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CAC NGHIEM KHONG BI CHAN CUA PHUONG TRINH
LOGISTIC VA DANG PIEU TIEM CAN CUA CHUNG

NGUYEN BiCH HUY *, TRAN DINH THANH ~

TOM TAT

Trong bai bao chung toi xét phwong trinh logistic chira toan tr p-Laplace va ham
trong m(x) e L véi g nhé. Ching téi chimg minh s ton tai cdc nghiém yéu lém nhdt (c6
thé khong bi chan) va nghién curu dang diéu tiém cdn cua chung.

ABSTRACT
Unbounded solutions of the logistic equation and their asymptotic behaviors

In the paper we consider the logistic equation involving the p-Laplace operator and

the weight functionm(x)e L' with small q. We prove the existence of maximal weak

solutions (may be unbounded) and study their asymptotic behaviors.

1. Mé diu
Trong bai bao nay, ching t6i xét sy ton tai va dang diéu tiém cén cua nghiém
16n nhat, khong bi chan cua phuong trinh logistic sau:

—Au=Am(x)u” —u” trong Q,u=0 trén 06Q, (1)

trong d6 Q< RY 13 mién bi chin, co bién tron, Au :a’iv(\Vu\’F2 Vu) 1a toan tur
p_Laplace, m(x) e L'(Q) v&iqthichhgpva a< p-1<p.

Khi ham m(x) 1 hang sd va toan tir —A u dugc thay bang mot toan tr tuyén
tinh elliptic bac 2 thi v6i mdi A > A, bai toan (1) c¢6 duy nhat nghiém tron va dang
di€u ti€ém can cua nghi¢m dugc nghién ctru trong [3]. Khi q du 16n thi (1) cé duy
nhét nghiém bi chin (thudc W,> ~L*) va sy phu thudc ciia nghiém vao tham sd 1
c6 thé nghién ciru bang phuong phéap cua [4]. Khi q nhé nghiém cta (1) co thé
khong bi chan va khong duy nhat, do do vi¢c nghién ctru sy phu thudc cua nghiém
theo tham so tré nén phuc tap. Trong [6] chung t61 da chiing minh sy ton tai nhanh
lién tuc khong bi chan trong tap nghiém cua (1) khi p = 2 va q nho. Trong bai nay,
ching t61 s€ nghién ctru sy ton tai cia nghi€ém Ién nhat (khi 4 c6 dinh), c6 thé
khong bi chan va dang di€u tiém cén cia nghiém khi 4 — 0hodc A > .

2.  Cic két qua duge sir dung

:*PGS TS, Khoa Toan — Tin hoc, Trwong Dai hoc Sw pham TP HCM
TS, Trwdng Dai hoc Y Duwgc TP HCM
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2.1. Phwong trinh khong gian co thw tw

Cho X la khong gian Banach véi tht ty sinh bdi non K. Ta no6i &nh xa
F:McX— X lataingnéu u,ve M,u<v thi Fu)<F(®v).

Dinh Iy A [5]

Cho X la khong gian Banach voi tht tu sinh bdi nén, M < X 1a tap dong,
F:M — M la anh xa tang thoa man cac diéu kién
(i) Tap M,={ueM :u<F(u)}+¢ vaco tinh chat
VYu,veM,,iweM, u<w,v<w.
(i) Néu {u,} < M, la ddy ting thi diy {F(u,)} hoi tu.
Khi d6 F ¢ diém bat dong 16n nhét trong M.
2.2. Nghiém yéu ciia mét Idp phwong trinh elliptic twa tuyén tinh
Gia st Q < R" 1a mién bi chan, co bién tron, A i la toan tir p-Laplace véi
1<p<N va f:QxR—>R 1a ham thoa diéu kién Caratheodory. Ta xét bai toan
bién sau:
—A u= f(x,u)trong Q, u=0 trén 0Q (2)
Ta xét cac khong gian W,”(Q), 17(Q) thong thuong, chuén trong chung duogc
ky hiéu tuong tmg 1a || va || . Pat p'= Y va p'= P Dusi day cac tich
: N-p p-1
phan déu duoc lay trén Q.
Dinh nghia:

1)  Tanéiham u e W}"(Q) 1a nghiém yéu cua (2) néu f(x,u) e L?(Q), va
IVl Vave = [ r(uue Yo (@) 3)
2)  Tanéiham u, e " (Q) 1a mot nghiém dudi cia (2) néu f(x,u,) e L7 (Q),
[V, Vu, Vo <[ fGru)o. Yo7 (@.p20
va u, <0 trén Q theo nghia vét.
Dinh Iy B 2]
Gia sir ham g: QxR — R thoa diéu kién Caratheodory va
() g(x,0)=0,g(x,u) ting theobinu  VxeQ

(i) Vt>0,3¢ € L(Q):suplgx.u)<o(x).

u|<t
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Khi d6 voi mdi hew ' (Q) ton tai duy nhat ham zeW!”(Q) sao cho

g(x,2)e L, (Q), g(x,z).ze L'(Q) va

oc

[1V21" V2V + [ g(r.20p = [ hp (4)
ding chomoi p e C/(QQ) va ¢ =z.
Ghi chu 1:
1) Néu ham z noi trong dinh 1y B thoa thém diéu kién g(x,z)e L””'(Q) thi (4)
cling dang cho moi ¢ € W,*(Q) do tap C7(Q) tru méat trong W, (Q). Do d6 z ciing
1 nghiém yéu ciia bai toan

—Au+g(xu)y=h trén Q, u=0 trén 0Q.
2) Dudi day, dé ngin gon ta s& ki hiéu vé trai cua (3) 1a < Au,@ >
3. Két qua chinh

Ta xét phuong trinh (1) v&i cac gia thiét sau:
(H) m(x)=0, m(x)eL’(Q) voi q> 1 thich hop va ton tai mién tron Q'cQ, ton
tai sO m, >0 sao cho m(x)>m, VxeQ'
Hy)) a<p<p*-1

Dau tién ta s& dua bai toan (1) vé bai toan tim diém bat dong caa mot anh xa
tang trong khong gian cd thu tu.

Do diéu kién (H,) ta c6 12’3 > (p*)', do d6 néu "** e I'(Q) thi 2/ e L""'(Q).

Ap dung dinh Iy B va ghi cha 1 cho ham g(x,u)=«” ta c6 v&i moi
he L (Q) c W™(Q) ton tai duy nhat ham z e W7 (Q) thoa z e L*F(Q) va
< Az,p > +J.zﬂgo = Ih(o Vo eW,”(Q) %)
Goi P 1a anh xa dat twong tmg mdi 4 e L7”'(Q) véi nghiém z cia (5) thi P ¢o
cac tinh chit sau [4]
(@) P(h)eW”( Q)N L7(Q),P la anh xa tang.
(b) Néu M 1a mét tip bi chin trong L”'(Q) thi P(M) la mét tip bi chin trong
wlr(Q) va do d6 1a tap compic tuong ddi trong L (Q) véi y < p*.
(c) Pliéntucnéu p>2.

Gia sur s0 » >1 thoa diéu kién
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T > (p*) (6)
qo+r

Khi d6 néu u e L (Q) tacd m(xu” e L'(Q) voi t = ar
qa+r

Do d6 anh xa Nemyskii N(A4,u) = Am(x)u® tac dong tr L'(Q) vao L7 (Q) va
lién tuc, bién tap bi chan vao tap bi chan.

Dit F(A,u) = PoN(A,u) thi su tdn tai nghiém yéu cua (1) duogc dua vé bai toan
tim nghi¢ém cia phuong trinh

u="F(4,u) (7)
Bodé1

Gia st (6) dugc thoa man thi F la anh xa tor [0,00)xL (Q) vao
WP ( Q)N LY (Q) va

(i) Fla anh xa tang; néu u, 1a nghiém dudi cua (1) thi u, < F(2,u,)

ap*

qa+p*
[0,00)x " (Q) vao W,”(Q).

