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DANG LUY THUA THUY'C CUA MQT SO BAT PANG THUC KIEU YOUNG VOI HE
SO LOGARIT

Pinh Phwong Thoai'
Ngay nhan bai: 10/5/2023; Ngay phan bién thong qua: 18/10/2023; Ngay duyét dang: 10/10/2023

TOM TAT
Trong bai bao nay, chung t6i mé rong mot sd két qua gan déy lién quan dén dang tong quat liy thira
thyc cua bat dang thire kiéu Young duoc dua ra boi cac tac gia H6 Xuén Thién Ba va Pham Thi Phuong
Trang (Tap chi Khoa hoc Truong Dai hoc Tay Nguyén, s6 55, nam 2022, trang 23 dén 27) véi hé sb
logarit. Pong thoi ching t6i ciing dua ra mot sb tmg dung ctia cac két qua nay vao li thuyét toan tur.

Phuong phéap dugc chung t6i str dung 13 1i thuyét bo troi yéu.

Tir khéa: Bt ding thirc Young, Bat dang thirc Young voi hé so logarit, Todn tir.

1. MO PAU

Bit dang thirc ¢6 dién Young duoc phat biéu

dudi dang
(1-v)a+vb=a"b", (1.1)

trong d6 a,b>0, 0<y<1.Bat dang thirc nay
con dugce biét dén véi tén goi bat ding thirc trung
binh s6 hoc - trung binh hinh hoc c6 trong. N6 da
dugc cac nha toan hoc quan tdm, phat trién theo
nhiéu huéng khac nhau. Mot s6 cac hudng phat
trién tiéu biéu cua bt dang thirc nay c6 thé ké dén
nhu sau.

Trude hét, bat dang thic (1.1) duge lam min
hodc lam ngugc bang cach thém hodc bot & vé phai
mot ) dai lugng khong am nao d6. Mot trong cac
thanh tyu 4n tuong nhét cua cach lam nay phai ké
dén cong trinh cua cac tac gia F. Kittaneh va Y.
Manasrah (2010, 2011) dugc dua ra nhu sau: Néu
a,b>0 va vel0,1] thitaco

a”'p" +r0(\/g—\/3)2 <(1-v)a+vb<a™b’
+R0(\/Z—\/Z)2, (1.2)

trong d6 7, =min{v,1-v}, R, =max{v,1-v}.

O mot hudng tiép can khac, bat dang thirc (1.1)
dugc phat trién bang cach thém vao dai luong
@b’ mot hé s 16n hon hodc bing 1, ta tam goi
day 1a huéng phat trién bit ddng thirc Young véi
cac hé s6 ndi tiéng nhu: Hang sd Kantorovich ti s6
Specht, hé s6 logarit... Trong bai viét nay, ching
t61 quan tam dén hudng phat trién voi hé s6 logarit.
H¢ s0 nay dugc dinh nghia nhu sau:

L(2"
Oy(v)=1+ (22NV)(lna—lnb)2,
N=0;1;2;...
1_

2 2v
trong do, L(v):%(—vj ,ve(0,1]
v

va L(0)=0.Rdrang, ham L déi xtng qua %, nghia

1a, L(v)=L(1-v), véi ve[0,1]. Tl day, ta cling

L(2Nv)
22N

tang trén [1,+c0) va giam trén (0,1).

2
In” x

thiy dugc v6i mdi v [0,1] thi 1+

P. Koérus (2017) da dua ra mot lam min cua
(1.1) trng voi hé so logarit nhu sau

(1—v)a+vb2Q0 (v)al_vbv. (1.3)

C. Yang va g(f)ng su (2019) da dua ra mot lam
min cua (1.1) tot hon (1.3) c6 dang

(I-v)a+vb=Q (v)a™b" +r, (\/;—\/5)2. (1.4)

Gan day, hai tac gia M. A. Ighachane va M.
Akkouchi (2021) da dat dugc mét thanh cong rat
16n khi dua ra duge lam min dang chudi cho bét
dang thirc Young lién quan dén hé s6 logarit nhu
sau.

