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BIEU DIEN DUONG CUA MA TRAN PA THUC KHONG AM
TREN CAC DAI TRONG R? CODANG U x RVOI U € R LA
TAP COMPACT

Vii Thi Thom”
Hoang Thi Thoa™

Tom tat

Dwa vao biéu dién dirong ciia da thirc (da thirc hé sé thuc) khdng am trén cac dai trong
R? ¢6 dang U X R, trong dé U € R la tgp compact trong tai liéu [1], ching toi trinh bay va
chitng minh biéu dién dicong cho ma trdn da thirc (da thirc hé s6 ma trdn) khéng am trén U x
R. Cy thé, ching toi trinh bay cho ma trdn da thire drong chéo Va sau dé la ma trdn da thirc doi
xung.

Tir khoa: biéu dién dwong, ma trgn da thirc Khdng am

1. Giéi thiéu

L6p cac da thirc khong 4m trén toan khong gian da dwoc nghién cau rat 1au va cho
nhiéu két qua quan trong, tiéu biéu 1a bai toan thir 17 cua Hilbert vé biéu dién cua cac da
thic khong am trén RE. Tuy nhién, 16p cac da thac khdng am trén cac mién con noi
chung va 16p cac da thirc khong &m trén céc dai trong R? ndi riéng van con nhiéu van dé
chua duoc giai quyét. Do vay, trong nhitng nim gan day, cic van dé vé biéu dién cua da
thire khdng &m trén cac mién con dang duoc céc nha khoa hoc nghién ctru mo rong vé
mit todn hoc ciing nhu (ng dung cua chung trong ki thuat cdng nghé. Dac biét 14 biéu
didn cua ma tran da thuc khdng am trén céc dai trong R? 13 van d& con kha méi va hap
dan.

Trong bai bao nay, ching t6i phat biéu va chitng minh biéu dién duong cho ma tran
da thirc khdng am trén dai U x R, trong d6 U € R |4 tap compact. Diéu d6 duoc trinh bay
cu thé trong Ménh dé 3 va Pinh 1y 4, day 1a hai két qua méi cua bai bao, cung cap thém
tai liéu tham khao cho biéu dién duong ctia ma tran da thirc. Céc biéu dién duong cua da
thirc khong 4m ciing nhu biéu dién duong cuia ma tran da thirc khong am sé& c6 ich trong
viéc giai bai toan thiét ké loc va xac dinh ham Lyapunov cho mét hé phuong trinh vi
phan.

