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HAM NGAU NHIEN B-SPLINE VA UNG DUNG VAO DU BAO
Lé Hao*

Tém tit

Trong bai bdo nay, ching téi dwa ra khdi niém ham ngau nhién B-spline iing véi mau
thuwe nghiém ciia dai lwong ngdu nhién hai chiéu (X,Y)va chitng to ham ngau nhién nay phdn
danh tot moi quan hé giita X va Y trong truong hop hé sé twong quan R(X,Y) bé, dé chimg to
diéu nay ching téi da néu va chiing minh dinh Ii (2.4). Trong phdn dp dung, chiing t6i sir dung
dinh li (2.4) dé thiét ldp ham hoi quy B-spline cho viée du bdo.

Tur khoa: Ham ngdu nhién B-spline, ham hoi quy B-spline, hé s twong quan, mau thuc
nghiém, bién sé ngau nhién.

1. Giéi thiéu

Viéc ap dung mo hinh hdi quy pht hop dé du bao mdi twong quan cua hai dai luong
ngiu nhién X,Y 1a viéc rat khé khan, théng thuong khi hé s tuong quan R(X,Y) qué gin
0 thi vi¢c sir dung mot s6 mo hinh hdi quy da biét 6 thé cho ta nhitng dyu bao sai 1éch 16n,
ngoai ra viéc cap nhét cho cac mé hinh hdi qui thuong gip tré ngai khi cac dir lidu dugc cap
nhat lién tuc.

Trong bai bao nay, ching t6i dé cap dén kiéu ham y(x)= f(x,Y) (xe DcR)
trong d6 Y 1a mot dai luong ngﬁu nhién, c6 nghia la ing voi mdi gia tri XeDcuy thé thi
y(X) 1a mot dai lugng ngiu nhién. Ham nhu thé goi 13 ham ngau nhién, co vai tro rat 16n
trong thong ké umg dung.

Bai bao dé cip dén mot hudng giai quyét van dé noéi trén, thong qua viée khao sat
ham ngiu nhién B-spline va ap dung vao du béo.

2. Cac khai niém va dinh ly

Trong [2] chiing t6i da dé cap dén khai niém va cong thirc cia duong cong B-spline
bac 2 di qua tét ca cac diém nat P, (x,,Y,) (K=0,...,n) cho trudc. Do la dudng cong tham
s P(t) = (x(t), y(t)) gom n—1 cung Bezier ghép tron, dwoc xac 1ap boi cong thirc:

P(t) =S,(1-1)° + 2T t(L—-t)+ S;t* khi 0<t<1
P(t)=S,(2-t)* + 2T, (t-1)(2-t) +S,(t —1)* khi 1<t <2

P(t)=S,(3-t)* +2T,(t-2)(3—t) +S,(t—2)* khi 2<t<3 21)

P(t)=S, ;(n—-2-t)*+2T _,(t-n+3)(n-2-1)+S,_,(t-n+3)* khi n-3<t<n-2
P(t)=S, ,(n-1-t)*+2T ,(t-n+2)(n-1-t)+S,_,(t-n+2)* khin-2<t<n-1

Trongd6 S,=P,,S, , =P, va S,,S,,..,S, , lan luot 14 trung diém cua cac doan thiang

* ThS, Trudng Pai hoc Phu Yén
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T1T2 ! T2T3’ ) Tn—ZTn—l '
Céc diém T,,T,,..., T, duoc xic dinh béi hé sau (d¢é dam bao dudng cong di qua moi diém

nat B,):

5T, +T, = 8R-2PR
T, +6T, +T, = 8P,
T, +6T, +T, = 8P, 2.2)
T, +6T, 4T, = 8P,
T., +5T,, = 8P, -2P

Khi cac nat P,,P,...,P, tuong tmg c6 hoanh do ting dan X, < X, <...< X, thi ham x = x(t)
tang, khi d6 cong thie (2.1) ciia dudng B-spline xac dinh ham y =L(X) (X, <X<X,) c6 dao

ham lién tuc moi cp trén doan [XO, Xn] va sup ‘L(”)(X)‘ <M <+ (VneN) (xem[2]).
X XX,