Cho a, b 12 hai s6 thuc duong va 0<v<1 gpi
d6 v&i moi s6 nguyén duong N, ta co:

L(2"
1—v)a+vb> 1+uln2 2 ap
22 b

+r0(\/5—\/5)2+§r,(v

I=1

)gf,k (a,b);([ﬂi)(v) (1.5)

Pl

trong d6, r; (v)va f,, duoc xac dinh nhu sau:

k-1 2k -1
—<

néu <y <

'y —k +1,

- (V): 2 2l+l
! , L2k -1 k
k-2v, néu ST _2—[

(1.6)
Ji,k(a,b){\/aybl_kfl_\/af’bl‘f'J . (1.7)

voi LkeN,[>0,1<k<2".
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Dong thoi, ciing trong cong trinh nay, cac tac
gia cling dua ra mét két qua vo cung dep cho phién
ban nguoc cia bat dang thic nay.

Cho a, b 1a hai sb thuc duong va 0 <y <1.Khi
d6 voi moi so nguyén duong N, ta co

(I-v)a+vb< [1 + WW (%H_l a™b’

N-1

2
+R0(‘/;_\/l;)_ rz Zflkab k-l k ( )
=1 k=1 ( o ’zlj
(1.8)

trong d6 R,=max{v,1-v}, rn(v)va f,
duogc xac dinh nhu trong (1.6) va (1.7).

Mot hudng tiép can phd bién khac ching toi
muon de cap dén do la viéc phat trién lily thura
cua dai lugng (1-v)a+vb. Cu thé, hai tac gia F.
Kittaneh va Y. Manasrah (2015) da chung minh
duogc bat dang thuc

2y Zj ,(1.9)

((1 -v)a+ vb)m > (al’vbv )m +r" (a
trong d6 m 1a sb nguyén dwong.

Mot két qua tét hon duge D. Choi (2018) dua
ra va chtirng minh la

((1 - v) a+ vb)m > (a”bv )m

+(2r,)" H“;’bjm _(JE)’”], (1.10)

va ((1- <(a"p")"

+(2R0)”’((“;b)m —(@)“}(1.11)

v6i m 14 s6 nguyén duong.

Nhan thiy céac ket qua (1.10) - (1.11) chi dugc
chimg minh véi s6 mil nguyén dwong. Gan day,
chung da dugc cac tac gia Pham Thi Phuong
Trang, HO Xuan Thién B4 (2022) xem xét, mo
rong Ién lily thira thue P 21 nhu sau

[((1-v)a+vb] =(a™b")

+(2n,) H“bj \/_”} (1.12)
<(a"p")
+(2R0)”K“+bj f”} (1.13)

trong do, p 1a s6 thuc va p = 1.

v)a + vb)m

va [(1 —-v)a+ vb:lp

Muc dich chinh ctia chiing t6i trong bai bao nay

12 mo rong cac két qua (1.12), (1.13) vé dang
[(1-v)a+vb] = [Ql (v)al'vbv]p

“(2n) {[“”’j F”} (1.14)
@ [(v)asss <[or (1-n)as']
+(2R,)’ Ka;bj \/_”} (1.15)

trong do, p 1a sb thuc va? z1. Pong thoi Gmg
dung két qua thu duogc cho phién ban toan ti.
2. NOI DUNG VA PHUONG PHAP NGHIEN
Cuu
2.1. Ngi dung nghién ciru

Bai bao tap trung nghién ctru vé bat ddng Young
v6i hé so logarit cho Ity thura thye. Tur d6 dua ra
ung dung cua céac bat dang thuc thu dugc cho li
thuyeét toan tur.

2.2. Phwong phdp nghién ciru

Chtng t6i st dung cac phuong phap ching
minh bat dang thic: bién d6i veé bat dang thirc
twong duong, danh gia, so sanh; cac phuong phap
toan 1i thuyét. Bong thoi ching t6i con su dung
mot ki thuat mai 1a 1i thuyét bd dudi trdi yéu va
tinh chat cua cac ham 16i tang, lién tuc.

