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Abstract: Graph theory is applied to solve real-life problems such as finding the shortest route between
two cities in the traffic network, making timetables, distributing radio and television stations, etc. Common
algorithms to solve this problem are: Dijkstra, Floyd-Warshall, Bellman-Ford, with approximately O(n3)
complexity, where n is the number of vertices in the graph. When n is large enough, the complexity
O(n3) is a significant number and the execution time is very high in practice. One solution to improve
the complexity of the algorithm is to apply a random algorithm to solve the problem. In this article, 1
present the application of the Las Vegas random algorithm to solve with complexity lower than O(n3),
with experimental results the complexity is equivalent to O(n2,376).
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1. Giai thuat Las Vegas

Giai thuat Las Vegas l1a giai thuat ngau nhién luon
cho két qua chinh xéc, tuy nhién thoi gian chay mdi
1an 1a khac nhau tuy thudc vao dau vao va dugc mong
doi trong mat thoi gian gidi han nhét dinh. Céc thuét
toan Las Vegas ndi bat trong linh vyc tri tu¢ nhan tao
va trong cac linh vuc nghién ctru hoat dong va khoa
hoc may tinh khéc.

Céc thuat toan Las Vegas duoc gioi thi€u vao
nam 1979, Babai da gioi thi¢u thuat ngr “thuét toan
Las Vegas” cung v6i mot vi du lién quan dén viéc
tung dong xu.

Vi du: Tim mgt s6 X trong diy s6 c6 n sd

Ldp lai céc budbdc sau:
k = RandInt (n)
if A[k] == 1,
return k;

Mot bién chi s6 mang k dugc tao ngau nhién, néu
phan tir A[k] = 1 thi k dwoc tra vé. Thuat toan cé sb
1an 1ap cho mdi lan chay 1a khac nhau do tinh ngau
nhién ciia ham RandInt(n).

2. Giai bai toan tim dwong di ngin nhit giira cac
dinh ciia do thi bang giai thuit Las Vegas
2.1. M6 td bai todn

Cho G(V,E) 1a mot dd thi vo hudng lién thong voi
tap dinh ¥ = {1,...,n}va tap canh E v6i | E | = m. Ma
tran ké A biéu dién G 1a ma tran (0-1) cip n x n vé6i
A,=4,=1 néu va chi néu canh (i, /) thugc E. Dya
vao A, chung ta xac dinh ma tran khoang cach D la
ma tran s nguyén khong am cap n x n sao cho D,
1a chidu dai duong di ngén nhat tir dinh i dén dinh ]

Gia tri trén duong chéo cua hai ma tran 4 va D 1a 0.
Vi G lién thong nén tt ca cac gia tri trong D dugc
xac dinh.

Vi du: Do thi G c6 8 dinh:
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Hinh 1: Do thi G

2.2. Xay dung gidi thudt

Bai toan tim duong di ngin nhat giita cac cip
dinh (The all-pairs shortest paths)-Goi tit 1a Bai toan
APSP ¢6 chidu dai duong di dugc xac dinh trong ma
tran khoang cach D. Nhu vay dé giai Bai todan APSP
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truge tién ching ta sé tinh duong di ngin nhat cua
tig cap dinh trong d0 thi G-the all-pairs distances,
goi tit 1a Bai toan APD.
2.3. Gidi bai toan APD

bPé giai bai toan APD, dung cac phép nhan ma
tran s6 nguyén. Goi G*(V, E) 1a db thi c6 duogc tir
G(V,E) bang cach xac dinh mot canh cta G’ giita cip
dinh i #j € V sao cho chung c6 d6 dai duong di la 1
hoidc 2 trong G (hinh 1.1, 1.2). Do d6 @6 thi G 1a db
thi con cua G’ va chling ta xem G’ nhu 1a dd thi “binh
phuong” ctia G. Tir G’ ta biéu dién 4’ 12 ma tran ké

va D’ 1a ma trdn khoang cach.
1

AN

2 3 4 \"._‘..-_3_-“ <" 4
Hinh 1.1 - D6 thi G Hinh 1.2 - Db thi G’

01 0 1 1 01 1 1 1

1 01 00 1 01 1 1

A=l0 1 0 1 1 A={1 1 0 1 1

1. 01 0O 1 1 1 0 1

1 01 00 1 1 1 1 0

Goi Z = 42, trong d6 A4 1a ma tran ké ctia d thi G,
khi d6 c6 mot dudng di giita cap dinh i va j chiéu dai
2 trong G néu va chi néu Z,>0.