2. Mét s6 khai niém co ban

Trong bai bao, ching t6i ki hiéu R[X] := R[xy, ..., x,,] va vanh da thic hé sé thuc n
bién va ¥ R[X]? la tong cac binh phwong trong R[X]. Cho mét tap hitu han S =
{50,532, .., Sk} © R[X], ki hiéu Kg = {a € R*|s;(a) = 0Vi=0,...,k} |a tdp nita dai sé
dong co ban sinh béi S, va Ts 1a tién thit te trong R[X] sinh bdi S, tap Tg gdm céc phan tir
c6 dang 3, 0;s*, trong d6 mdi st = s2° ... 5%, i = (ig, -, it), i, chi nhan gia tri 0 hogc 1 voi
moi p = 0, ..., k va mdi o; 1 téng cac binh phuong trong R[X], Ts duoc viét dudi dang tap
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hop nhu sau
Ts = {ZiO'iSi G Z.R[).(]Z'Si = 50" -5 }
i = (g ri) iy €{0,1}Vp=1,.. .k
Véi U S R la tap compact, trong bai bdo nay chdng toi gia sae U = [a,, b,] U
[az, byl U ..U [ay, by ], trong d6 a; < b; < a, < b, <+ <a, <b,. Va dinh nghia tap
S € R[x] twong tu trong tai liéu [1] nhu sau
7 S={x—-a;,(x—a))x—Dby),..,(x — @) (x — by_1), by — x}.
Dé thuan tién, ta dat
So=xX—a;,s =(x—ay)(x— 571):’---:5k—1 =(x- flk)(x — b—1), Sk = by — x.
Khi d6 S = {sy, s, ..., Sk} € R[x]. D¢ thay, tap nira dai s6 dong co ban sinh boi S trong R
(twong g trong R?) la U (twong tng U X R).
Xét tap hop M, (R[X]) 14 tap hop c4c ma trdn da thic cdp m. Ma tran A €
M, (R[X]) thi m&i phan tir cia ma tran A 1a cac da thuc trong R[X] hay A :[fif(X)]me'
fi;(X) € R[X]. Khi d6 S, (R[X]) = {A € M,,,(R[X]) | AT = A}. Mdi phan tir c6 dang ATA
v6i A €S, (R[X]) duoc goi la mot binh phuwong Hermit va mdi tong c6 dang
k AT A;, k € N duogc goi |4 tong binh phong Hermit. Ta c6
N
Z A X" = A,
la|=0
trong d6 @ = (ay, ..., ;) € N%, |a| == a; + -+ a;, X* = x;" ..x[t, Ay € M,,(R),N la
gia tri |a| 16n nhat. Khi d6 A € M,,,(R[X]). Do d6, mdi da thic voi hé sb ma tran co thé
xem nhu 12 mot ma tran da thirc. Bé thdng nhat, trong bai béo cac da thic v6i hé sé ma tran
duoc xem xét nhu cac ma tran da thurc.
Cho A € M,,(R[X]) duoc goi 1a nita xdc dinh dwong néu yTAy > 0 voi moi y €
R™, ki hiéu 12 A = 0. A duoc goi 1a xdc dinh dwong néu yTAy > 0 vai moi y € R™\{0}, ki
hiéu A>0.VaD(dy,d,, ...,d,), v <mlamatrdn dwong chéo véi cac phan tir trén duong
chéolad,,d,, ..., d,,0,..,0,trongdo d; € R[X]véimoii=1,..,r.
Céc khéi niém lién quan dén phan nay ma khdng nhic dén trong bai bao ching ta co
thé xem trong [1], [2] va [3].
3..Két qua
Dudi day 1a hai két qua duoc trich tir tai liéu tham khao [1] va [2], ching tdi s& sir
dung dé ching minh Ménh d& 3 va Dinh ly 4.
Pinh Iy 1. [1] Gia sir U va S dugc dinh nghia nhu trén, Ty 12 tién thir tu sinh boi S trong
R[x, y]. Khi d6, néu da thirc hé sb thuc f(x,y) € R[x,y] khong am trén U x R thi f € Tg.
Bo dé 2. [4] Cho A € S,,,(R[X]). Khi do, ton tai cac da thirc khac khong b, d; € R[X],j =
1,..,r, r <m,vacac matran X, X_ € M,,(R[X]) sao cho
X, X_ =X_X, = bl,,
b%A = X,D X7,
D=X_DXT,
trong d6 D =D(dy,d,, ...,d,) 1a ma tran duong chéo cip m vai cac hé sé duong chéo 1a
dy,dy, ..., d,,0,...,0.
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Dinh Iy 1trong bai béo cua ching toi duoc trich dan tir tai liéu [1], day 1a mot két qua
con kha mai caa Victoria Power va Ha Nguyen (niam 2012) dwoc lam rd tir dinh Iy biéu
dién duong trong trudng hop téng quat cua nha toan hoc Marshall, cu thé néu da thuc hé sé
thuc f(x,y) € Rlx,y] khdng am trén U x R véi U € R la tap compact thi f € Ts. Dya
vao két qua do, chung toi trinh bay va ching minh biéu dién duwong cho da thirc hé s6 ma
tran (ma tran da thac) khéng am trén U X R.

Ménh dé 3. Cho D =D(dy,d,, ...,d,),r <m la ma tran duong chéo va d; € R[x,y] Vi
moi i = 1,..,7. Khi 6, D > 0 trén dai U x R khi va chi khi ton tai j*, [* € N va cac ma
tran duong chéo Aj; € S, (R[x, y]) véimoi j =0, ...,j*, L =0, ...,1" sao cho

JA
T .
D = ZZ(AJI) Aji s,
j=11=1
trong d6 s/ = SJ sk v J = Gosrdi)s Jp €{0,1}v6imoip =0, ..., k.
Ching minh:
Giast D> 0tréndai U X R. V&imbii =1,..,r, tacd d; = e/ De; = 0 trén U X R nén
theo Dinh Iy 1 ta suy ra d; € Ty, tic la ton tai j* € N, j* < 2K vag;; € ¥ R[x,y]* sao
cho
j*

dixy) = ) ays

=0
trong d6 s/ = sé"’ ...s,{", J=Gorwrji)s Jp €{0,1} v6i moi p=0,..,k. Vi og;;€
Y R[x,y]? néntdntai I* € Nva g;;(x,y) € R[x,y] sao cho

l
0ij = zgizjl (x, ).
=0

Khi d6
D=D(dy,dzs - dy)
_D(Z 001,58’ j oarjs)