3. KET QUA VA THAO LUAN
3.1. Mt s6 két qui mdi cho bit dtfng thirc Young
vdi hé so logarit

Trude hét, chung ta nhéc lai vé& dinh nghia bd
dudi troi yeu. Cho x=(x,x,) va y=(»,»,) 1a
hai vecto trong R? . Khi d6 y duge goi 1a bo dudi
troi yeu cua x, ki hiéu x<_, y néu h¢ sau dugc
'x* S ! * * *
théamﬁn{ 1* yi . ,,trongdo x :(xl,xz),
X +x, <y +y,

y* ( yl* , y; ) la hai vecto thu duoc bang cach sap
xép lai cac phan tur cua X Va y theo thtr tw giam dan,
nghiala x > x;, Y >y,

B0 dé3.1: Cho x=(x,,x,), y=(»,»,) lahai
vecto trong R* voi

x=0,(v)a”b", x,=r, (a+Db),
=(1- v)a+vb v, =2r,\ab,

trong d6 a, b 1a cac s6 thuc duong, v e [0;1] va
o, =min{v,1-v} Khido,taco x=<, y.

Chung minh:
Dé chimg minh x <, Y taching minh

{xl* <y (3.1)
xl* +x; Sy: +y; 3.2)
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+ Dé chimg minh (3.1), ta can chirng minh riang
Sy vax, Sy,

That vay, tur (1.4) ta co:

(1-v)a+vb>Q (v)a™b" hay y 2x,.

Mit khéc, vi 7, = min{v,1-v} nén

ry(a+b)<(1-v)a+vb hay x, < y,.

Vay (3.1) da dugc chiing minh xong.

+ Pé chimg minh (3.2), ta can chimg minh
XN+x, <y +y,.

Nghia la:

O (v)a~b +r,(a+b)<(1-v)a+vb+ 21’0\/%
& (1-v)a+vb> Q0 (v)a""b" +1,(a+b)-2rJab
< (1-v)a+vb=Q, (v)al’”bv +7, (\/Z—\/Z)z

bay chinh 1a (1.4). Vay (3.2) da dugc chiing
minh xong.

Diéu nay ciing c6 nghia ta da kiém tra dugc
X<, ).

Bo @é 3.2: Cho X =(X,,X,), Y=(%.Y,) la
hai vecto trong R* véi

(1 v)a+vb, X, =2R, \/_
Y Ry(a+b), 1) = I:Ql (1- V:I a”'b’,
trong d6 a,b la cac $6 thuc duong, 0<v <1 va
Ry=max{l-v,v}.Khidotacé X<,V .
Ching minh:
Dé ching minh X <, Y tachimg minh
X, <Y, (3.3)

{X{‘ FXISY Y, (34)

+ Pé ching minh (3.3), ta can chimg minh rang
X, <Y vaX,<Y.

That vay. Vi R, =max {l-v,v} nén

Ry(a+b)=(1-v)a+vb hay X, <Y.

’ Mﬂeflt khac, vdi a, b 1a cac s thye duong, theo
bat dang thirc Cauchy ta co:
a+b>2ab < R)(a+b)>2Rab

hay X, <Y,. Vay (3.1) da dugc chirng minh
xong.

+ Pé chimg minh (3.4), ta can chimg minh
X, +X,<Y,+Y,.

Day 1a két qua ma hai tic gia M. A. Ighachane
and M. Akkouchi da thu dugc twong Gng véi N=2
trong (1.8).

‘ Viy ta di hoan thanh qua trinh chimg minh B6
de 3.2.

Trong tai liéu A. W. Marshall, I. Olkin (2011),
cac tac gia dér dua ra mot moi lién hé kha tha vi
gitra bd trdi yeu va lop cac ham 106i, lién tuc, tang

nhu sau:

x=<_y khi va chi khi Zg Zg(y,-),
(3 5) i=1 i=1

voi x,yeR", g:R — R 1a ham 16i, tang, lién
tuc.

