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TOM TAT

Trong bai bao nay, ching toi tong hop, phdn tich va danh gia cic mé hinh Todn Kinh té ap
dung phuong trinh sai phdn tuyén tinh cdp mét va phirong trinh sai phan tuyén tinh cdp hai. Hon
nira, ching tdi md réng mét sé méd hinh kinh dién nhir mé hinh kinh té vi mé, mé hinh can bang thj
triong. Ngodi ra, ching t6i con danh gid tinh 6n dinh ciia cac phwong trinh. Pdy la mét viéc rat can
thiét. Bén canh d6, bai bao nay, c6 thé duiroc sir dung nhw mét tai lieu tham khao hizu ich cho giang
vién dgy cac mén Toan Kinh té va sinh vién khéi nganh Kinh té tai Truong Pai hoc Su pham Kj
thugt Thanh phé Ho Chi Minh va cdc truong dai hoc khac.

Tir khoa: phuong trinh sai phan tuyén tinh cdp mot; md hinh Toan Kinh té; phuong trinh sai
phan tuyén tinh cap hai

1. Giéithieu

Toan hoc da va dang duoc wng dung trong nhiéu linh vyc nhu vat Ii, ki thuat, y hoc,
sinh hoc, tu dong hoa, cdng nghé truyén thdng, cac mé hinh kinh té... Toan hoc 1a mét cong
cu hd tro dac lyc cho viéc phan tich va giai quyét cac bai toan mot cach logic. Khi mé hinh
kinh té duoc thiét lap dudi dang cac mé hinh toan hoc cu thé thi viéc van dung toan hoc dé
phan tich cac md hinh kinh té ciing nhu kiém nghiém céc két qua dat dwoc ludn 1a van dé
cap thiét dbi voi cac chuyén gia kinh té ciing nhu giang vién, sinh vién.

Hién nay, cac mon hoc trang bi cac kién thirc toan hoc va &p dung céc kién thuc do
vao viéc phan tich cac mé hinh kinh té duoc dua vao giang day trong nhiéu truong dai hoc
trong va ngoai nudc. Tai Truong Pai hoc Su pham K§ thuat Thanh phd Ho Chi Minh, sinh
vién khdi nganh Kinh té duoc hoc hai hoc phan Toan Kinh té 1 va Toan Kinh té 2 véi tong
s6 tin chi 14 6. Trong d6, phwong trinh sai phan duoc giang day trong mon Toan Kinh té 2 ¢
hoc Ki 2 ndm nhat. Viéc ap dung Ii thuyét phuong trinh sai phan vao cac mé hinh kinh té 1a
rat quan trong dbi vai sinh vién khdi nganh kinh té. Trong bai bao nay, ching tdi tong hop
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va phan tich c6 hé théng cac mé hinh kinh té 4p dung phuong trinh sai phan tuyén tinh cap
1 va cip 2 nhu: md hinh kinh t& vi mé (Sampson, 2005), mé hinh Cob — Web &p dung phuong
trinh sai phan cap 1 (Sampson, 2005), mé hinh thi trudng c6 hang hda ton dong (Chiang),
md hinh Harrod — Domar (Le, 2010), md hinh thu nhap quéc dan véi nhan tu ting toc
Samuelson (Sampson, 2005), cac md hinh 6n dinh Phillips (Ferguson, & Lim, 2003), m
hinh Cob — Web &p dung phwong trinh sai phan cap 2 (Le, 2010), md hinh Cob — Web voi
su thay d6i s6 cdng ti trong thi truong(Ferguson, & Lim, 2003), mé hinh kinh té vi mé vé
lam phat va that nghiép (Chiang)... Khi thuc hién nghién cttu nay, ching t6i ciing d lam rd
cac cong thuc nghiém va danh gia tinh 6n dinh cua cac phuong trinh sai phan. Hon nira,
chding tdi khao séat thém mét sé truong hop cua mé hinh kinh té vi mé va mé hinh cén bang
thi trudng véi Ki vong gia. Va chling tdi mong mudn sinh vién nam viing mét cach sau rong
If thuyét phwong trinh sai phan va cac (ng dung trong cac mé hinh kinh té. Qua do, sinh vién
c6 thé hoc tbt mdn Toan Kinh té 2 ciing nhu cac mén chuyén nganh. Biéu ndy, gilp bai bao
tré nén thiét thucddi véi giang vién va sinh vién cua Truong Pai hoc Su pham Ky thuat ciing
nhu céac truong dai hoc Khac.
2. Co sé li thuyét (Sampson, 2005)
2.1. Phwong trinh sai phén tuyén tinh cip mot
Dinh nghia 2.1. Mot phuong trinh sai phan tuyén tinh cap mot dugce dinh nghia boi mot
phuong trinh chuyén dong:

