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GIA TRI RIENG, VET CUA MA TRAN VA MOT SO UNG DUNG
L& Hao®
Tém tit
Trong bai viét nay ching téi trinh bay méi lién hé giita cdc khdi niém gid tri riéng
va vét ciia ma trdn (Pinh li 3), dong thoi néu mét vai vmg dung ciia cdc khdi niém ndy vdo

ma tran va dinh thirc.
Twr khéa: Gia tri riéng, vét ciia ma tran, dinh thirc.

1. Gi6i thidu

Cho A 1a ma trdn vudng cap n, xét da thirc dic trung ctia A 1a P(t) = det(A—tl ).
Goi A 1a nghiém phuc boi s, >0 véi i=1.k cta P(t), cAc A phén biét. Ta co:
PO =(4-t)*(4-t)*..(4 -1)*, 4 eC

Nhu ta déu biét, A, goi la cac tri riéng cua ma tran A.

1.1. Pinh nghia. Vét cia ma trdn A = (ajj)nxn , ki higu trace(A), 14 tong cac phan tir nam trén
duong chéo chinh ctia ma tran A, khi do: trace(A) =a, + &, +...+a,.

Ta d& dang kiém chtng cac tinh chat sau:

1.2. Binh 1y 1. Vi 2 ma tran A,B vudng cip n thi:
trace(A+ B) =trace(A) +trace(B)
trace(kA) = ktrace(A) (keC)
trace(AB) =trace(BA)

Chirng minh. Hai tinh chat dau I3 hién nhién, ta chimg minh tinh chét tht ba. Ta co:

A=(3;)pa: B=())n, =trace(AB)=> > ab, => > b,a; =trace(BA) o

i=1 j=1 j=1 i=1

Nhac den khai niém gia tri riéng, vét ma tran co rat nhiéu bai toan thu vi lién quan dén
nhiéu van dé khdc trong dai so, thuong gap trong cac dé thi Olympic Sinh vién. Do do can
phai tim hiéu cac khdi niém nay ciing nhu cac ung dung cua chung.

2. Lién hé giira gia tri riéng va vét ciia ma trin, mot s6 ing dung
2.1. Pinh li 2. Cho ma tran vuéng A voi cac gia tri riéng A, € C phan biét nhu trén thi:

det(A) = A2 A% ... A%
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Chimg minh. Tacé: VteR,det(A—tl )=P(t) = (14 —t)* (1, —t)%...(4, —t)*
Chot=0 thi co diéu phai chimg minh o [

Pé chuan bi cho dinh i tiép theo ta c6 bo dé sau:

B6 dé. V&i moi ma tran vudng cap n> 2 thi:
P (t) = det(A—tl_) = (-t)" +trace(A)(-t)" " +h(t)
Trong do6 h(t) 1a da thirc c6 deg(h(t)) <n-2

Chirng minh.

—t
Véin=2 thi: Pz(t)=‘a1bl azt =(-t)*—(a, +b)t+ab,—a)b, .
—

b

Viy bd dé diung véi n=2
Gia sir bd dé dung v6i moi ma tran vudng cap k> 2. Xét ma tran A vudng cip k+1.

a, -t a, al,k+l
ay Ay -t .. a2,k+1
Pk+l (t) =
ak+l,1 ak+l,2 ak+1,k+l -t
Bang cach khai trién theo dong 1 ta co:
ay -t Ay a2,k+l
as, Qg3 -t .. aS,k+1
P..(t)=(a,-1) +h (1)
ak+1,2 ak+l,3 ak+1,k+l -t

vai deg(h, (t)) < (k+1)— 2=k —1. Ap dung gia thiét qui nap ta suy ra:

R (®) = (@~ (0 + (8, + 85 .t 8y ) 0]+ B
Trong d6 deg(h,(t)) <k —-2. Tu d6 suy ra:

Raa) = ()" + (8, +a, + 85 +... 48,1, )(-1)“ +h(t)
V6i (t) = (@, ~)h, (€) + Dy (0) + 2, (3 + s .+ B ) () €6 deg(h(t) <k -1

B6 dé ciing ding voi n = k+1. B6 d& da dugc chimg minh o [

2.2. Pinh ly 3. Cho ma tran vudng A véi céc gia tri riéng A € C phan biét nhu trén thi:
trace(A) =S4 +S,4, +...+ S 4

Chirng minh. Theo b6 dé trén: P(t) = det(A—tl ) = (-1)"t" —trace(A)(-1)"t" " + h(t)
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Vi deg(h(t)) <n—2 vaA 1acac nghiém phtc boi s, >0 (i = 1.k)cua P(t)..
Ap dung dinh li Viéte thi c6 diéu phai chimg minh o

2.3. Pinh ly 4. Cho ma trdn vudng A vudng cip n >1, v6i n gia tri rieng 4, € C (i = 1.n),
céc tri riéng ndy c6 thé tring nhau. Khi d6 véi moi da thire f (x) € R[x] khéc khong, thi:

a). det f (A)=f(4)F(4,)...T(4,).

b). f(4), f(4,),... F(4,)1a céc tri riéng clia ma tran f (A).