(i) Néu p>2 va >(p*)' thi F 12 4nh xa hoan toan lién tuc tir

Churng minh :

Tinh chat (i) dd dugc ching minh trong [4]. Pé chimg minh (ii) ta chon sb
r < p* thoa (6). Phép nhiung W” — I’ 1a compic, anh xa N:L — """ lién tuc va
P:L""" — W lién tuc néu F 13 anh xa hoan toan lién tyc.
B6 dé 2

Goi A, 1a gia tri riéng dau va u, 1a ham riéng twong tng cua bai toan bién

—Au=2u"" trong Q', u, =0 trén 8Q'.

Ta dinh nghia u, = cu, trong Q', u, =0 trong Q\Q' v6i ¢ >0 du nho thi u, 1a
nghiém dudi cua (1) trong céac truong hop sau :
1) a<p-1, 1>0,
2) a=p-1, 1> A

m

Churng minh :

Trong [1] d4 chimg minh rang —A uy < Auf™ theo nghia yéu.

Vé&i o e W, ", >0 tacod
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< Ay, > = [ (Am(xyu —ul)Yp =< Auy = dif ™ s > =[ Qs =2t ~ul o (8)

Vi
vi= Am(x) = Aul™ —ul >ul (Am, —Aul™"* —ul™) trén Q' va u, bi chan trén Q'
ta théy néu ¢ nho va a<p-1,A2>0 hoac a=p—1,l>ﬁ thi v>0. Vay ta co vé
m,

phai cua (8) la khong duong va do d6 u, 1a nghiém dudi cua (1)
Dinh ly 1

Gia sir cac diéu kién (H,), (H,) va (Hs) sau dugc thoa man

(Hs) a<p—1,q2( i j
1+«

Khi d6 v6i mdi 2 >0 bai toan (1) ¢ nghiém yéu 16n nhét.

Churng minh :

Tir diéu kién (H;) ta thdy (6) dang v6i r=p*. Do d6 anh xa F trong (7) tac
dong tir I vao chinh nd va ta s& xét phuong trinh (7) trong 2. C6 dinh 1> 0, ta
ki hiéu F(u) thay cho F(A,u). Theo bo de 1,2 ta c6 u, < F(u,). Néu u, < F(u,),
i, < F(u,)thi ham u = max(u,,u,) théa u < F(u) do F 1 4nh xa ting. Vay diéu kién
(i) cta dinh 1y A dang. Pé kiém tra diéu kién (ii) cua dinh Iy A ta chi can ching
minh tap F(M,) 1a bi chan trong L. LAy u e M,, dit v=F(x) va lay v 1a ham thir,
ta co

<Av,v> +Iv1+ﬁ = ﬂj‘m(x)uav < ij.m(x)v”“ < A'Hqu -HVHIW ©)

(I+a)q'

Vi ¢'(1+a) < p* theo (H3) nén tir (9) ta suy ra Hle'j < chH”a

p*

Vay tap F(M,) bi chan. Dinh Iy dugc chung minh.
Dinh ly 2

Goi 4, 1a s6 dugc dinh nghia trong bo dé 2. Gia sir cac diéu kién (H,), (H,) va
(H4) sau dugc thdéa man

o a+pp
(o) e=p 1’q2[1+ﬁ+(p—l)p*j'

2

Khi d6 voi A > "1 bai toan (1) c6 nghiém 16n nhat.
m,
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Churng minh :

V6i 4> thi anh xa F:=F(2,.) thoa diéu kién (i) caa dinh Iy A. Tir diéu
ny
kién (Hy) ta ¢ (6) diing v6i =1+ va do d6 F tac dong tr L'# vao chinh nd. Ta
s& ching minh tdp F(M,) bi chan trong L. Véi ue M, va v=F(u) ta ¢ tir (9)
(Vo1 a=p-1)