Y,=a+¢Y,,
trong d6 gia trji ban dau Y, cho trudc.
Dinh nghia 2.2. Gia tri cAn bang ctia mot phuong trinh sai phan tuyén tinh cap mot cho boi
* (04

g

Dinh Ii 2.3. Nghiém cta mot phuong trinh sai phan tuyén tinh cdp mét ¢6 dang 1a

Y, =Y +¢'(Y,-Y") néu ¢ =1

Y

va Y, =at+Y, néu g=1.
Dinh li 2.4. Phuong trinh sai phan cap mot Y, = a + ¢Y,_, 6n dinh khi va chi khi ~1< ¢ <1.
2.2. Phwong trinh sai phin tuyén tinh cip 2
Dinh nghia 2.5. Mt phuong trinh sai phan tuyén tinh cap hai c6 mgt phuong trinh chuyén
dong cho boi:

Yy=a+¢Y , +oY,,
trong d6 cac gia tri ban dau Y, va Y, cho trudc.
Dinh i 2.6. Gié tri cAn bang cuia mot phuwong trinh sai phan tuyén tinh cép hai cho boi

. a

Tlg—¢,
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Dinh nghia 2.7. Da thtic dac trung ciia phuong trinh sai phan
Y=a+¢Y ,+8Y,,

la:  r’—gr-g¢,

Dinh li 2.8. Goi 1, va r,1a cac nghi¢m cua da thirc dac trung.

Néu ¢ + @, #1 thi nghiém cua phuong trinh sai phan tuyén tinh cap hai c¢6 dang 1a
Y, =Y + AL+ AL

trong d6 A1, A2 14 cac hang s6.

t.

£ \ < a
Néu ¢ +¢, =1va ¢ = 2thiY, = A +A(4-1)' + 2 g
!
£ N N O{tz
Néu ¢ +¢,=1va ¢ =2thi Y, = A1+Azt+7.
Dinh li 2.9. Phuong trinh sai phan tuyén tinh cap hai Y, = a + @Y, +4,Y, , on dinh khi va
chikhi | |<1va|r, k1.
3. M@t s6 md hinh kinh té
3.1. Mpt s6 mé hinh teng dung phwong trinh sai phén cép 1
3.1.1. Mot 56 vi du trong kinh 1é vi mé
a) Lweong tiéu thu cé tinh tré (Sampson, 2005)
Gia str rang Yt 1a tong thu nhap cua mot nén kinh té (GNP), Ct 1a luong tiéu thu cia
dan cu, It 1a lugng dau tu va Gt la chi tiéu ctia chinh phu théa man:
Y, =C, +1,+G..
Ca dau tu va chi tiéu cta chinh phu déu 13 hing sb sao cho
=1,
G, =G,
trong do 1,,G, 1a cac h?mg $6. Luong tiéu thu phu thudc vao mirc thu nhép c6 tinh tré mot
giai doan thong qua ham ti€u thu
C, =C,+cY,,,0<c<1
trong d6 ¢ 12 xu huéng tiéu dung bién té. Pidu nay din dén
Y, =(C, + 1, +G,) +cCY, ;. 3.1
chinh 1a mdt phuong trinh sai phan tuyén tinh cdp mot.
Gi4 tri can bang cua GNP 1a
C,+1,+G,
1-¢
Nén kinh té on dinh vi 0 < ¢ =c <1. Nghiém cua phuong trinh (3.1) 1a

Y* =
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Y _Cy+1,+Gy +ct(YO—C°+|°+G°j o Cotlo+Gy