V61 moi cédp dinh i,jer:

e Néu D, la so chén thi D, = 2D’j

oNeuD lasdlé thi D, —2D’ 1

t %Z/. j
_ Truong hop D, ld sé chin
Truong hop D, la 56 1é
Hinh 2 — Dij la so chan vad D la 56 1é
Mot trng dung truc tlep la dua vao D’ cia bai todn
APD trong ma trdn G’ dé tinh ma tran D cua bai toan
APD trong ma tran G mot cach nhanh chong dé tim
ra cac duong ngin nhit trong D. Tir ddy chiing ta s&
xét dén mot giai thuat dé qui cho bai toan APD nhu
sau: trudce tién tinh A° cia G”, dung dé qui dé tinh D’
sau do tinh D tir D’. V&1 moi cdp dinh xac dinh i va
j trong G:
o Néu D,y 14 s6 chin thi D ’kj >D U vO1 moi lan can
k cua i trong G
e Néu D,y lasd1é thi D ’,g. <D U vO1 moi lan can k
cua i trong G. Ngoai ra s€ ton tai mot 1an can k cua i
trong G sao cho D ’kj <D U
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Giai thuat APD
Input: DS thi G(V,E) duoc biéu dién bang ma tran ké 4
Output : APD ma tran D cho dd thi G
1.Z+ A
2. Tinh ma tran A’ sao cho A, =1 néu va chi néu i = va
(A —IhoécZ > 0).
3. IfA’ =1 VO’l moi i #j then Return D =24"-A.
4. Tlnh dé qui cho APD ma tran D’ cho d6 thi G* véi ma
tran ké A°.
5.8 <« AD’. 2D, 7

. J
Return ma trén D v6i D, = \
v 2Dj

>D; d(i)
-1 j S; <D; d(i)

* Cdch tinh D’ bang d¢ qui O buéc 4 trong gidi
thugt APD

- Trudc tién ta khoi tao cho ma tran D’ bang cach
dét'D’]=0V('7ii=j;D’ = VOii#]

-Cho D’ =4 v6imoi i, thoa 4° ]— 1, ngugc lai
tinh dé qui bang cach tinh: 4’= 4’ x A’ cho dén khi
A’ =1v6imoii,j.

- Néu A, =1 thi D= =2k (k 1a 56 1an lap cua giai
thuat APD) V0’1 moi i, j thoa D’

Giai thuat APD tinh khoang cach ma tran cho dd
thi G c6 n dinh trong thoi gian O(MM(n)logn) trong
d6 sir dung phép nhan cac ma tran sd nguyén véi cac
gia tri vao dugc gidi han bai O(?).

2.3. Nhin ma trdan logic ghi nhdn dwong di (witness)

Dung phuong phap ngiu nhién dé giai bai toan
APSP la tim ma tran ghi nhan duong di (witness) cho
phép nhan ma tran logic. Cho 4 va B 1a hai ma tran
logic cip n x n, P = AB 1a ma tran tich. Mot vi tri ghi
nhﬁn cho P, 1a mot chi s0 k € {1,...,n} sao cho 4,

/ = 1. Biét rang pP.=1 néu va chi néu ton tai ch1
$0 k. Mot ma tran logic ghi nhan duong di (Boolean
product witness matrix)- BPWM cho P la mdt ma
tran so nguyén ¥ sao cho voi m01 W, chira mot chi sO
k cho P, néu ton tal vapP =0 néu khong t6n tai. Ma
tran W o gié tri ndm trong tap {0, 1, ..., n}. Bai toan
BPWM Ia tim mdt ma tran ghi nhan duong di w.

Vi du: Cho d6 thi (hinh 3)

1 2 3

r
Hinh 3
6 5 4
Ma tran ké biéu dién cho do thila 4 va B
1]2]3[4]5 s 1[2[34]5]6
ijo o oo o1 1]o 0o o o1
20 o [1]o[1]0 2 0 o1 o 10
a=3lolijoli]ofo} o F3ToT1Tol1 00
4|0 (o [1]o 10 “[alo o1 ]o1]0
5/0 1 |01 |o]1 5010101
6/1 |0 oo 1]o0 6|1 oo o010
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Gidi thuat BPWM
Input: A va B 13 hai ma trén logic (0-1) cip 1 x n
1. W <« —-AB
2. For =0 to logn do
2.1 r< 24
22 Repeat [3.77 log n] 14n
221
222

Output: Ma tran “witness” W cho ma tran logic P=AB.