Dua vao (3.5), chiung ta s¢ dua ra nhitng mo
rong cua 16p cac bat dang thirc Young voi hé so
logarit cho iy thira thuc. Cu thé ket qua dugc cho
trong dinh 1i sau.

Pinh 1i 3.3: Néu a,b>0 va 0<v <1 thi v6i
moi so thye p =1, tacod

)al—vbv:|p

[(1-v)a+vb] 2 [Ql (v
+(2ro)p{(“;bj F”} (3.6)

va

[((1-v)a+vb] <[ Q' (1-v)d™b" |
+(2Ro){(“+bj J_"} (3.7)

Chirng minh
Xét g, :[0,+00) —>[0,+00)
t—>1t?,
Khi d6, g, 14 ham 16i, ting, lién tuc. Ap dung
(3.5) cho 80 va hai vecto x, y dugc dinh nghia nhu
B6 dé 3.1, ta co:

P P P P
xXT xSyl

hay
[0(v)d b | +[n(a+b)] <[(1-v)a+vb]
+(2r0\/£)p

e[(1-v)a+vb] 2[0,(v)a™b" | +[r(a+b)]
~(2nJab)’

e[(1-v)a+vb] 2[0(v)a"b" | +57 (a+b)’
—(2r,)" Jab”

e[(1-v)a+vb] 2[0/(v)a™b" ]

(oY Ka+b] J_"]

Viy (3.6) da dugc chirng minh xong.

Tuong ty ap dung (3.5) cho 80 va hai vecto X,
Y duoc dinh nghia nhu B6 d¢€ 3.2, ta co:

X!+ X7 <Y +Y)
hay
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[(1-v)a+vb]"+(2RNab) <[ R, (a+b)]
()" a"s]
s[1-va+v] <[(@(-v))"ab]
+[R,(a+b)]" - (2R,Nab)’

s [(1-v)arwb] <[(0(1-v)) ab|
+(2R0){(“+bj J_}

Vay (3.7) da dugc chirng minh xong.

3.2. Ung dung cho phién ban todn tiv

Trong muc nay ching t6i s& sir dung cac két
qua thu dugc trong phién ban so (3.6) va (3.7) dé
dua ra tng dung cho phién ban toan ti.

Trong sudt phan nay, cic toan tir kha nghich
trén khong gian Hilbert phuc H s& dugc biéu thi
bang céac chir céi in hoa va I Ia toan tu dong nhat
trén H. Chung t6i cling st dung cac ki kiéu sau:

(i) 4>0(A4>0) néu A la mét toan tir duong
(kha nghich);

(i) 4>B(4>B) néu A-B la mdt toan tir
duong (kha nghich).

V6i A,B>0 va veR, trung binh s6 hoc va
hinh hoc ¢6 trong so ¥ cua A va B dugc xac dinh
tuong tng boi:

AV, B=(1-v)A+VvB

1 1 1\ 1
A#VBzAZ(A 2BA2j A2,

Chung t6i ciing viét AVB va A#B thay cho
AV B va A#, B. Chung t6i ciing s dung cung

2 2
cac ki hiéu nay cho trung binh hinh hoc ¢6 trong
trong truong hop veR.

Y tudng chinh dé chi ra cac bét dang thirc toan
tor twong Ung véi cac phién ban vo hudng cia
chung la str dung tinh don di¢u todn tur cua cac
ham lién tuc trong phan sau.

Bo dé 4.1. Cho X 1a toan tir ty lién hop tuy
y. Néu f va g 1a cac ham nhén gia tri thyc lién
tuc trén pho Sp(X) théa man f (t)=g(r) voi
moi e Sp(X) thi ta c6 bit dang thic toan tir
f(X)zg(X).