1-c 1-c 1-c
Sau day chung t6i khao sat trudng hop muc thu nhap c6 tinh tré va truong hop luong
tiéu thu va murc thu nhap c6 tinh tré.
b) Mirc thu nhdp c6 tinh tré
Gia stir rang Dt la tong cau ciia mdt nén kinh té (GNP), Yt 1a tong san pham quoc dan,
Ct 1a lugng ti€u thu cua dan cu, lt1a lugng dau tu va Gt 1a chi tiéu cda chinh phu théa man
D, =C, +1,+G,,
=1,
G, =G,,
C, =C,+cY,,,0<c<]
Y,-Y.,=p(D-Y,,)0< g <1l
Taco
Yt:[ s j(IO+GO+CO)+[1_'8]Yt1. 3.2)
1- pc 1- pfc
Mirc thu nhap can bang 1a
C,+1,+G,
1-¢

Y =

=5 4. Nghiém cua phuong trinh (3.2) 1a

1-pc

:Co+|0+Go+ 1-p t y _CO+I0+G0 oo >C0+IO+GOl
1-pc)° 1-c 1-c

¢) Luong tiéu thu va mirc thu nhdp co tinh ré
D, =C +1,+G,
C, =C,+cY,,,0<c<],
Yo=Y = ﬂ(Dt _Yt—1)10 <p<l
Taco
Y, =B(Co+ 1, +Gy) +(1— S@A—C))Y,.,. (3.3)
Mirc thu nhap can bang 1a
C,+1,+G,
1-¢
Nén kinh té 6n dinh vi 0< ¢ =1—B(1-c) <1. Nghiém cta phuong trinh (3.3) 1a

Nén kinh té 6n dinh vi 0< ¢ =

Y
‘ 1-c¢

Y =

o1l1
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t 1-c 1-c 1-c
d) M6 hinh én dinh Phillips don gian (Ferguson , Lim, 2003)
Ta xét mo hinh sau
Y,=C +1,+G,
C, =C,+cY,_,,0<c<],

y _Co+1,+G, +(l—,3(1—C))t[YO—C°+I°+G°j HOOA,CO+I0+GOI

I =1,
G =G, +G’,
GP=A(Y"-Y_), 2>0
trong do, G;” 1a thanh phan chinh sach tai khoa cta chi tiéu chinh phu, Y 7 1a thu nhap day
dt va 21a hé s6 diéu chinh toc do.
Taco
Y, =(Cy + 1y +G, + AY F)+(c — A)Y,_,. (3.4)
Miirc thu nhap can bang 1a
« Cot+ly+G,+AY"
l1-c+4
Nghiém cua phuong trinh la
Y - Cy+1,+G, +AYF H(e-2) (Yo Gyt ly+Gy+AYF ]
l1-c+4 1-c+4
Tinh 6n dinh doi hoi 2 <c+1. Khi d6
Co+1,+G, +AY"
1-c+4
3.1.2.M0 hinh Cob — Web (Sampson, 2005)

Gia sir rang lugng cung Q. phu thudc vao gia cuia san pham tai mot giai doan trude

Y

Y t—ow

t

chr khong phai 1a gia hién tai. Gia sir rang luong cau Q! phu thudc vao gia san pham hién
tai. Khi d6 ta co
Q' =a-bpR,
Q =c+dP_,, (b,d>0,c<a)
trong d6, Q! 1a lugng cau, Q; lalugng cung va P, la gia tai thoi diém t.
Thi trudng can bang khi va chi khi
Q' =Q.

Ta duogc
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a—c d

IDt = b — E IDt—l - (3'5)
Gia can bang la
pr_2-C
b+d
va gié tai thoi diém t 14
. dY \
R=P4(—B)(%—P)

Tinh 6n dinh doi hoi ring d < b hay hé s goc cua dudng cong cung s& nho hon hé s6
goc cua dudng cong cau. Khi d6

Rty

b+d

Sau day, chung t6i khao sat mé hinh tong quat hon 1a mé hinh can bang thi truong voi
Ki vong gia.
3.1.3. M6 hinh cén bang thi truong véi Ki vong gid

Ta xét mo hinh thi truong biéu dién boi hé phwong trinh sau day

Qtd =Qts,

Q'=a-bP, (b,d>0,c<a 0<py<l)
QtS :C+dpt—l’

F_)t = F_)t—1+77(Pt-1_ F_)t—l)

trong d6, P 12 ki vong gié tai thoi diém t .
Ta giai dugc

— b(m7—-1)+dn =
7 =2L@a-c)- (7 b) g (3.6)

Nghiém cua phuong trinh (3.6) 1a

t
_a-c +[_b(77—1)+d77j (Po_ a—c)l
b+d b b+d

bicu nay dan dén

5 _ﬂ_g(_b(n—l)mn}‘(%_ a—c].