=D (01, -.-» aro)s + -+ D(0y ey e, 00 ) ST
=D (Z%=0 9io (1, ¥), ---’Z%*:o gror (x, Y)) sO+ -+
+D (20 g4 3D, s Zho0 97 (1)) 8
= (D(gfo1, - Gro1) + -+ D(Giops - Giorr)) SO+, +
+ (D(gfj*p ---'gfjﬂ) ot D(éhzj*z*' ---»ggj*z*)) s/,
Véimdi 1 =0,.., 1% tadat

Ao = D(g1o1 -+ Grot)
Ay = D(g110 ++» Gr11)

Aj = D(éhj*u -'-'grj*l)
Khi d6 (Ajl)TAj, = D(gij, -r 9E) VOIiMoi = 0, ..., j*, 1=0,..,1". Trdo suyra
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hay

j l
Nguoc lai, gid st ton tai j*, I* € N va cac ma tran duong chéo A;; € S, (R[x, y]) véi moi
j=0,..,j%51=0,..,0" sao cho

Khi dé, voi moi y € R™ bit ky, ta co

y'Dy = ii( Ay) (Apy)s/ =0

j=11=1
trén dai U X R. Te do suyra D > 0 trén dai X R.

Pinh Iy 4. Cho F € S,,,(R[x, y]) bat ki. Khi d6, F = 0 trén dai U x R khi va chi khi ton tai
j*, I € Nvacac matran V;; € M,,,(R[x,y]) véi moi j =0, ...,j*, L =0, ...,[" sao cho

A
b*F = ZZ(‘GJTVﬂ s/,

j=11=1
trong d6 s/ = s({" ...s,{",j = (Jos s Ji)» Jp € {0,1} V6imoip =0, ..., k.
Chung minh:
Vi F € S,,(R[x, y]) nén theo B6 dé 2 ton tai cac da thic khac khong b, d; € R[x,y], i =
1,..,r, r <m,vacic matran X,,X_ € M,,(R[x, y]) sao cho
X,X_ =X_X, =bl,
b2F = X,D X7,
D =X_FX7,
trong d6 D = D(dy,d,, ...,d,) 1a ma tran dudong chéo cdp m véi cac hé sé duong chéo la
dy,dy, ...,d,,0,..,0. Vi F3= 0 trén dai U X R nén véi mdi i = 1,...,7 tacod d; = e De; =
el X_FXTe;=v/Dv; > 0tren U X RV6i v; = XTe; € R™. Do d6 D = 0 trén déi U x R.
Theo Ménh dé 3, ton tai j*, I* € N va cac ma tran duong chéo Aj; € S, (R[x, y]) véi moi
j=0,..,j%1=0,..,1"sao cho

*

JUo
D= ZZ(AJ.Z)TAﬂ s

j=11=1
trong d6 s/ = sj° .s,{",j = (Jos -2 Ji)» Jp € {0,1} v6imoi p = 0, ..., k. Khi do

*

b?F = X, D X% _iz(A’X ) (A;XT) s/,

j=11l=
batV, =A;X7j=0,..,j51=0,..,0". Khi d(’)
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Nguoc lai, gia sir ton tai j*, I* € N va cac ma tran Vi, € M, (R[x, y]) véi moi
j=0,..,j%1=0,..,1"sao cho

o
b*F = ZZ(Vﬂ)TVﬂ s/,

j=11=1
Vé&i moi y € R™ bt ky, ta co

o
T .
b2(y"Dy) = zZ(vﬂy) (Vi) s’ = 0
j=11=
trén dai U X R. Tir d6 suy ra F 3> 0 trén dai U x RO
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Abstract

Positive expression for non-negative polynomal matrices
on strips of the form U x R in R? where U € R is compact

Based on the positive expression for non-negative polynomals on strips of the form
U xR inR?, where U € R is compact, at article [1], we present and prove the positive
expression for non-negative polynomal matrices or polynomals with coefficients of
matrices. In concrete, we show diagonal polynomal matrices and then polynomial
symmetric matrices.
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