32
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Do < 2 < x1%,vx € [0,1]
%ﬁ = 31+x0
Hién nhién

xl

V1+x

< x¥,vx € (0,1)

x 9
3G S
1 1 1
=>Jx— J — ijlg‘Vxe(Ol)
0 V2o 0 1+x 0
x1° 1
S 20 203\/_ < f 0 ¥1+x6 <%
Bai toan trén str dung phuong phap danh gia ham sé theo can [a, b] bang phuong phap dai
5.
Vi du 3. Chitng minh rdng

\/§< gsinxd <1
4 x CS72
6
Loi gidi. XethamSOy——vmxe(g g)

= xcosx — sinx _ (x — tanx)cosx <0vx e (n n)
= x? B x? vx 6’3
Doy =tanx —x = y' = tan’x + 1 — 1 = tan?x > 0,Vx € (0, +)
=yx)>y0)=0=tanx —x >0

=>Ham s6 y = = 1a ham nghich bién trén D

y@s“’%sy@

TL'
Dau "= "xayratalx—g X ==

Do do

\/§< gsinxd <1
4 S Tx K2

6
Bai toan trén str dung dao ham dé khao sat ham sé dudi dau tich phan.
Phwong phap 2. St dung bit ding thirc co ban dé chimg minh bat ding thirc tich phan, ta
can mot s bat dang thirc co ban [1] sau:
1) Dinh ly gia tri trung binh
’iBjnh ly trung’binh thir o

Neéu cac ham so f(x), g(x) kha tich trén doan [a, b], g(x) khong doi dau trong khoang

(a,b). Ki hieu m = infye(qp)f (x), M = Supye(qp1f (x) thi ton tai u € [m, M] sao cho

[, Feg(dx = p f g(x)dx
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Hon nita, néu f(x) lién tuc trong doan [a, b] thi ton tai ¢ € [a, b] sao cho f;f(x)g(x)d =
b
£ [ g(o)dx
*Dinh 1y trung binh thar 11
a) Néeu cac ham so f(x), g(x) kha tich trén doan [a,b] va g(x) 1a ham don di€u trong
khoang (a, b) thi f:f(x)g(x)dx =g(a+0) fj fx)dx +g(b—0) f;f(x)dx trong do
a<é<b ’
b) Hon ntra, néu g(x) la ham don diéu giam khong am trong khoang (a, b) thi
[, fG)g()dx = gla+0) [ f(x)dx ,a<E<b
c¢) Néu g(x) 1a ham don diéu tang,khong 4m trong khoang (a, b) thi
b b
J, fG)g()dx = g(b—0) [, f(x)dx ,a<{<b
2) Bit ding thirc Cauchy-Schwarz

Néu £ (x), g(x) 1a cac ham s lién tuc trén [a, b]. Khi do:
2

b b b
f Fg(dx | < f F2(x)dx f g2 ()dx
a a b

3) Bit dang thirc Holder
Chop,q,> 1 thoa % + % = 1va f, g 1a c4c ham s lién tuc trén [a, b]. Khi dé:

q

b b 5 /b
f GO0 + 90| dx < f FCOIP dx f 9 COIP dx

4) Bét dang thirc Young
Cho a € R*f:[0,a] —» R 1a mot 4nh xa thudc 16p C* sao cho
{Vx € [0,al,f'(x) >0

f(0)=0
Ta ki hiéu f~1: [0, f(a)] — R la anh xa nguogc cua f(x)

Khi d6 Vx € [0,a],y € [0, f(a)] foxf(x)dx + foyf‘l(x)dx > xy

Vi du 4. Chizng minh rang néu f khd tich Riemann trén [a, b] thi
2 2

b b b
ff(x)sinxdx + ff(x)cosxdx <(b-a) f f?(x)dx

Loi giai.Ap dung bét dang thire Cauchy-Schwarz, ta duoc
2 2

b b
f f(x)sinxdx | + f f(x)cosxdx

b

< ffz(x)dxfsinz(x)dx+ff2(x)dxfcosz(x)dx

a

b

a

b
- (b—a)ffzcx) dx

O vi du nay ta thiy ngay dau hiéu can ding bat dang thtrc khi nhin vé bén trai va bat dang
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thirc Cauchy-Schwarz 14 thich hop nhét.
Vi du 5. Chizng minh rang néu f duong va kha tich Riemann trén [a, b] thi
b b