Chirng minh. Gia st f(x) 1a da thitc bac mva o, @,,...,«,, 1a cac nghiém (thuc hoac phirec,
ké ca boi) cua f(x). Ta co:

a).P(1) =(4 - A)(4, — A)...(4, — 4) la da thirc dac trung cua A.
() = C(x— ) (X—t,). (X ,)
Do do:

f(A) =c(A-a1)(A-a,l)..(A-a,l)

det f (A) =c" det(A— 1) det(A—a, 1)...det(A—a_ 1) :c“ﬁ P(a)

Mit khée: P(a;) = (4 — )4, —a)..(4, — ) = l.l[(ﬂ“j - ;)
Vi vay:

n

det f (A) :c“ﬁ P(a) =Hc]m[(/1j —a;) =f[ f(4,)

b). Pat g(x) = f(x)— A va ap dung két qua trén ta co:

detg(A) = 9(4)9(4,).-9(4,)
Suyra: det(f(A)—A1)=(-1)"(A-f(L)A-f(L)..(A-f(4))
Vay f(4), f(4,),..., T (4,)1a céac tri riéng ctia ma tran f (A) .o

Nhin xét. Tir chimg minh trén ta thdy rang: néu P(t) = (4, —t)* (4, —t)*...(4 —t)* 1a da

thirc dc trung ciia ma trin A (v6i 4 € C phan biét, s, >0véi i=1.k ) thi véi moi da thirc
f(x) e R[X], ma tran f(A)co da thuc dic trung la:
Q(t) =(f(4)-1)*(f(4)-t)*..(F(A)-)*.

Vi du 1. (Olympic sinh vién 1999) Cho da thiac f(X) = X" +x* +1 va cho ma trén:
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4 3 0 O

2 3 0 0
A=

4 9 -1 0

1 2 5 2

Tinh det f (A).

3

4-1
Giai. Ta co: det(A—/II)z(Z—A)(—l—/I)‘ » 3 ‘:0

Suyra Acécactririeng: 4, =2,4, =-1,4,=1,4,=6

Theo dinh 1y trén: f(A) c¢6 cac tri riéng la :
f(2)=2"+3,f(-1)=-1 f(1) =1, f(6)=6"*+35
Va det f (A) =—(2"** +3)(6"* +35). o
Vi du 2. A 1a ma tran vudng thuc cip n (n >1). Gia s da thic f(X) € R[X], thoa min
f (A) =0 (ma tran khong). Chimg minh ring: Ve €R, f (o) %0, thi det(A—al) =0.

Giai. Gia st A—al khong kha nghich, tic 1a det(A—al) =0, hay a la trj riéng cua A. T
dinh Iy trén suy ra f (c) 1a tri riéng ciia f (A) =0, do d6 f () =0, trai v6i gia thiét. o

Vi du 3. Cho f(x)eR[x] va f(x)>0VxeR. Ching minh ring: v6i moi ma trin
AeM, (R)thi det f(A)>0.

Giai. Ae M, (R) nén da thic dic trung P(4) cta A liy hé s6 trong R. Vay néu zeC Ia
nghiém cua P(A) thi z ciing vay.
Gia st X, X,,..., X, (k>0) 1a cac nghiém thyc va Zl,ZZ,...,Zl,Z_l,Z_Z,...Z_I (1=0) Ia céc
nghiém phirc ¢6 phan ao khac khong. Theo dinh 1y ta co:
I . k I )
det f(A) = f(x) F ) F O] F(z) F(z) =TT FOOT|f(z)
=1 i=1 j=1

Vay detf(A)>0do f(x)>0VxeR. o

Vi du 4. Cho ma tran Ae M (R)vé6i n > 1, thoa A% + A" 4+ A% 4 | +1=0. Chiing
minh rang det(A—20121) 0.

Giai. Gia st det(A—20121)=0, suy ra a = 2012 1a tri riéng cta A.
Xét da thirc  f (X) = x** —1, theo dinh 1y thi:
f(A) = (A=A + A L AP0 4 1) =0.
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f (A)nhan f(2012) lam tri riéng, do d6 f(2012) =2012*°-1=0 v ly. o

Vi du 5. Cho cic ma tran A,B vudng cip n, dat C = AB — BA. Gia sir rang C giao hoan véi
c4 2 ma tran A, B. Chung t6 rang:
a). Trace(C")=0,Yvme N*

b). Ton tai s6 nguyén duong m sao cho C™ =0, (ma tran khong cap n).

Giai. a).V6i moi m nguyén duong thi:
C" =(AB—BA)C "'=A(BC "')-(BC "')A

Vay ta luon c6 trace(C™)=0,Vme N*.

b).Ta chimg minh moi trj riéng cua C déu bang 0. That vay, gia sit C ¢ cac trj riéng khac
khong phan biét 4,,4,,...,4, € C vdi 4 cd bdi s;>0.

Tur gia thiét ta suy ra:

sA4A + S,4, + ..+ sA4 = 0 = trace(C)
sA> + s,A2 + .. + sA = 0 = trace(C?)
A+ SA ¢ .+ sA = 0 = trace(C)
Ta co:
A A Yy 11 .1
e I T
ZH Y AT AT

D #0 vi dinh thirc & vé phai 1a dinh thirc Vandermonde cap k, v6i cac gia tri A phén biét

(xem [1], chuyén d¢ 4, trang 29 va 30). Vay s, =S, =...=s, =0, Vo I

Do d6 moi trj riéng ctia C déu bang 0 tirc 1 P(1)=det(C—Al)=(-4)" . Suy ra
C"=0,o

Lién quan dén khdi niém da thirc déic trung, gid tri riéng, vét ma trdn con rdt nhiéu ing
dung thii vi khéc trong linh vwec dai s6 tuyén tinh, trong pham vi bai viét nay ching t6i chi
gidi thiéu nhitng vmg dung co ban nham goi ¥ cho cdc ban sinh vién tiép tuc tim hiéu
thém/J
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Abstract

Eigen values, trace of matrices and applications
In this article we would present the relationship between the Eigen values and trace

of matrices (Theorem 3), simultaneously mention some applications of these concepts into
the matrices and determinants.

Keywords: Eigen value, trace of matrix, determinant.
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