~U|

" b+d b b b+d
Tinh 6n dinh ctia phuong trinh (3.6) doi hoi

_1<_M<1©n< 2b .
b+d

Khi do
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Pt t—o a—C
b+d

Nhan xét: Khi 17 =1 thi mé hinh trén trg thanh md hinh Cob — Web. Vay mo hinh Cob
— Web la mét truong hop riéng cua mo hinh trén.
3.1.4. M6 hinh thi trieong c6 hang héa ton dong (Chiang)

Xét mo hinh sau day:
Q' =a-bR,

Q' =c+dR,

(b,d >0,c<a).

Luong diéu chinh gia tir thoi ki ndy sang thoi ki khac ti 1& voi lugng du cau
Pa-R=k(@Q -Q) (k>0).

Ta giai dugc

P.,=k(@—-c)+A—-k(Mbb+d))R. (3.7)
Diéu nay dan dén

P =k(a-c)+[1-k(b+d)]P,.
Nghiém cua phuong trinh (3.7) 1a
P :gm-k(md)r (PO -ﬁj
Phuong trinh (3.7) 6n dinh khi va chi khi

-1<1-k(b+d)<le= k< 2 .
b+d

3.1.5. M6 hinh Harrod- Domar (Le, 2010)

M6 hinh Harrod — Domar duoc dung dé giai thich sy ting truong ctia nén kinh té. Goi
Yt 1a thu nhép, St 1a tiét kiém ti 1& véi thu nhap tai cung thoi diém.

S,=sY, (0<s<1).

Luong dau tur It 12

I, =k(Y,-Y_), k>0k=s.

Pau tu I; bang tiét kiém St tai cing thoi diém

I, =S,.

Ta giai dugc

k
Yt —k—Yt_l - O. (3.8)

Tur do ta c6 nghi¢ém cta phuong trinh (3.8) 1a
k t
Yt = (Ej YO'
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Phuong trinh (3.8) 6n dinh khi va chi khi
-1< K <lek<,
k—s 2
3.1.6. Bai toan tra gop (internet, “Difference equations and applications in economic
dynamics”)

Mot ngudi mudn mua mot loai hang hoa theo hinh thirc tra gop. Goi gia tri cta loai
hang héa 1a V va P 1a khoan tra truéc. Khoan ng ban dau 1a D, =V — P. Theo hop dong vay
no, khoan no géc D, duogc tra trong T giai doan véi 1ai suét cua tung giai doan la r. Ta can
tinh sd tién tra gop mdi giai doan.

Ta ki hiéu gia tri ctia khoan tra gop mdi giai doan 1a B. Khoan no con lai cudi giai doan
thir t la

D, =(1+r)D_,-B
Ta giai dugc
B B
D, :[Do ——](1+ r +— (3.9)
r r
Ta c6 khoan ng cudi giai doan thit T 12 D, = 0. Phuong trinh (3.9) dén dén
B B
(DO ——j(l+ N +—=0
r r

hay

B—— '

1-@+r)"

3.2. Mpt s6 mé hinh teng dung phwong trinh sai phén cép 2
3.2.1. M6 hinh thu nhdp quéc ddn véi nhdn tir tang toc Samuelson (Sampson, 2005)

Gia st rang Yt 1a tong san pham quoc dan cia mdt nén kinh té (GNP), Ct 1a tiéu thuy,
It 1a dau tu va Gt 1a chi ti€u cua chinh pha théa man

Y,=C, +1,+G,.

Bay gid ta cho dau tu thoa man Ii thuyét tang toc dau tu sao cho

=1, +)/(thl —YH),]/ > 0.

Ta giit chi tiéu ctia chinh phiit G, = G, trong d6 lo va Go 1a cac hang so.

