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PO DAI PAI SO LOBACHEVSKY TRONG HINH HQC VOI MO HINH
NUA MAT PHANG POINCARE, MOT SO AP DUNG

Lé Hao"
Truong Pai hoc Phu Yén

Tom tat

Trong bai bdo ndy chiing téi trinh bay khdi niém vé truc va do dai dai s6 Lobachevsky
ciia cung doan dinh hudng, sau dé tim méi quan hé giita cic doan thang Lobachevsky tao nén
khi cho cdc truc chén lén hai dwong thang Lobachevsky cé dinh. Két qud ma chiing t6i thu dwoc
la Pinh ly 2.1, Dinh ly 2.2 va H¢ qud 2.3.

Tir khéa: Pé dai dai s6 Lobachevsky, cung doan dinh hwéng, mé hinh nira mdt phang
Poincaré, doan thang Lobachevsky, dwong thang Lobachevsky.

Abstract
Lobachevskian algebraic distance in geometry with the Poincaré half-plane model and
some applications

In this paper we present the concept of axis and Lobachevskian algebraic distance of
the directional segmental-arcs, and then find the relationship between the Lobachevskian line
segments created by intercepting the axes on two fixed Lobachevskian lines. The results we
obtained are Theorem 2.1, Theorem 2.2 and Corollary 2.3.

Keywords: Lobachevskian algebraic distance, directional segmental-arc, Poincaré
half-plane model, Lobachevskian line segment, Lobachevskian line.

1.Gi6i thi¢u
Trong mat phéng E? ta xét hé toa do truc chuin Oxy va goi ntra trén cua OX ung voi tap
hop:

H? = {(x,y)e R2fy > O}: {zeCl/Imz >0}

la nira mat phang Pointcaré.

Tir nira mat phang Pointcaré ngudi ta xay dung mo hinh ctia hinh hoc Lobachevsky (xem
[5]).

Mdi diém thude H 2 goi 14 diém Lobachevsky.

Nira dudng thing mé nam trong H 2 tryc giao voi OX tai diém thudc OX, hay nira duong
tron mo nam trong H 266 tam thudc Ox, duoc goi 1a duong thang Lobachevsky (con goi la
duwong thang Lob), mdi cung doan cua né 1a mot doan thang Lobachevsky (con goi la doan
thang Lob) (xem [4]).

Mdi duong thing Lob bd sung cac diém muat thudc Ox thi goi 1a duong tric dia tng véi
duong thang Lob do.
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Pinh nghia 1.1. Xér doan thang Lob néi hai diém A, B iing véi cung cé phwong trinh tham
s6 y(8) = (x(s), y(s)) voi y(s;)=A, y(s,)=B (5,<S,). Khi d6 6 dai Lobachevsky
ciia doan thang Lob dé la:

T (X (9) +(y'(9)
(AB) = ds .
g IJ (Y&

Pinh ly 1.2.(xem [3]) Véi doan thiang Lob néi hai diém A, B nam trén mét dwong tréc dia.
a) Néu duwong trdc dia do la mira dwong tron voi hai mit R,S € OX thi:

In A-R) (A-S
B-R)\B-S
b) Néu dwong tric dia @6 la nira dwong thang véi mit R € OX thi:

A-R
;XABy:M(B_R].

p(AB) | ~—p(AB) P(AB) _ o—p(AB)
ch(AB) = & Ze . sh(AB)=S ¢

p(AB) =

Ta ki hiéu nhu sau:

Rét nhiéu nghién ciru da phat hién ra nhiéu hé thic tha vi lién quan dén do dai Lob cta cac
canh va goc trong tam giac Lobachevsky (xem [ 1]).

Trong hinh hoc Euclide phing ching ta déu biét dén Dinh Iy Thales, vy trong hinh hoc
Lobachebsky phang trén nira mit phang Pointcaré ching ta ¢ két qua gi twong tu ? Bt
ngudn tir y tuong d6 chung t6i dwa ra khai niém vé truc va d6 dai dai s Lobachevsky cta
cung doan dinh huéng, sau d6 tim mdi quan hé giita cac doan thing Lob tao nén khi cho cac
truc chan 1én hai duong thang Lob ¢6 dinh.

Két qua ma chung t6i thu dugc 12 Pinh 1y 2.1, Pinh ly 2.2 va Hé qua 2.3.