Chon s6 nghu nhién R < {1, .. ., n} v6ilRI=r
Tinh A% va B%;

223 Z < A®B%;

224 For all (i) do

If Wi,-< 0 and Zij la “witness” then W.'j <—Z,.j;

3. For all (i,j) do

If W,.j <0 then

Tim “witness” W, bing phuong phap brute-force (liét ké ).

Giai thuat BPWM la mot giai thuat Las Vegas cho
bai toan BPWM vo6i hy vong chay trong thoi gian
O(MM(n)log?n), Trong d6 O(MM(n)) la thoi gian
chay cho gidi thudt nhdn 2 ma trgn n x n ~ O(n>*’%)
2.4. Xdc dinh dwong ngin nhit

Cubi cung, giai bai toan APSP s& thong qua gidi
thuat APD va BPWM. Bai toan APD can phai ton tai
mot do thi véi nhiéu cap dinh ma do dai cia duong
ngén nhét tuyén tinh véi n.

Giai thuat APSP
Input: Ma tran k& 4 cép n x n cta dd thi G
Output: Ma trin Két qua “Successor” S cho dd thi G

1. Tinh ma tran khoang cach D = APD(A)
2. Fors=1{0,1,2} do
2.1 Tinhmatrdn (0-1) D® sao cho D, = 1 néu va
chi néu ij+ 1=smod3
2.2 Tinh ma trdn W® = BPWM(A,D¥).
3. Tinh ma tran Két qua Successor S sao cho
D, mod3
Sji — VVJ-( y )

V6i d6 thi nhu (hinh 3), ta ¢6 ma tran ké A, sau
khi thi hanh giai thuat APSP ta s& thu ma tran khoang
cach D va ma tran Két qua S nhu sau:
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123456 1|2[3[4](5]6
1000001 1 03 [4]3]2]1
2lojof1]o 10 2/3Jof1]2]1]2

A=]3]0 1|01 0|0 D=[3|4 101 ]2]3
4lojof1Jo]1]0 4/3]2[1]0]1]2
5/0|1]0 101 5[2J1[{2]1]07]1
6/11ofofol1]o 6/1]2[3]21]1]0

1|2[3[4]5]6
1 0[6[6[6[6]6
25 |of3[|s5]5]s
sg=13[2]2Joa]2]2
4/5|5[3]o]5]s5
5/6|2(2]4]0]6
6/1]5[5][s515]0

Giai thuat APSP tinh ma tran “Két qua” cho dd thi
G ¢6 n dinh trong thoi gian mong doi la: O(MM(n)
log®n).

Chirng minh:

- O buére 1: Tinh ma tran D bang giai thuat APD
c6 d6 phtrc tap 1a O(MM(n)logn).

- O buére 2:

+ Tinh ma tran D® cé do phirc tap O(#?).

+ Tinh W® = BPWM(A4,D¥) c6 d6 phic tap
O(MM(n)log?n)

- O buwdre 3: Tinh ma trén Két qua S voi S, = i
mod3) ¢ o phure tap O(n?).

Nhu vay d6 phuc tap cho gidi thuat APSP la:

OMM(n)log n) + Om*) + OMM(n)log’n) +
O(n?) = O(MM(n)log?n) = O(n**"° log*n)
3. So sanh va két luan
3.1. So sdnh cdc gidgi thudt tim dwong di ngdn nhit

T Giai thuat Do phtre tap Ghi chu
1 | Dijkstra O(n?)
2 | Floyd-Warshall O(n®)
3 | APSP O(n*¥log’n)
3.2. Két lugn

Bai toan tim duong di ngin nhit giita cac cip
dinh trong d6 thi dung giai thut Las Vegas ludn cho
két qua dung voi thoi gian chay duoc mong doi 1a
O(n*¥7 log?n). BGi v6i @6 thi nhiéu dinh, canh thi
giai thuat APSP s€ cho thoi gian chay nhanh, hi¢u
qua hon giai thuat Dijsktra, Floyd.
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