Luong tiéu thy phu thudc vao mirc thu nhap c6 tinh tré mot giai doan thong qua ham
tiéu thy

C,=C,+cY,,,0<c<l
trong do ¢ 1a xu hudng tiéu dung bién té. Didu nay dan dén

Y, =(C,+1,+Gy)+(C+ )Y, , —»Y, » (3.10)

Y,=a+@¢Y, . +D,Y, 5.
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Phuong trinh trén chinh 1a mot phuong trinh sai phan tuyén tinh cap hai.
Gia tri can bang cia GNP la
« o a G+l +G,
1- ¢1 - ¢2 1-c .
Phuong trinh ddc trung la

r’—(c+y)r+y=0.

Tinh 6n dinh cta phuong trinh (3.10) doi héi rang cac nghiém

, )t c+y)? -4y

l’r2_ 2

déu co gid tri tuyét dbi bé hon 1. Piéu nay xay ra khiy <1. Khi d6
Y, o C,+1,+G, .
1-c
3.2.2. M0 hinh Cob — Web (Le, 2010).
Ta xét md hinh téng quat hon mo hinh Cob — Web trong phuong trinh sai phan cap 1
o0 muc 3.1.2 nhu dudi day

Q' =a-hP,
QtS :C+d[Pt—1 _k(Pt—l_ Pt—z)]'
(b,d >0,c<a,-1<k <))

trong d6 Q! 1a lugng cau, Q; lalugng cung va P, la gia tai thoi diém t.

Ta tim dugc phuong trinh sai phan tuyén tinh cip 2 nhu sau:

p-2-c,dDp, Kp @11
Gia can bang
._a-c
“tTd
Phuong trinh ddc trung la
e dk=D dk
b b

Phuong trinh 6n dinh khi va chi khi phwong trinh dic trung c6 hai nghiém I, T, thoa
man |1, |<lva|r, |<1.

Pé xét tinh 6n dinh cua phwong trinh (3.11), ta xét cac trudng hop sau:

Truong hop 1: —1<k <0

Phuong trinh (3.11) 6n dinh khi va chi khi b+d(2k —1) > 0.

Truong hop 2: 0 <k <1
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>0« d(k®+1) > 2k(d + 2b).

a)A:[d(k—l)} _4Sk

b
L : . _dk
Phuong trinh (3.11) 6n dinh khi va chi khi b+d(2k —1) >0 va Y <1.

b) A=0< d(k?+1) = 2k(d + 2b).
Phuong trinh (3.11) 6n dinh khi va chi khi d (1—k) < 2b.
c) A<0 < d(k®+1) < 2k(d + 2b).

. dk
Phuong trinh (3.11) 6n dinh khi va chi khi B <1.

Nhén xét: Khi kK = 0 thi m6 hinh trén tré thanh m6 hinh Cob — Web trong phuong trinh
sai phan cap 1.
3.2.3. M6 hinh Cob — Web véi sir thay doi sé cong ti trong thi truong (Ferguson, & Lim,
2003)
Ta xét mo hinh sau day
Q' =by,—bP +h,Y,,
Qo =a,+aP,+aN,,
Q' =qQ,
N, =N, =k(R-P°),
(ay,a,,8,,by,b,,b,,k >0,8 <b)
trong 6, Q 1a lugng cau, Q° 1a lugng cung, P, 1a gi4 tai thoi diém t, Y, 1a thu nhap cia
ngudi tiéu dung, N, 13 sb cong ti trong thi truong va P° 1a gid tri t6i han.
Ta giai dugc
N, =b0__a0_ﬂpt _a P, +b_2yt_
a2 a2 2 2
Tur d6 ta co
Pt_bl—ai—ka2 Pt_l_a1 b. b. ka,

b EP'(—Z :EzYt_EzYt—l +TP°-
Ta gia st thu nhap Y, 1 hang s6, nghiala Y, =Y,_, =Y, .Khi d6 ta c6
ka,

R:_Pc+b1—a1—ka2 P, +P.,. (3.12)
b, b, b,

Trén day la phuong trinh sai phan tuyén tinh cép 2.