2. Mt s két qua

o Xét duong tric dia 1a nira dudng tron voi hai mat |, K (thuge Ox). Ta qui ude goi |
la mat &m vo tan, K 1a mat duong v6 tan. Chiéu chuyén dong doc trén duong tric dia do,
chay vé mut dwong vo tan K goi 1a chiéu dwong, chiéu chuyén dong nguoc lai chay vé muat
am vo tan | goi 1a chiéu 4m. Puong tric dia iy cung véi chiéu chuyén dong nhu trén goi 1a
truc cong Lobachevky (goi don gian la truc).

Trong 16p cac truc cong c6 chung mut am vo tan | c6 dinh cho trudc, véi mot cung doan

dinh huéng bét ki ndi tir A dén B (A, B e H?)va nim trén mét truc, thi do dai dai sb
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Lobachevsky cta n6 1a mot s6 duogc ki hiéu L(NB) , xac dinh nhu sau:

L(E):ln(A_K ; A_') *)

B-K B-I
Vi K 1a mat con lai cuda truc.
Ham L nay goi 1a ham d¢ dai dai s6 Lobachevsky tng véi 1p cac truc cong noi trén.

K

e Néu duodng tric dia 12 nira dudng thang vudng goc véi OX tai K. Ta qui ude goi K 12
mut duong v6 tan. Chiéu chuyén dong doc trén dudng tric dia do, chay vé mit duong vo
tan K goi 1a chiéu duong, chiéu chuyén dong nguoc lai goi 14 chiéu 4m. Puong tric dia y
cung v6i chiéu chuyén dong nhur trén ciing goi 1a truc thing Lobachevky (goi don gian 1a
truc).

Trong 16p cac truc thang cling vudng goc véi OX, véi mot doan dinh hudng bat ki ndi tir A

d¢énB (ABeH 2) va nam trén mot truc, thi do dai dai sé Lobachevsky cua né 1a mot s6

— A-K
L(AB)=In(B Kj.

xac dinh nhu sau:

Véi K 1a mut cia tryc.
Ham L nay goi 13 ham d6 dai dai s6 Lobachevsky tng véi 16p céac truc thang noi trén.

Ta dé dang théy voi cac diém bat ki A, B, C cung thugc mot truc Lobachevsky thi:
L(AB) =—L(BA), L(AB)+L(BC)=L(AC).

Pinh 1y 2.1. Cho hai dwong thang Lob («), () c6 dinh. Mt cip hai truc thang (m), (n)
phan biét; thay doi va vudng géc véi truc Ox. (m) cat (&), (B) lan heot tai A va B; (n) cdt
(), (B) lan heot tai M va N. Khi do:
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Sh(MA) I_(AB)+L(MN) la I’}’lOt hang SO khong
sh(NB)

A
phu thugc hai truc (m), (n). M

Chimg minh. Goi H(X,;0),G(X;;0) twong timg 741\\
13 mit coa hai truc (m), (n). Khéng mat tinh tong B
m

quat ta xem X; < X,.

(), (B) tuong ung la hai duong tron mo cb b 6l H|;
ban kinh R, R,.

A(a+ Ry costy;R;sint;),B(b+ R, cost,; R, sint,).
M (a+ R, costs;R;sint;),N(b+ R, cost,;R,sint,) (t; <tz t, <t,).

t R, +a—x t R, +b—X
a+R cost, =b+R,cost, =x, =>tan+= |1 —— "2 tan2= |2 — "2
R, +X,—a 2 R, +Xx, —b

t R, +a-x t R, +b—-x
a+R cost;=b+R,cost, =% =>tan2= |1 — L tant= 2 "L

R +% —a 2 \R,+x-b
t
tan =
ep(MA): 2 :>Sh(MA)= 2 R]_(XZ—XZJ_) _ _ R]_GH (1)
tan’? VR ~@-x)° JRe ~(a—x,)?)  AHMG
tant—"'
e/(NB) _ 2 _ sh(NB)= Ry(x; —%) _ R,GH (2)
2 2\R2 2} BH.NG
tan'2 JRZ-(b-x)?JRE -(b-x,)?) BH.

Tu (1) va (2) suy ra:

sh(NB R, AH MG R sh(MA

(NB) _ Ry Ry guapysivn) _ SHMA) 1 agyiouny _ Ry oo
Sh(I\/IA) Ry 'BH NG Rl Sh(NB)

Pinh 1y 2.2. Cho hai dwong thang Lob (c), () c6 dinh va I la diém c6 dinh trén Ox. Mot
cap hai truc cong (M), (N) phdn biét; thay doi nhung luén cé chung mit am vé tin I (m)
cat (&), (B) lan lwot tai A va B; (n) cat (), () lan lwot tai M va N. Khi d6:
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sh(MA AB)+L(MN . .
WGL(ABHL(MN) la mot hang so khong phu thudc hai truc (m), (n).
S

Chirng minh. Ding mot phép nghich dao tim | bién céc truc cong (m), (n) thanh hai tryc
thang vudng goc véi OX.