Tiép theo ta xét (X,Y) la dai luong ngiu nhién hai chidu c6 hé sb trong quan R(X,Y) khé
bé, X 1a bién ngiu nhién nhan gia tri trong (X,;+0) VA (X, Yo) (X, Vo) v (X1 Y,y) 12
mau cy thé da biét ciia (X,Y) véi X, <X <...<X, ;.
Gia st can quan sat mdi quan hé gitra X,Y khi X nhan gia tri trong khoang (XO, d) chua
tAt cac mdc X, (k=0,...,n—-1), ta chon thém mdc X, =d.
Pinh nghia 2.3. V4i miu da noi trén, ham ngiu nhién B-spline 1a ham y = L(X) duoc xic
dinh tir cong thue (2.1) cua duong cong B-spline béc hai di qua cac nut:

Po (%01 ¥0)s P (X0 Ya)sooes Py (Xt Yna) P (%, Y )
Trong d6 P,(x,,Y") la diém ngau nhién véi Y~ =aX +Dbla dai lugng ngiu nhién xac dinh
bai cong thirc hdi quy ctia Y qua X theo nguyén tic binh phuong bé nhat, nghia la:

a=p /ﬂ . b=EY —aEX
DX

Cov(X,Y) _ E(XY)—-EXEY
VDX A/DY  \JEX? —(EX)*JEY?2—(EY)?
Trén phuong dién 1y thuyét mdi quan hé gitra X,Y dugc thé hién bang dudng cong 1y thuyét

va p=R(X,Y)=

y = f(X) di qua cac niit da biét (Xy, Yo ), (X, Yy )s-os (X, 4, Y, y) VA nut chua biét (x,,Y), taxem
nat (X.,Y) 1a cap gid trj gia dinh cua dai lugng ngau nhién (X,Y) tai mdc X =X, > X ,. Néu
cantaxdpxi f(X) bang ham B-spline di qua vo s6 diém nat caa f (X) néntaxem ham f (x) co

dao ham lién tuc moi cép trén doan [X0 , Xn] .



34 TRUGNG DAl HOC PHU YEN

Ham f(x) c6 da thie noi suy voi cac ntat (Xg, Yo)s-s (X, 1 ¥oa)s (X,,Y) 12 ham ngau nhién,
xac dinh nhu sau:
PE (X, (X1 %1 X)) = o (X=Xx)(X=%,)...(Xx=X,) Y, (X=%X)(X=%,)...(Xx=X,) .
(Xo o Xl)(XO - Xz)---(xo - Xn) (X1 - Xo)(x1 - XZ)"'(Xl - Xn)
(X—XO)(X—Xl)...(X—anz)(X—Xn) +Y (X_XO)(X_X:L)"'(X_Xn—l) (XGR)
(Xn—l - XO)(Xn—l - X1)---(Xn71 - Xn—Z)(anl - Xn) (Xn - XO)(Xn - Xl)(xn - Xn—l)

+ yn—l

Ham B-spline L(X)c6 da thic ndi suy voi cac nit (Xy, Yo)s-or (X, 4, Vop)s (X, Y ) ciing 12
ham ngau nhién, xac dinh nhu sau:
L G — g, PO 00) XXX =) lx=)
(Xo - X1)(Xo - Xz)---(Xo - Xn) (X1 - XO)(Xl - Xz)(x1 - Xn)
(KX DO K) e X XIER) X X)
(Xn—l - XO)(Xn—l - X1)---(Xn—1 - Xn—2)(xn—1 - Xn) (Xn - Xo)(xn - X:L)(Xn - Xn—l)

+ yn—l

Viéc sir dung ham L(X) dé phan 4nh méi twong quan X va Y ¢6 hop 1i hay khong? Bé tra
10 cho cau hoi d6 chung toi tim hiéu sy lién hé giira cic ham ngau nhién L(x), f(X) va co
két qua sau:

Pinh Iy 2.4. V6i moi X €[y, X, ] thi:

ﬁ‘x—xj‘

[E[L(x) - f(x)]‘s‘:(nT sup

|
). X <t<x,

E [ | (n+1) (t) _§0) (t)]‘

H‘X_Xj sup {E[L(ml) (t)- f (04D) (t):lz}

\/E[L(x)—f(x)]zsnjj‘)—\/min{E(Y—ax -pY} + f[\X—xj\ o<t

0 —x V" (n+1)!
Chirng minh. a
L(x):PL(x;(XO,...,xn1,xn))+f[(x—xj).A”+1L(x0,...,xnl,xn,x) (1)
f(x):Pf(x;(xo,...,xnl,xn))+f[(x—xj).A“+lf(xo,...,xn1,xn,x) )
Tir (1) va (2) suy ra: a

ﬁ(x—xj) n
L) = F () =2 (Y =Y )+ [T (= %)) (A" L(Xgorns X, X) =A™ (Xg1 0 %, X)) (3)

]:[(Xn _Xj) =0

Ap dung dinh 1i Hermite — Genocchi ( xem [1] ) ludn ton tai &,&, € [%, X, ] sao cho:
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E[ L™ (&) - 1" ()]

E[A™L(Xg1 Xy X) =A™ (Xg, 00 X, X) | = D) 4)
. E[L"9()-109)]
E[A L(Xg,-s X,y X) — A f(xo,...,xn,x)] < (niD)! (5)

T (3) (4)vado E(Y =Y)=E(aX +b—-Y) =0 nén:

lj:yx—xj‘
‘E[L(x)—f(x)]‘sT sup

(N+D)! oas,

E [ | (n+1) (t)— f (n+1) (t)]‘

Mit khéc tir (3) (5) va dé y E(|XY|)£«/EX2EY2 ( v6i moi véc to nglu nhién (X,Y))
nén:

n-1
H‘X_XJ‘

\/E[L(x)— f ()] SHEO—JE(Y*—Y)Z + l.l[‘x—xj

sup {E |: L (D) (t) _ f () (t):lz}

Xo<t<x,

n+1)!
(Xn _Xj) ( )
j=0
Hay noi cach khéc:
n-1 2
[Tk-x : sup {E[L™®) - 12O |
\/E[L(x)— f )] snllo—\/min {E(Y—aX —ﬂ)z} + [T [x=x ==
a.feR L (n+1)!
(Xn _Xj) !
j=0
O
Nhan xét 2.5. V6i X =xe[x,;x,] thi:
L X=X o )
DO X, <X <..<X,_, <X, V& L gidgm theo X; nén véi moi X €[y, X, ] ta co:
X, = X;

_ X —X. _
_ X=X > i X—=X,4 =b (vj=0,1,..,n-1)

a P g
X=X X — Xj X~ X

X;

X—X,
= A=max(a,-b) > L > _max(a,—b) =—A hay
X .

<A (¥j=0,.,n-1)

n j
n-1
H‘X_Xj‘
X—X X

L —X
Suy ra: fl‘O—SA“Vc’yiA:max( 0, ‘i j

I (X —X-) X=X Xy =X
nT A

i=0
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Néu ta chon X =xe(2%,_,—X,, X, ) thi: PR, EUPS N Kt S P N P ST |
Xy =X Xy =X
nén khi n tién ra vo cing ta c6:
n-1 n
[Tpx=x [ Tjx=x|
2 <A"50 va 2 S|X”_X°| —0
o Joe)r  J(n+)!
H(Xn_xj)
j=0

Ham ngiu nhién B-spline L(X) phan 4nh tt mbi quan hé giira cac dai lugng ngiu nhién
n

[Th=x|  TTx
va 12 b

j=0

M (%, —x,) Jn+1)!

i

3

e.

X,Y tai nhirng gia tri X ¢O

Ham L(X) ciing phan 4nh tot mbi quan hé gitra X,Y tai nhiing gid tri X € (2Xn—1 — X, X ) néu
chon kich thudc mau n di 16n.