(b—a)? < Jf(x)dxjj%

HO’nnu"aneu0<m<f(x)<Mth|f f(x)dx fbfix)—(rz;lzz)z

Léi gidi. Ap dung bit dang thire Cauchy-Schwarz, ta co
2

b b b
_q)? = / 1 dx
(b—a) af f(x)mdx < aff(x)dx;[f(x)

(f )-m)(M—f(x))

(b-a)?

Vio<m< f(x) < Mnén <0,as<x<bh

Fx)
Taco
[ (F) —m)(M = £()) ‘ : ? dx
J 00 deO@Jf(x)dx—(m+M)ajdx+mMaJm_
b b d
X
@]f(x)dx+mMij(m+M)(b—a)
a a b b
Mfd—x<(m+M)(b—a)—ff(x)dx
J f) ™ J
Do do:

b 2

mef(x)dx flx )_(m+M)(b—a)— ff(x)dx

I3 2
Xét ham sé: y = g(t) = —t? + kt. Ham s dat cuc dai tai t = Svc'yi gia tri cuc dai la %
Véik = (m+M)(b—a),t = [ f(x)dx ta co:

2

b
(m + M)(b — a) — ff(x)dx Ly M)y (b-a)

4

Do d6: me f(x)dx fbfix)—w;ﬂ
(m+M)2 ,
@ff(x)d" 765 = i@~

a
Vidu 6. Cho a € R* la mot dnh xa thuoc lép Ctsaocho f'(x) >0vag:[0,f(a)] @ R
lién tuc sao cho vx € [0,1], g(f(x)) > x. Chitng minh rang:
X X
vxe [0.aly € [0.f@] [ feodx + [ gGdx = xy
0 0
Loi gidi. Ap dung bt dang thirc Young Vy € [0, f(a)], thi:
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9 =g(f(F@)) =G

Tu do:

x x x y

ff(x)dx + J gx)dx = ]f(x)dx + jf‘l(x) dx = xyxy

0 0 0 0
(2 Feoax)™
fol 2011 (x) g
Léi gidi. Ap dung bit dang thire Holder ta co:

Vidu 7. Tim gid tri Ion nhat cia S = V6i f lién tuc, dwong trén [0,1]

1 2010
2011 2 2011

2 2 )
]f(x)ldx < flf(x)|2°11dx leg—igdx = 2% /22010 J|f(x)|2°11dx
0 0 0

0

2011

_r
2011 2

2
= J|f(x)|2011dx < 22010ff2011 (x)dx
0 0

(folf(x) dx)zon

==~ < 2010
o F2011 () dx

Vay maxS = 22010

Vi du 8. Chiimg minh ring = < [ e s dx <2 (a 2 0,0 <a < b)
e e e . _ e~ax _ 1
Loi gidgi. bat f(x) = — = —

f(x)la mot ham giam Vx € [a,b],a = 0 va |sinx| < 1
Ap dung dinh ly gi tri trung binh th{r 2 ta dugc:

b _ax@ e—ax ¢ ] e—ax
sze x dx = " fsmxdxz " (cosa—cosc) Va<c<bh
a a
e~ (cosa — cosc)| 2
= |l = | (cosa — cosc)| =|l—-< -
e*a a

Doaa>0=e*>1=e %<1

Trén day chi 1a 2 phuong phap dé chimg minh bat dang thic tich phan ngoai ra con co
phuong phap ching minh phan ching, ding méi lién hé gitta dao ham va tich phan va mot
s6 dang toan khong mau muc. Ban doc ¢6 thé sir dung nhimg phwong phap pht hop vao
ting bai cu théd
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