Phép nghich dao voéi tam la mut am vo tén |
khong 1am thay d6i do dai dai s
Lobachevsky trén cac truc (m), (n). Phép
nghich dao ay ciing khong 1am thay d6 dai
Lobachevsky cua cac doan thing Lob.

Ap dung Pinh 1y 2.1 thi c6 diéu phai chimg
minh. O

Hé¢ qua 2.3. Cho hai duong thcfng Lob () va (f). Ba truc phan biét (m), (n), (k) la ba
truc cong ciing c¢é chung mot miit am vo tin, hodc la ba truc thang cing vuéng goéc véi Ox.
(m) cat (a),(B) lan lwot tai A va B; (n) cat («),(B)lan lwot tai M va N; (k) cat
(), (B) lan luot tai C va D . Khi do:

Sh(MA) eL(E;) _ Sh(MC) eL(ﬁ)
sh(NB) sh(ND) |

Chirng minh. Tt Pinh ly 2.2 ta c6:
sh(MA) o LAB)L(MN) _ sh(MC) o LCD)+L(NIN)

sh(NB) sh(ND)

Suy ra diéu phai chimg minh. o

Vi du. Cho tam gidc Lobachevsky véi cac dinh A(5; 3), B(4;4) va C. Goi M 1a diém trén
duong thang Lob (CA).

Puong trac dia qua A, B ¢6 hai mat 1(6;0) va
K thudc Ox.

Puong tric dia qua I, M cit dudng thang Lob
(CB) tai N;; duong tric dia qua K, M cat
duodng thang Lob (CB) tai N, .
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sh(N,C sh(N,C
Ta s€ so sanh (N,C) va (N, )
sh(N;B) ~ sh(N,B)
Xét 16p cac truc cong ¢6 chung mit 4m vo tan |, ham do dai dai sé Lobachevsky trén 16p
truc nay ki hiéu 1a Ly, theo hé qua 2.3 ta co:
Sh(MA) 1,(as) _ Sh(MC)
sh(N,B) sh(N,C)
Xét 10p cac truc cong cd chung mut 4m vo tn K, ham do dai dai s Lobachevsky trén 16p
truc nay ki hiéu 1a L, , theo hé qua 2.3 ta co:
Sh(MA) 1, ae) _ Sh(MC)
sh(N,B) sh(N,C)
Dé y tir cong thire (*) suy ra Ly (E) =-L, (E) do do:
SN(N,C) o as) _ SH(N,C) |
sh(N,B) sh(N,B)

SR S Gl E==0 R

3
sh(N,B) sh(N;B) 4 sh(N,B)
3. Két luin
Pinh 1y 2.1, Pinh 1y 2.2 va H¢ qua 2.3 da thé hién mdi quan hé giita cic doan thing Lob
tao nén khi cho cac truc chin 1én hai dudng thing Lob.
Két qua thu dugc co thé ap dung dé khao sat diéu kién thang hang cia cac diém, tinh dong
quy cua cac duong thang Lob lién quan dén tam giac Lobachevsky.

TAI LIEU THAM KHAO
Nguyén Thi Lién (2011), Hinh hoc trén nia mat ph(fng Poincaré, Luan van Thac si - Pai
hoc Vinh,12-38.
Nguyén B4 Khién (2011), Mot $6 van dé cuia hinh hoc Hyperbolic n chiéu, Luan van Thac
si - Pai hoc Vinh, 15-34.
Nguyén Thi Xuyén (2008), Mt s6 vin dé vé hinh hoc phi Euclide, Pai hoc An Giang, 35-44.
Phan Thi Ngoc (2007), Nua phcfng Poincaré va hinh hoc Hyperbolic, Luan van Thac si -
DPai hoc Vinh, 25-45.
Nguyén Mong Hy (1999), Xdy dung hinh hoc bang phwong phdp tién dé, Nha xuit ban
Giao duc, 95-134.
C.Royster (2002), Non Euclidean geometry, Course Spring, 34-90.
Henry Parker Manning (1989), Non Euclidean geometry, Boston USA, 20-74.

(Ngay nhdn bai: 16/07/2018; ngay phan bién:27/08/2018; ngay nhdn dang: 01/10/12018)