M+ <c M, (10)

Néu pg'<1+p thi tir (10) ta co HvHiiiSc.HvHiﬂ nén vi f>a=p-1 tasuyra
tap F(M,) bi chan.
Tiép theo ta xét truong hop 1+B<pg'. Khi d6 tr (Hy) ta cob
o p*A+P)  _ p*pq’
I+p+(p-Dp* pg+(p-Dp*
vatoedotacod pg'<p*.Vil+pB<pq'<p* tacod

PR (1)

Véi 6 €(0,1) khong phu thude v. Tu (10), (11) ta co
o p
Hvaq, < chH;, voi y=0+(1 —H)E <1.

Do d6 v bi chin trong 17 va trong L.
Dinh ly 3

Gia st cac gia thiét (H,), (H,) va (Hs) sau duoc thoa man va goi u, la nghiém
16n nhat cia (1); v, = A7y, . Khi d6
1) Néu B> p—1 thi ton tai nghiém v ciia bai toan bién

—A u=m(x)u” trong Q, u=0 trén 0Q (12)

sao cho limv, =v trong W,"” va hau khap noi trong Q
A—0

2) Néu B<p-1 thi ton tai nghiém v cua (12) sao cho /lliirolovi =y trong W,” va
hau khip noi trong Q.
Chitng minh:

Dé don gian ki hiéu ta dat 7, = AP 9" D dang kiém tra ring v, 1a
nghiém yéu 16n nhat ctia bai toan
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—A u=m(x)u’ —t,u” trong Q, u=0 trén 0Q (13)
hay
<Au,(p>+tljluﬂgo:jm(x)u“(p VoeW,?” (14)

1) Khi g>p-1tacét, >0 khi A—0 vanéu A<y thir, <z, va v, 1a mot

nghiém dudi cua (13); do vdy v, <v,. Suyra ton tai v =limv, tai moi diém ctia Q.

x—0
Dé chimg minh khang dinh cua dinh 1y, ta chi can chi ra v 1 nghiém cta (12)
va v&i moi dady A4, — 0 thi day {vi”} ¢6 ddy con hoi tu trong W,"" vé v.

bat v, =v, vacho p=v, trong (14) va li luan tuong ty trong (9) ta c6

l+a l+a l+a

(l+a)q' — ¢

1+

< <
1+ﬂ_c

v

n

P
+1,

vl’l vl’l p * n

vn
trong do6 7, =1, . Do d6 day {v,} bi chan trong ;" va c6 day con ma ta van ki
higu 14 {v } hdi tu yéu trong W va hau khap noi trong Q. Ham gi6i han phai 1a v.
Vi ¢, > 0,v, <v va v/ m(x)v* thudc L7 nén tir (14) (V6i u=v,.t, =¢,) ta co thé
ap dung dinh 1i héi tu bi chan va nhan dugc
< Av,p >= Im(x)v“go VoeW,” (15)
hay v 1a mot nghiém cua (12). Liy ¢ =v, —v trong (14) (véi u=v, .t, =t ) va trong
(15) rdi trir timg vé hai dang thuc ta co
< Av, = Av,v, =v >= [ m(x)05 =v ), =) =1, [V, =) (16)
Vi v, <v,m(x)v*" e ' VP e I' va ap dung dinh 1i hoi ty bi chan ta suy ra rang vé
phii ciia (16) hoi tu vé 0. Vé trdi cia (16) 1n hon (v, " =|v|"”)(|v,|~|]) . Do dé

lim|v,|=v|. Vi W,” 1a khong gian 16i déu nén tir day va tir v, v yeu ta suy ra

vn

v, = Vv trong W,"”.

2) Néu B<p-1 thitaco llmtl =0 vat, >t, néu A< u. Do d6 ta co thé ap dung

—®
cac 1i luan trén dé ching minh truong hop nay.
Ghi chu 2:

Néu f=p-1this,=1vav, =u, VA>0.
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