3. Ap dung

3.1. Ham hdi quy B-spline va dwong hdi quy B-spline

Trén phuong dién thuc nghiém, néu biét (X,,Y,), (X, ¥.) 0 (X5, Y, ,) 12 miu thuc
nghiém cua vecto ngau nhién (X,Y) véi X, < X, <...<X,_,, ta co thé tién hanh du bao cac

gid tri cua Y khi X €(X;, d) (X, <X...<X,, <d) theo cach sau:

Lap thém mdc X, =d va xac dinh thém diém nat P, (X, y") thoa man:
y =ax +bvaa=r2, b=Y-aX

Ox
v6i r 14 hé s6 tuong quan thyc nghiém cua X,Y tng véi mau thuc nghiém da cho.
Lap ham B-spline y = L(X) theo cong thirc (2.1) c6 d6 thi 1a duong B-spline di qua tat ca
céc diém R (Xos Yoy (X0 Ya) oo P (X000 Yoa)s Ba (X, y).
Ham y =L(X) d6 duoc goi 1a ham hdi quy B-spline ( thuc nghiém ) cta Y theo X, do thi
clia nd goi 1a dwdong hdi quy B-spline. Tl cong thirc clia ham hdi quy nay ta ¢ thé du bao
giatri Y = L(X) khi X =xe(x,, d).
3.2. Bai toan
Bai toan. Quan st moi quan hé giita X,Y trong dai luong ngéu nhién hai chiéu nguoi ta thu
duoc mau sau:

X 10 40 80 110 | 150 |190 |[220 |260 |300 |340 | 380

Y 200 | 230 | 250 |240 |180 |160 |150 {190 |200 |280 |300

400 | 420 |[450 |480 |530 |[570 |600 |640 |[680 |720 |760 |800

320 | 290 310 |270 |[200 |180 |160 |[200 |230 |250 |290 |270
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Hay lap cac du bao vé gia triciia Y khi X =xe (10; 900)
Buéce 1. Lap thém mot nit du bao tai mat X, =900 cua khoang quan sat (10; 900)
Tir mau trén ta tinh dugc hé s6 twong quan thyc nghiém r =0, 245123532 va céc thong sd

khac nhu sau:

a=r2x - 0.053163965, b=Y —aX =211.5049132, y = ax, +b =259.3524814
Oy

va lap thém nut P, (900, 259.3524814)
Budc 2. Lap cong thirc ctia dudng hdi quy B-spline di qua cac nat P, (x,,Y,) (k=0,...,n)
Trong d6 cac nat P,,P,,..., P, , tmg véi cic cdp gia tri clia mau da cho va nt P, vira 1ap ra

trong budc 1.
Sir dung cong thic (2.2) ta d& dang lap dwoc mot thuat toan don gian cho may tinh dé tim cac
bd ba diém co sé cho 22 cung Bezier dugc ghép tron, cu thé cac bo ba diém do 1a:

S0 (10.00;200.003; T1 €(36.62;237.70); 21 (59.60;244.92);

51 (59.60;244.92); T2 (82.58;252.15); 2 (95.24;250.77);

2 (95.24;250.77); T3 €107.90;249.39); 3 (128.96;210.46);
$3 (128.96;210.46); T4 (150.02;171.53); $4 (171.01;166.48);
$4 (171.01;166.48); TS (192.01;161.43); S5 (204.97;150.66);
5 (204.97;150.66); Té €217.94:;139.89); $6 (239.14;169.57);
6 (239.14;169.57); T? €260.34;199.263; $7 (280.19;191.92);
£7 (280.19;191.92); T8 (300.04;184.58); S8 (319.73;238.91);
8 (319.73;238.91); T9 €339.41;293.24); £9 (361.45;294.600;
59 (361.45;294.600; Ti0 (383.48;295.96); £10 (391.60:313.49>;

E10 (391.60:313.49>; Ti1l (399.72;331.01); 11 (408.97:304.49);
%11 (408.97;304.49); T12 (418.23;:277.962; 512 (434.58;299.59);
E12 (434.58:2992.592; T12 (450.93;3221.22); E12 (463.55:297.98>;
513 (463.55:297.98>; Ti4 (476.17;:274.75); 514 (504.10:232.52%;
314 (504.10;232.32>; T13 (332.03;190.30); 313 (331.84:186.88>;
15 (551.84:186.88>; Tie (571.66;183.47); Ele (584.83:166.18>;
316 (384.83:166.18>; T17? (398.00;148.89); 317 (619.16:176.032;