Pinhli4.2. Cho 0<v <1 va 4, B> 0thdéaman
mot trong cac dicu kién sau:

(i) O<mI<A<yI<TI<B<MI,

(i) 0<ml <B<yI<TI<A<MI,

trong d6 0<M,m,I,y <+oo la cac dai luong
v6 hudng. Khi d6 véi moi s thue p>1, ta co

A#,(AV B)=20(v)" A#,, B

+(2r,)" [A#p (AVB)-A#, B} ,(4.1)
va

A#,(AV B)<Q(1-v) " A#, B

+(2R,)"| A#,(AVB)— A# B}=(4-2)

L), Z(FJ va

4 /4

S

trong d6 O(v)=1+

Trudc hét ta gia st cac toan tir A, B thoa mén
dicu kién (i). Su dung bat dang thuc (3.6) va ham

s6 0(v)(x) =1+@an (x) tang trén[1;+00).

e r M l:m M} ,
Voimoi xe| —,— |c|—,— |, taco
Yy m M m

[(1 -v)+ vx]p > [Q(v)(x_)xv ]p

(2n) (“ij —x;):l
2 min (0(v)(x))"x"

h<x<h'

7N\
—_
N‘+
=
N—
|
=
(YL
|

4—(2rO )p

M .
trong d6 & = r va h'=—_Diéu nay cung voi
1% m
B6 dé 4.1, cho thy, moi toan tir X duong véi phd
cta né trong [, k'] thi

[(1-v)I+vX] 2(0(v)(h)) X

+(2r,)" [GH%X}-XQ)]

1 1
Mit khac, theo diéu kién (i), phd Sp (AZBAzj

1 1
clia toan tr 4 2BA ? nam trong {F M} Do do,
y m
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1 1
thay X = 4 2BA > vao bat dang thic trén, ta c6
1 1

{(1—V)I+VA_;BA_ZT >(0(v)(n))’ [A_;BA_Z

1 1 L L ,lg
+(2r,)" || =I+=A?BA? |-| A *BA >
Y2 2

1
Nhan ca hai v€ cta bat dang thic trén véi A2,
ta duoc

1 1777 1
A2 {(1—v)1+vAzBA2} A2 >
LA B B N |
(Q(v)(h))pA{A 2BA ZJ 42
L 1 L Ly 1
+(2r0)p{A2(—1+—A 2BA Z]Az
202
V4
ooy
—Az(A 2BA 2} A2
i R
<:>A{A 2[(1—V)A+VB]A2} A2 >
Lo T
(Q(v)(h))p/P[A ZBA2] A2
1 1 LA
+(2r0)p{A2[A 2(5A+EBJA 2}/12

0 Y
—AZ(A ZBAZ} A2

j”’ (Q()(

1 1 1771
@A{A_2[(1—V)A+VB]A_2} A2 >

1 1 1\ 1

h) 42| 4°BA> | A

+(21,) {A; {A; ((1 —%)A %3}1;} Ai

1 Y o1
—A{A 2BA2J A2

hay A#,(4V,B)=(0(v)(h))" A#,, B

+(2r,)" {A#(AVB)— A#, B} :
2

Vay (4.1) da duoc chiing minh xong. (4.2)
dugc chung minh tuong tu.
4. KET LUAN

Trong bai bdo nay, chung t6i dd@ chung minh
duoc bat dang thuc cua hai tac gia HO Xuan Thién
Bé va Pham Thi Phuong Trang (Tap chi Khoa hoc
Dai hoc Tay Nguyén, so 55, ndm 2022, trang 23
dén 27) con ¢o6 thé md rong thém vai hé so logarit.
Tird6 dua ra mdt so ung dung cua cac két qua nay
vao li thuyét toan ta.
LOI CAM ON

T6i xin gui 161 cam on sau sic dén ThS Poan
Thi Thay Van vé nhiing dinh hudng y tuéng va
phuong phap dé c6 thé hoan thanh bai bao nay.
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ABSTRACT

In this paper, we extend some results on Young-type inequality given by Ho Xuan Thien Ba and
Pham Thi Phuong Trang (Tay Nguyen journal of science , No. 55, 2022, page 23. to 27) with logarithmic
constants. Simultaneously, we also give some applications of these results to operator theory. The method
used in here is based on the theory of weak sub-majorization.

Keywords: Young inequality, Young inequality with logarithmic constants, Operator.
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