Gia can bang la

P"=P°.
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Phuong trinh dac trung la

r2 _[M]r__zol

by by
q 2(b, —
Tinh én dinh ciia phuong trinh (3.12) doi hoik < %.
2
Khi dé
Pt t—ow PC ]

3.2.4. M6 hinh chinh sdach én dinh Phillips (Ferguson, & Lim, 2003)
Ta m& rong mo hinh 6n dinh Phillips d4 xét trong muc 3.1.1 d) nhu dué6i day
Y,=C, +1,+G,,

C,=C,+cY,,,0<c<],
I, =1,
G =G, +G”+G/,
GP=A(YF-Y,_), 1>0,
G’ =-k(Y,_,-Y.,), k>0.
Ta giai dugc
Y, =(Co+ 1 +Go + AY T )+ (c— A —K)Y,, +KY,_,. (3.13)
Thu nhap can bang 1a
« Co+ly+G,+aYF
B 1-c+4 '
Phuong trinh ddc trung la
r’—(c-A-k)r—k=0.
Tinh 6n dinh cta phuong trinh (3.13) doi héi A + 2k <1.
Khi do6
y o >CO+ I, +G, +AYF |
1-c+4

3.2.5. M6 hinh kinh té vi mé vé lam phdt va that nghiép (Chiang)

Ta xét mo hinh sau day
p=a-T-bU+crz (a,b>0,0<c<]),
T — 70 = d(pt _”t) (0<d<)),
Uy -U, = —k(m- pt+l) (k>0)

trong do, p la tbc do lam phat thuc sy, Tla hi¢u suit lao dong, ~ 1a tbc do lam phat ki vong,

Y

U la ti 1¢ that nghiép va m la ti 1¢ ting truong ciia dong tién danh nghia.
Ta giai dugc
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Ltcd +(1-d)@+kb) 1-d(l-c) __ dbkm

Proz 1+kb " 14kb T 1+kb
hay
dbkm 1+cd+(@—-d)@A+kb 1-d(1-c
P, = + ( X ) H—# 2 (3.14)
1+ kb 1+ kb 1+ kb
Tbc d6 lam phat thuc su can bfmg la
p =m.

Phuong trinh déc trung la
;2 ~l+cd+@-d)A+kb) . +1—d(l—C) 0
1+kb 1+kb
Tinh 6n dinh ctia phuong trinh sai phan tuyén tinh cip 2 doi hoi phwong trinh dic trung

c6 hai nghiém I, I, théa man|r, |<1, |r, |<1.
Piéu trén ludn théa man. Vay phuong trinh (3.14) ludn 6n dinh.
Tiép theo, ta giai duoc
1+cd +(1—-d)1+kb) +1_d(1_C)U _kd[a-T -(@1-c)m]

U, — ,
2 1+ kb " 1+kb ! 1+ kb
hay
kd[a—T —-(1-c¢)m] 1+cd+(@1-d)A+kb 1-d(d-c
U, - [ (1-c) ]+ (1-d)( ) - ( )UH. (3.15)
1+kb 1+ kb 1+kb
Gia st a>T +(1—c)m, ta cd ti 1¢ that nghiép can bang la
U= a-T —él—c)m_

Phuong trinh dac trung la
2 1+cd +(@—-d)(L+kb) ; +1— d@d-c) _ 0.
1+kb 1+kb
Theo phan trudc, phuong trinh dic trung luén ¢ hai nghiém r,, r, théa man|r, |<1|

va 1, |<1. Vay phuong trinh (3.15) luén 6n dinh.

4.  Kétluan

Trong bai bio nay, ching t6i da khao sat nghiém va danh gia tinh 6n dinh cta nhiéu
mo hinh tmg dung phuong trinh sai phan cdp mot va cap hai trong kinh té. Ngoai ra, chiing
t6i mo rong thém mo hinh kinh té vi mé va mé hinh can bang thi trudng. Bai bao nghién ctru
nay gitip cho giang vién va sinh vién hiéu sau rong hon cac mé hinh tng dung phuong trinh
sai phan trong kinh té ciing nhu c6 thé van dung chiing vao cac bai toan trong thyc tién.
Trong thoi gian téi, ching t61 sé khao sat thém cadc md hinh tng dung hé phuong trinh sai
phan tuyén tinh cdp mot trong kinh té.
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ABSTRACT

In this article, we synthesize, analyse, and evaluate several mathematical economics models
which apply first order and second order difference equations. Moreover, we also expand some
classical modes such as macroeconomic model and equilibrium market model. In addition, we
evaluate the stability of those equations, which is necessary. This article can be used as a useful
reference material for lecturers who teach mathematical economics and economics to students at
Ho Chi Minh City University of Technology and Education and other universities.
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