217 (619.16;176.032; Ti8 (640.31;203.17>; 218 (66D0.21:217.622;
18 (660.21:217.622; T19 (680.11:232.062; 219 (699.37238.23);
219 (699.37:238.232; T20 (719.03:244.43>; 20 (742.36;272.83);

S20 (742.36;272.85); T21 (765.68;301.26); S21 (766.27;284.63);
S21 (766.27;284.63); T22 (766.86;268.01); S22 (900.00;259.35);
Phuong trinh cua dudng hoi quy B-spline duoc xac dinh tir cong thirc (2.1), trong d6 moi

thanh phan ctia cong thirc c6 cic diém co s6'S,, T,,;, S;,, di xac dinh nhu trén.
Budre 3. Lap gia tri du bao cua Y ung gia tri X =X e (10, 900)
Ta dé& dang 1ap mot thuat toan dé biét chinh xac gia tri X =X tng véi cung Bezier nao
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trong s6 22 cung c6 cac diém co s¢ da lap, sau d6 tim gia tri t twong Gmg vdi X, roi suy ra
gia tri du bao y =y(t) cua Y.

Poan chuong trinh ngan gon sau s€ giup ta lam vi€c nay:

PROCEDURE TIMGIATRI(L:word; GTX:real; var GTY:real);
Var i:integer;
Hesol,Heso2,Heso3, Delta,t1:real;
Begin
i:=0;
While (S[i].x < Gtx) and (i<L) do i:=i+1,
Hesol:=S[i].x+S[i-1].x-2*T[i].x;
Heso2:= S[i-1].x - Gtx;
Heso3:=S[i-1].x-t[i].x;

DELTA:= Sqr(Heso3) - Heso1*Heso2,;
If Heso1=0 then t1:=Heso02/(2*Heso03)
Else t1:=(Heso3+sqrt(Delta))/Hesol;

GTY:= S[i-1].y*sqr(21-t1) + 2*T[i].y*t1*(1-t1) + S[i].y*Sqr(tl1);

END;

Két qua du bao: Bing mot chuong trinh ngin gon trén ngdn ngir Pascal ta d& dang thu
duoc cac du bao vé cac gia tri ciia dai lwong ngiu nhién Y, theo cac gia tri cua dai lugng
ngau nhién X ndm trong khoang (10; 900) . Theo nhan xét 2.5 va dinh 1i 2.4 thi cdc du bao
nay ludn déng tin cay khi X = x € (700; 900) mién sao kich thuéc mau n du 16n.

Dudi day 1a minh hoa vai dy bao tir cac dit liéu cua bai toan trén:

Véigiatri X =830.5, dy bao Y =265.44746

Vaigiatri X =710.0, du bao Y =243.00347

Véigiatri X =870.8, dy bao Y =261.47548

Vaigiatri X =570.4, dubao Y =179.74631

Véigiatri X =672.8, dy bao Y =225.95760

Puong hdi quy B-spline thyc nghiém cho bai toan trén nhu sau:

A\
— / S
A TN L
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4. Két luan

Vé mit 1y thuyét: ching t6i di néu va chimg minh dinh li 2.4, & chtng to rang ham
ngiu nhién B-spline ¢6 thé phan 4nh t6t mdi quan hé giita X va Y.

V& mit thuc nghiém: St dung dinh li 2.4 chung t6i da néu ra khai niém ham hdi qui
B-spline y = L(x) va tmg dung vao du béo, cho thdy mé hinh hdi qui nay c6 thé ap dung
cho moi kiéu dit liéu hai chiéu, dudng hoi qui vach qua moi nut dit liéu (X, y;) va ham hoi

quy y =L(x) c6 thé d& dang dwgc cap nhatd
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Abstract

B-spline random functions and their forecast applications
In this paper we introduce the concept of B-spline random function with empirical
samples of two-dimensional random variables (X, Y) and prove that this random function
better reflects the relationship between X and Y in case the correlation coefficient R(X,Y)

is small, to prove this, we have introduced and proven the theorem (2.4). In the application,
we have used the theorem (2.4) to establish a B-spline regression function for forecast.

Keywords: B-spline random function, B-spline regression function, correlation
coefficient, empirical samples, random variable.



